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FOREWORD 

On  the  occasion  of  the  International  Conference  on  Nonlinear  Hyperbolic  Problems 
held  in  St.  Etienne,  France,. 1986  it  was  decided  to  start  a  two  years  cycle  of 
conferences  on  this  very  rapidly  expanding  branch  of  mathematics  and  it's 
applications  in  Continuum  Mechanics  and  Aerodynamics.  The  second  conference 
1  took  place  in  Aachen,  FRG,  March  14.-18,  1988.  The  number  of  more  than  200 
\  participants  from  more  than  20  countries  all  over  the  world  and  about  100 

\  invited  and  contributed  papers,  well  balanced  between  theory,  numerical  analysis 

\  and  applications,  do  not  leave  any  doubt  that  it  was  the  right  decision  to  start 

\  this  cycle  of  conferences,  of  which  the  third  will  be  organized  in  Sweden  in  1990. 

This  volume  contains  sixty  eight  original  papers  presented  at  the  conference, 
twenty  two  of  them  dealing  with  the  mathematical  theory,  e.g.  existence, 
uniqueness,  stability,  behaviour  of  solutions,  physical  modelling  by  evolution 
equations.  Twenty  two  articles  in  numerical  analysis  are  concerned  with  stability 
and  convergence  to  the  physically  relevant  solutions  such  as  schemes  especially 
deviced  for  treating  shocks,  contact  discontinuities  and  artificial  boundaries. 
Twenty  four  papers  contain  multidimensional  computational  applications  to 
nonlinear  waves  in  solids,  flow  through  porous  media  and  compressible  fluid 
flow  including  shocks,  real  gas  effects,  multiphase  phenomena,  chemical 
reactions  etc.  ^  ^  fC _ _ 

The  editors  and  organizers  of  the  Second  International  Conference  on  Hyperbolic 
Problems  would  like  to  thank  the  Scientific  Committee  for  the  generous  support 
of  recommending  invited  lectures  and  selecting  the  contributed  papers  of  the 
conference. 

The  meeting  was  made  possible  by  the  efforts  of  many  people  to  whom  the 
organizers  are  most  grateful.  It  is  a  particular  pleasure  to  acknowledge  the 
help  of  Riikka  Tuominen  for  preparing  the  abstract  book  and  Bert  Pohl  for  his 
dedicated  help  organizing  the  conference.  It  is  also  a  pleasure  to  thank  Sylvie 
Wiertz,  Angela  Schneider,  Gabriele  Goblet  and  Thomas  Hoerkens  for  preparing 
these  proceedings.  Finally  the. organizers  are  indebted  to  the  host  organizations 
Rheinisch  WestfSIische  Technische  Hochschule  Aachen  and  the  city  of  Aachen 
and  to  those  organizations  which  provided  the  needed  financial  support  for  the 
conference:  Control  Data  GmbH,  Cray  Research  GmbH,  Deutsche  Forschungs- 
gemeinschaft ,  Oiehl  GmbH  &  Co.,  Digital  Equipment  GmbH,  FAHO  Gesellschaft 
von  Freunden  der  Aachener  Hochschule,  IBM  Deutschland  GmbH,  Mathematisch  - 
Naturwissenschaftliche  FakultSt  der  RWTH,  Ministerium  f Or  Wissenschaft  und 
Forschung  des  Landes  Nordrhein-Westfalen,  Office  of  Naval  Research  Branch 
of  London,  Rheinmetall  GmbH,  US  Air  Force  EOARD,  US  Army  European  Research 
Office  of  London,  Wegmann  GmbH  &  Co. 


Aachen,  September  1988 
Josef  Ballmann 
Rolf  Jeltsch 
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The  purpose  of  this  paper  is  to  present  a  synthesis  of  our  recent  studies  related  to 
the  design  of  multi-dimensional  non-oscillatory  schemes,  applying  to  non-structured 
finite-element  simplicial  meshes  (triangles,  tetrahedra).  While  the  direct  utilization  of 
1-D  concepts  may  produce  robust  and  accurate  schemes  when  applied  to  non-distorted 
structured  meshes,  it  cannot  when  non-structured  triangulations  are  to  be  used.  The 
subject  of  the  paper  is  to  study  the  adaptation  of  the  so-called  TVD  methods  to  that 
context.  TVD  methods  have  been  derived  for  the  design  of  hybrid  first-order/second- 
order  accurate  schemes  which  present  in  simplified  cases  monotonicity  properties  (see, 
for  example,  the  review  [2]).  A  various  collection  of  first-order  accurate  schemes  can 
be  used,  they  are  derived  from  an  artificial  viscosity  model  or  from  an  approximate 
Riemann  solver.  However,  the  main  feature  in  the  design  is  the  choice  of  the  second- 
order  accurate  scheme  ;  this  choice  can  rely  either  on  central  differencing  or  on  upwind 
differencing. 

1  GALERKIN  AND  UPWIND  FINITE-ELEMENT  SCHEMES  FOR 

TRIANGLES. 


Let  us  consider  the  following  scalar  model  problem 


{Uf  +  V  .  Vu  =  0  in  B 
tt(x,0)  =«o(x), 


and  a  finite-element  triangulation  of  JR2  ;  the  generic  element  is  denoted  by  T, 
and  the  Pj-Galerkin  basis  function  related  to  a  vertex  i  is  written  4>,'-  4>,  is  con¬ 
tinuous,  affine  by  element,  =  1  at  vertex  »,  0  at  all  other  vertices.  Then  the 


:  for  (1)  reads  : 


(^,<fc)-(“V,V6)  =  °  (2) 

£  area(T)(ttV)|r(V^)lx  =  0  (3) 

■  1  T  wi«U«r  0/  i 


1 


with 


(uV)\t  =  some  average  of  uV  on  T 
(V*)|r  ={ShGhfidv)/  area{T)  (4) 

where  I\,  I2  are  mid-sides  and  G  the  centroid  of  T  as  sketched  in  Fig.  1  ;  the  sum  is 
taken  over  triangles  T  having  i  as  a  vertex. 

The  conservation  properties  of  scheme  (2)  may  not  be  clear  at  first  glance  ;  it  is 
then  interesting  to  introduce  a  second  scheme,  that  is  a  variant  of  (2)  :  Let  cell;  be 
the  polygon  around  vertex  i  that  is  limited  by  medians  as  sketched  in  Fig  2.  Then  we 
shall  call  “Finite- Volume  Galerkin”  the  following  scheme: 

orea(ceHi)^  +  £  (wV)U  /  n  do  =  0  (5) 

j  neighbour  of  i  G1IG2 


where  I  is  the  middle  of  the  side  ij  and  G 1,  G 2  the  centroids  of  the  two  triangles 
having  ij  as  common  side  ;  the  sum  is  taken  over  the  vertices  j  that  are  extremities 
of  sides  having  i  as  other  extremity. 

Lemma  1  -.Schemes  (2)  and  (5)  are  identical  if  (i)  Mass  matrix  lumping  by  line¬ 
summing  is  applied  to  (2)  and  (ii)  The  following  numerical  quadratures  are  applied  : 

-  for  (2)  :  (uV)|r  —  -{v.,V,  +  UjVj  +  a*  Vi)  where  i,j,  k  are  the  vertices  of  triangle  T 

r  . 

■  for  (5)  :  ( uV)\j  =  -(mV,  +  UjVj). 

The  schemes  of  the  above  family  (2),  (5)  do  not  satisfy  the  Maximum  Principle  (case 
V  =  const.)  ;  however,  BABA  and  TABATA  [4]  proposed  an  upwind  version  of  (5), 
that,  in  the  case  where  V  is  constant,  can  be  written  : 


area(celli) 


du, 

dt 


j  neighbour  of  i 

1  E 


*  j  neighbour  of  i 


mi 

(*>  -  *01  Jc 


GJGi 


V  .  ndo 


GiIG , 


V.ndo| 


(6) 


where  the  left-hand  side  is  the  Finite- Volume  Galerkin  term,  and  the  right-hand 
side  a  numerical  viscosity.  This  scheme  satisfies  the  Maximum  Principle  for  V  =  const, 
and  preserves  positiveness  in  the  general  case  ;  however,  it  is  only  first-order  accurate 
and  we  shall  discuss  several  ways  to  recover  second-order  accuracy  locally. 


2  TVD-LIKE  SCHEMES  FOR  SYSTEMS. 

The  extension  to  second-order  schemes  can  be  performed  starting  from  Lax-Wendroff 
schemes  (with  triangles  :  one-step,  two-step  Taylor-Galerkin  schemes,  [1]  [8])  ;  this 
extension  can  rely  on  an  FCT  approach  [11]  [10]  [13]  or  a  symmetric  TVD  one  [3]  [13] 
;  a  description  of  all  these  schemes  is  out  of  the  scope  of  this  paper  and  we  restrict 
ourselves  to  a  family  of  MUSCL  methods  [15],  extended  to  unstructured  triangulations 
following  [9]. 


2.1  Extension  of  the  first-order  scheme 

Vljayasundaram  proposed  in  [16]  the  extension  of  the  BABA-TABATA  scheme  to 
hyperbolic  systems  by  introducing  an  (approximate)  Riemann  solver  or  a  flux  splitting 
as  follows  :  the  Euler  system 

Wt  +  F(W)X  +  G(W)y  =  0  (7) 


2 


is  discretized  by 


area(celli)^- +  £  *(W,  Wj,  %)  =  0 


;  neighbour  of  i 


j  Vi]  =  [ 

<  Jdcell,n8ctU, 

(  $  :  flux  splittin 


r)  do  =  (ij1  ,rj») 

ll.ndcell, 

splitting  or  Riemann  Solver, 


for  example  : 


Wj,  if)  m  g^O.+  gtWj)  _  1  \p  +  m.  _  Wi)  (10) 


H(W)  =  rt*F{W)  +  tj»G(W) 

P{W)  =  Jfc(W)  =  t?*A(W)  +  rf>B{W) 


P  =T  A  T~l,  |f>|  =T|  A  IT"1,  A  diagonal  .  (12) 

2.2  Extension  to  a  second-order  accurate  scheme. 

One  way  to  construct  a  MUSCL  second-order  extension  is  to  introduce  nodal  approxi¬ 
mate  gradients  [9]: 

gradW(i)  ~  (J  J  &  gradWdxj  /  J  J  fatix  (13) 


in  order  to  < 


j  W,}  =Wi  +  \gradW(i)  .  ij 
\  W3i  =  W,  -  \gradW(j)  ■  Q 


and  then  introduce  them  in  the  flux  function  : 

area(celU )^  +  £  *(W«,  W,„  rj,,)  =  0. 

j  neighbour  of  i 


This  construction  results  in  a  scheme  which  is  (spatially)  second  order  accurate 
but  may  present  over/undershoots  in  solutions. 

We  now  study  several  approaches  to  recover  (more  or  less  surely)  monotonicity. 

-  Limiters  with  nodal  gradients.  In  order  to  construct  a  hybrid  between  the  second- 
order  scheme  and  the  first-order  one,  the  TVD  approach  necessitates  the  knowledge 
in  the  direction  of  the  flux  of  four  successive  values  of  the  dependent  variables,  let  us 
call  them 

Wi-i,  Wit  Wj,  Wi+l.  (16) 

While  these  can  be  nodal  values  in  the  context  of  a  structured  grid,  the  values 
Wi-i  and  Wj+i  have  to  be  fictitious  in  the  unstructured  triangulation  one.  To  derive 
these  fictitious  values,  we  can  use  the  nodal  gradients  : 

|  WU  =  Wi  -  2VW(t)  .  ij  +  {Wj  -  Wi) 

\  Wj+ 1  =  Wj  -  2 VW(j)  .  ji  +  (Wi  -  Wj)  1  ' 
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(18) 


We  then  compute,  following  [15],  the  “average”  values  of  variations  of  W  : 


dWi  =  ave  (W,  -  Wi,  Wi  -  Wi-i) 
dWj  =  ave  (Wi  WJ+1) 


with  (<  >  0)  : 


(  a(b2  +  e2)  +  b(a2  +  e2) 
ave  (a,  6)  =  <  a2  +  b2  +  2«* 

l  0 


if  a.b  >  0 
else 


and  finally  extrapolate  limited  values 


j  Wjp  =Wi  +  %dWi 
\  W‘r  =  Wj  +  \dWj, 


(19) 


(20) 


that  are  introduced  in  the  flux  function  $  instead  of  (Wij,Wji).  With  this  ap¬ 
proach,  the  solutions  are  oscillation-free  in  most  transonic  cases,  but  high  Mach  cal¬ 
culations  produce  negatives  pressures.  We  want  then  to  go  further  in  the  prevention 
of  oscillations. 


-  Element-bv-element  slope  limitation.  One  explanation  for  the  lack  of  monotonic¬ 
ity  of  the  above  scheme  is  that  the  nodal  gradient  is  a  mean  value  of  element-wise 
gradients,  that  may  not  allow  for  an  accurate  detection  of  oscillations.  A  first  way 
to  circumvent  this  phenomenon  is  to  consider,  from  a  pessimistic  point  of  view,  each 


element-wise  gradient  for  the  construction  of  the  nodal  gradient  ;  we  propose  the 
following  limited  nodal  gradients  : 


and  same  for  » /,  with 


min  mod 

T  neighbour  of  i 


sign  (aj)  x 


ni( 

k=2  ' 


min  mod(ai . . .  an)  = 
sign  (at)  +  sign  (a*)> 


x  min  |at| 
*=(i, •■■,») 


and  with  : 

|  either  ({,»?)  =  (x,y) 

)  or  (£,  rj)  —  (direction  of  the  local  gradient, its  orthogonal). 
This  approach  is  very  robust  but  rather  dissipative  and  non-smooth. 


(21) 


(22) 


(23) 


-  Upwind  element  formulation.  We  lastly  propose  a  formulation  which  is  inspired 
from  the  1-D  case.  We  return  to  the  (16-20)  context  and  propose  a  different  way 
to  define  the  fictitious  values  Wj_i  and  WJ+1  :  instead  of  using  the  nodal  gradients 
VW(i),  we  use  the  usual  triangle-wise  Galerkin  gradient  VW\t  that  we  compute  on 
the  so-called  upwind  elements  Tij,  Tji  w.r.t.  the  considered  segment  ij  ;  they  are 
defined  as  follows  :  for  any  small  enough  positive  number  A, 


f  i  -t-A/i  t 
\  j  +Aij  e  Tji. 


(24) 
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Then  we  put 


(25) 


Wi-x  =wx-  vwqTlJ  •  i] 

Wj+l  —  Wj  -  VW\rji  ■  j* 

the  rest  of  the  calculation  is  as  in  (18)-(20).  Since  this  construction  is  done  after 
the  side  ij  is  considered,  the  limitation  can  be  applied  either  to  the  primitive  variables 
W  —  (p,u,«,p)  or  to  characteristic  variables,  which  are  defined  as  follows  : 

W  =  T-1  (^~ ^)  (p,pn,pn,E)  (26) 

where  T  is  defined  in  (12). 


-  Central-difference  MUSCL  variant.  Lastly  we  describe  a  variant  of  the  MUSCL 
scheme  that  on  second  order  central  differencing :  this  scheme  is  obtained  by  replacing 
the  usual  non  limited  MUSCL  interpolations  W,,,  Wji  by  the  following  ones  •. 


IVs 

"u 

rrjt 


vVi-vir, 

z  . 
w,-w, 
2 


where  kij  is  defined  from  four  consecutive  (partly  fictitious)  values  of  W  : 


(27) 


kij  =  kijW-x,  Wit  Wj,  Wj+ 0 


(28) 


following  the  method  of  symmetric  TVD  design  [5,17]  ;  in  the  experiment  pre¬ 
sented  in  the  sequel,  the  following  limiter  is  applied  : 


Furthermore,  the  limitation  is  applied  separately  on  each  primitive  variable  (p,  u, 

v.  Pi 


3  NUMERICAL  EXPERIMENTS 
3.1  Blunt  body  comparisons. 

We  present  a  sample  of  experiments  performed  with  the  simple  test  case  of  a  Sow  past 
a  halfly-rircular  blunt  body  with  Mach  at  infinity  equal  to  8  and  zero  angle  of  attack. 
Although  the  grid  used  here  is  structured,  (2000  nodes,  Fig.3)  both  the  alternation 
of  4-neighbours  /  8-neighbours  molecules  (“Union  Jack  grid”)  and  the  bad  alignment 
with  the  shock  to  be  captured  make  this  problem  rather  typical  of  the  difficulties 
arising  with  unstructured  arbitrary  grids. 

The  upwinding  of  the  solution  is  obtained  by  using  Osher’s  approximate  Riemann 
solver  (12j.  The  solutions  are  computed  with  an  implicit  unfactored  scheme  with 
a  first-order  accurate  linear  operator  (using  the  Steger-Warming  splitting).  For  the 
central-difference  scheme,  this  solver  is  not  adequate  at  high  CFL  numbers,  as  shown 
in  [7]. 
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Application  of  scheme  (16)-(20)  :  we  did  not  get  convergence  of  this  scheme  (neg¬ 
ative  pressures  appear  and  do  not  disappear)  for  any  initial  state.  This  is  explained 
by  the  non  efficient  detection  of  over-shoots/under-shoots  by  the  averaged  nodal  gra¬ 
dients. 

The  second  scheme,  referred  to  as  Hermitian  limited  or  element-limited,  yields  the 
entropy  contours  in  Fig.3a.  We  think  that  the  shock  is  captured  in  a  stable  enough 
manner  but  much  numerical  viscosity  is  involved,  in  particular  near  the  stagnation 
point,  as  one  can  see  when  considering  the  entropy  level  along  the  body. 

The  third  scheme  experimented  is  the  “upwind-element”  formulation,  with  lim¬ 
iters  applied  to  the  primitive  variables,  while  in  the  fourth  the  limiters  are  applied  to 
the  characteristic  values  ;  we  emphasize  that,  due  to  a  less  viscous  limitation  than  in 
the  second  scheme  both  results  are  more  satisfactory  from  the  standpoint  of  internal 
viscosity.  Nevertheless,  the  characteristic  limitation  seems  to  improve  both  stability 
and  accuracy.  There  remains  a  low  frequency  error  in  the  entropy  generation  through 
the  shock  which  slighly  pollutes  the  contours. 

Lastly  the  “central  difference-MUSCL”  scheme  is  applied  ;  because  of  the  more 
severe  limiter  used  here,  the  numerical  entropy  generation  is  larger  than  when  the 
upwind  schemes  are  applied  but  still  rather  acceptable  (Fig.  3.d). 


3.2  3-0  applications. 

For  the  illustration  of  the  3-D  extensions,  we  refer  to  [6)  for  scheme  (20),  to  [14]  for 
scheme  (23),  and  we  present  here  a  result  obtained  with  scheme  (21)  :  the  interaction 
of  two  supersonic  jets  in  a  combustion  chamber  is  computed  with  3000  and  20,000 
node-half  geometries  ;  the  maximum  Mach  number  is  close  to  5  ;  the  second-order 
accurate  results  are  in  good  agreement  with  each  other(Fig.  4)  while  the  first-order 
scheme  applied  to  the  20,000  nodes  grid  produces  a  rather  poor  result. 

4  CONCLUSION. 

Several  methods  are  described  and  compared  for  the  construction  of  TVD-like  schemes 
applying  to  arbitrary  simplicial  finite-element  triangulations.  Several  schemes  are  ro¬ 
bust  enough  for  the  capturing  of  strong  shocks  arising  in  high  Mach  flows  ;  they 
extend  to  3-D,  allowing  for  a  large  set  of  applications  involving  reentry  simulations 
and  stiff  internal  flows. 
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SUMMARY 

A  class  of  flux  splitting  explicit  second-order  finite-difference  schemes 
Sfs  is  set  up.  It  depends  on  a  single  parameter.  The  adaptation  of  the  value  of  this 
parameter  enables  us  to  control  the  dissipative  error  included  in  these  schemes.  A 
generalization  of  Van  LEER  flux  splitting  makes  possible  an  improvement  in  the 
numerical  solution  in  the  regions  where  the  Mach  number  is  relatively  weak.  ID 
and  2D  transonic  flows  are  presented. 

INTRODUCTION 

The  recent  appearance  of  the  flux-splitting  method  [1,2]  used  in  solving 
the  hyperbolic  system  of  conservation  laws  Ut  +  F(U)x—b  has  permitted  the 
setting  up  of  a  class  of  flux-splitting  Sfs  schemes  that  depends  on  the  single 
parameter  a.  These  schemes  are  stable  up  to  CFL  =  2.  The  equivalent  third-order 
system  (ETOS)  of  this  family  has  been  obtained  and  the  'optimal"  value  of  a 
(a = 2.5),  that  minimizes  the  amplitude  of  the  peaks  of  the  numerical  solution  near 
the  shock,  has  been  determined  by  using  the  numerical  tests  of  shock-tube  flow 
and  moving  shock  in  ID  space  [3].  The  STEGER- WARMING  splitting  allows  one 
to  study  the  ETOS  such  as  the  ETOS  associated  with  upwind  scheme  S u  and 
downwind  schemes  So  defined  in  [4],  This  study  shows  that  the  scheme  Sfs  with 
a  =  2.5  (noted  S fsopt)  is  in  fact  more  dissipative  than  with  a  =  l  in  the  case  of  a 
compression  wave  or  a  shock.  The  scheme  Sfs  with  this  last  value  corresponds  to 
the  STEGER-WARMING  scheme  used  in  [13.  When  Van  LEER  flux  splitting  is 
used,  the  study  of  the  ETOS  appears  more  difficult  because  the  jacobian  matrices 
associated  with  the  total  flux  and  the  partial  fluxes  have  not  the  same  eigenvalues 
and  in  this  case,  the  method  taken  into  account  above  cannot  be  applied. 
Nevertheless,  the  ETOS  has  been  studied  for  the  one-dimensional  isothermal  flow 
and  some  interesting  results  concerning  the  dispersive  and  dissipative  properties 
of  Sfs  schemes  were  brought  to  light. 

In  this  paper,  the  Sfs  schemes  are  associated  with  a  generalization  of 
Van  LEER  splitting.  This  generalization,  which  keeps  the  whole  properties  of  Van 
LEER  splitting,  has  been  possible  because  in  a  great  number  of  applications,  the 
Mach  number  does  not  reach  the  values  -1  and  1  in  a  same  flow.  In  this  case,  some 
conditions  that  are  linked  to  Van  LEER  splitting  for  one  of  these  two  values  can  be 
cancelled,  and  the  subconditioned  system  is  correctly  solved  at  that  time  by  the 
insertion  of  a  parameter  e  in  the  partial  fluxes.  This  parametric  splitting  (called  e- 
aplitting)  makes  possible  an  improvement  in  the  numerical  solution,  especially  in 
the  zones  where  the  Mach  number  is  less  than  0.6. 

Some  results  obtained  for  ID  shock-tube  problems,  a  2D  steady  flow  in  a 
nozzle  are  presented.  They  show  that  Sfs  schemes  associated  with  e-splitting  are 
well-adapted  to  compute  such  flows. 
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STUDY  OF  THE  ETOS  OF  THE  SCHEMES  SFs 


Let  the  initial-value  problem  for  hyperbolic  ID  system  in  conservation 

form  be: 


ut+  Fx+m+F~af)=o,  u(*,o)=£Ai),  -«<*<+».  (•,) 

Here  U(x,t)  and  the  fluxes  F+  and  F~  (  Rm.  Let  Uj n  be  the  numerical 
solution  of  (X)  at  the  mesh  point  xi  =iAx  and  at  time  t  =  nAt.  F+  and  F~  represent 
the  partial  fluxes  associated  with  the  forward  and  the  backward  moving  waves 
respectively.  Any  non-linear  system  (1)  is  discretized  with  a  second-order  accuracy 
in  time  and  space  by  the  following  predictor-corrector  schemes  SFs  [3] : 

Ui  =  U.*-aa(r-l-Fi-+P;-F  +  l)' 


-F~,  +  F~-F*+F*  . 

l  +  l  t  l  1-1 

where  Fj*  =F±  ( t/, )  and  o  =  At/ Ax. 


A  way  to  study  the  properties  of  Sps  schemes  is  to  make  an  analysis  of 
the  ETOS;  i.e.,  of  the  system  (1)  approximated  by  the  Sps  [51.  In  this  paper,  we 
study  the  ETOS  in  the  case  of  the  ID  isothermal  flow: 


U\ 

p 

p  M 

= 

F=F++r  = 

p  M 

p(M2  +  l) 

(the  unities  have  been  chosen  such  that  p/p=  1).  p,  p  and  M  represent  the  density, 
the  static  pressure  and  the  Mach  number  respectively.  We  analyse  the  different 
error  terms  that  appear  in  the  ETOS  when  we  choose  to  use  either  STEGER- 
WARMING  splitting  (SW)  or  the  Van  LEER  splitting  (VL).  In  both  cases,  we 
suppose  OsAf  s2.  The  ETOS  can  be  written: 


(U()  +  (F+)z+(F-)x=te2  £  £J,<o,MMtr)ixt+  ££(o,M,a)Mx((/>)xj+  e'to  M,aW/t 
j=  i 


(4) 


+  0(Ai3);  <=1,2  • 


We  can  make  a  study  of  the  nature  of  the  partial  differential  equation 
(4)  by  considering  the  effect  of  the  odd  and  even  higher  derivatives. 

The  terms  St  J(o,M)(Uj)XfI  are  of  a  dispersive  nature  and  lead  to 
dispersive  oscillations  in  the  numerical  solution.  Fig.  l.a  shows  the  evolution  of 
against  M  for  two  values  of  the  Courant  number.  For  both  CFL  values,  the 
dispersive  errors  remain  weak  and  the  choice  of  the  flux  splitting  does  not  have  a 
great  effect  on  their  evolutions.  The  curves  are  continuous  with  VL  splitting, 
whereas,  with  SW  splitting,  it  appears  to  be  a  discontinuity  of£i2  due  to  the  non¬ 
continuity  of  dF^^/dU  at  M  =  1  with  this  splitting. 


The  terms  Tg  =  EgJ(oM>o.)Mx(Uj)„  can  be  defined  as  dissipative  terms 
if  £f-'(o,M,a)MI>0  and  antidissipative  if  EgJ{a,M,a)Mx< 0.  Therefore,  according  to 
the  sign  of  Eg  JMX,  these  terms  Tg  can  have  a  good  behaviour  by  damping  the 
contingent  oscillations  created  by  the  dispersion  errors  or  a  bad  effect  by  setting  up 
new  oscillations.  EgJ  are  drawn  on  fig.  lb,  lc  and  Id.  Whatever  the  splitting  (VL  or 
SW),  they  are  discontinuous  at  Af=  1,  because  higher  order  derivatives  arise  in 
these  terms,  and  in  this  case  even  VL  splitting  is  not  capable  of  having  the 
continuity  of  Eg>  at  M  =  l.  This  particularity  explains  the  difficulties  that  can 
appear  at  the  sonic  point  with  these  splittings.  But,  generally,  the  strength  of  the 
discontinuity  is  weaker  with  VL  splitting. 

E\J  do  not  depend  on  a.  It  is  interesting  to  note  that  the  use  of  VL  or  SW 
splitting  for  the  first  equation  of  (1)  (3)  gives  opposite  dissipative  properties  for  a 
given  acoustic  phenomena.  For  example,  in  the  case  of  a  compression  or  shock 
wave  (Mx< 0)  tne  scheme  is,  in  the  agregate,  dissipative  with  VL  splitting  and 
antidissipative  with  SW  splitting.  In  the  case  of  a  rarefaction  (Mx> 0),  it  is  the 
contrary. 

The  terms  E ^  depend  on  a.  Whatever  the  splitting  (VL  or  SW),  the 
scheme  is  always  more  dissipative  when  the  value  of  a  increases  (for  example 
a  =  2.5)  in  the  case  of  a  compression  or  shock  wave.  Contrary  to  this  result,  the 
scheme  is  more  dissipative  wnen  a  tends  to  zero  for  a  rarefaction. 

The  third  terms  egi(a,Mfi)(Uj)I3  are  differentials  of  an  order  lower  than 
the  previous  terms  and  their  effects  are  generally  negligible. 

To  conclude  this  chapter,  we  can  state  that  the  choice  of  the  flux 
splitting  and  the  selection  of  the  value  of  a  have  a  great  weight  on  the  dissipative 
qualities  of  the  schemes. 

GENERALIZATION  OF  VAN  LEER  FLUX  SPLITTING 

This  generalization  has  been  possible  thanks  to  the  following  remark.  It 
is  relatively  rare  to  have  a  Mach  number  that  reaches  the  values  -1  ana  1  in  a  flow. 
Generally,  we  have  a  main  flow  where  OsAfo  with  or  without  some  secondary 
flows  where  the  Mach  number  is  limited  in  the  lower  values  by  Mm^such  as 

(in  a  great  number  of  flows,  \Minf  |  is  small  compared  to  1).  In  these 
conditions,  it  is  possible  to  define  the  following  parametric  e-splitting  when  the 
one-dimensional  Euler  equations  are  considered: 
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In  these  expressions,  c  and  7  represent  the  sound  speed  and  the  specific 
heat  ratio.  The  retained  decomposition  verifies  the  following  conditions: 

for 

(a)  F=F++F* 

(b)  All  eigenvalues  of  dF+/dU  are  aO 
All  eigenvalues  of  dF~ldU  are  sO 

(c)  F+  and  F~  continuous 
withF+  =F  for  Mai 

(d)  dFt/dU  are  continuous  everywhere 

(e)  dF'IdU  has  one  eigenvalue  that  vanishes  for  M  <  1 

(0  F*  must  be  a  polynomial  in  M  with  the  lowest  possible  degree. 

It  is  difficult  to  show  that  the  condition  (b)  is  respected  for  the  Euler 
equations  because  of  the  complexity  of  the  calculations.  Nevertheless,  in  the  case 
of  the  isothermal  flow  (7  =  1),  it  is  possible  to  demonstrate  that  this  condition  is 
respected  for  0ses5/3  (when  Minf  =  0).  It  is  thought  that  this  result  can  be 
extended  to  the  case  >=1.4.  When  e  =  0,  the  parametric  flux  splitting  degenerates 
to  Van  LEER  splitting.  The  evolution  of  the  eigenvalues  of  SW,  VL  and  e- 
splittings  is  drawn  in  fig.  2  for  7  =  1.  Figure  3  shows  the  evolution  of  the 
components  of  F,  F+and  F"  with  STEGER-WARMING,  Van  LEER  and  the 
parametric  splittings  (c  =  0.2)  when  7=  1.4. 


FIG.  2.  Evolution  of  the  eigenvalues  of  the  partial  fluxes  against 
Mach  number  ( 7=  l). 


With  this  generalization,  the  merit  of  the  continuity  of  dFi/dU  for  M  =  1  is 
kept.  But  more  particularly,  it  becomes  possible  to  define  the  decomposition  that 
gives  better  numerical  results  in  the  zones  where  the  Mach  number  is  weaker 
(^0.6).  The  c-splitting  keeps  the  symmetry  with  respect  to  M.  This  property  is 
verified  easily  if  we  take  the  following  splitting  when  -1  sMs 
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In  the  special  flows  where  the  Mach  number  can  be  less  than  -1  and 
greater  than  1,  it  is  possible  nevertheless  to  define  a  parametric  splitting  that 
legenerates  to  VL  splitting  as  well  when  e  =  0  (this  splitting  is  not  presented  here). 


FIG.  3.  Evolution  of  the  partial  fluxes.  Euler  equations 

VL  =  Van  LEER,  SW=  STEGER- WARMING,  c  =  0.2. 


APPLICATIONS  TO  ID  AND  2D  FLOWS 

The  new  decomposition  (5)  associated  with  the  SfS0Pr  scheme  (a  =  2.5) 
has  been  compared  with  other  methods: 

a  =  1,  c  =  0  (STEGER- WARMING  scheme  with  Van  LEER  splitting) 

a  =  2.5,  e  =  0  (Sfsopt  scheme  with  Van  LEER  splitting) 
a  =  2.5,  e  =  0.22  (Sfsopt  scheme  with  parametric  e-splitting). 

We  have  studied  the  shock-tube  problem  with  a  pressure  ratio  equal  to 
2.8  [6].  This  case  enables  us  to  have  a  Mach  number  that  remains  relatively  weak 
(0sM^0.4).  The  numerical  solution  is  presented  in  fig.  4  with  CFL=1.  On  one 
hand,  the  solution  is  improved  near  the  shock  when  a  =  2.5  (figs.  4.a  and  4.b), 
because  the  scheme  Sf?s  is  more  dissipative  with  this  value.  But,  on  the  other 
hand,  the  solution  of  the  expansion  wave  is  lightly  damaged  for  the  opposite 
reason:  when  we  adapt  the  value  of  a  to  have  a  more  dissipative  scheme  for  u*<0 
(u  represents  the  velocity),  automatically  the  scheme  becomes  more 
antidissipative  when  ux>0.  In  the  present  case,  we  solve  this  problem  by  using  the 
two  parameters  (a,e).  The  value  of  the  first  parameter  a  is  adjusted  to  have  a  good 
solution  when  uz<  0  (shock  or  compression  wave)  and  the  second  parameter  e 
enables  us  to  have  a  correct  representation  of  the  rarefaction  (Fig.  4.c). 

The  conjoining  of  Sps0PT  scheme  with  parametric  flux-splitting  has 
been  applied  to  2D  steady  flow  inside  p  nozzle  (fig-  5. a).  Two  parameters  ei  and  C2 
appear.  They  are  linked  to  the  fluxes  V±  and  G1  respectively  which  are  defined  in 
the  computational  domain  (see  [7]  for  example).  As  in  [8],  some  problems  appear 
near  the  wall  with  ei  and  C2=0,  in  particular  strong  oscillations  of  the  numerical 
solution  arise  on  the  wall  where  the  slope  is  strongest.  The  computation  diverges 
rapidly  (12<A  time  step)  (fig.  5,b).  This  is  probably  due  to  the  strong  gradient  of  the 
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partial  fluxes  near  the  wall  that  are  in  this  instance,  sensitive  to  the  different 
numerical  treatments  applied  to  the  boundary  mesh  point  and  the  following  mesh 
points  close  to  the  wall.  If  the  values  of  ci  and  £2  are  adjusted  (mainly  the 
parameter  £2  included  in  the  transverse  fluxes),  so  that  the  gradients  become 
weaker,  these  problems  are  eliminated  and  the  numerical  solution  becomes  correct 
(fig.  5.c).  This  computation  has  been  realized  for  CFL  =  0.8  (when  the  parameters 
are  well-adapted,  the  CFL  can  reach  1.3  in  this  case). 

To  conclude  this  chapter,  we  can  say  that  the  generalization  of  Van 
LEER  flux  splitting  makes  possible  a  sensible  improvement  of  ID,  2D  and 
probably  3D  numerical  solutions. 


FIG.  4.  Shock  tube  problem. 
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FIG.  5.  Flow  in  a  nozzle  -  Mach  number  distribution. 
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COMPUTATION  OF  INV1SCID  VORTICAL  FLOWS  IN  PISTON  ENGINES 
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Aerodynamisches  Institul,  RWTH  Aachen 
5100  Aachen,  West  Germany 


SUMMARY 


Two  and  three-dimensional  vortical  flow  in  a  cylinder  of  a  piston  engine  is  investigated  by  means  of 
finite-difference  solutions  of  the  Euler  equations.  Since  both,  the  physical  understanding  of  piston 
flows  is  far  from  complete  and  adequate  computational  methods  for  such  complex  processes  are 
missing,  the  restriction  to  inviscid  flow  is  considered  as  a  first  step  to  achieve  basic  insight  into  the 
large-scale  vortical  motion  of  the  flow.The  discretization  of  the  conservation  equations  is  carried 
out  in  a  time-dependent,  node-centred  grid.  Central  differences  are  used  to  approximate  the  spatial 
derivations.  For  the  integration  in  time  two  methods  are  applied,  an  implicit  factorization  scheme 
for  plane  and  axisymmetric  flows  and  an  explicit  Runge-Kutta  time-stepping  scheme  for  the  three- 
dimensional  flow.The  numerical  results  for  plane  flow  are  compared  with  experiments  using  Mach- 
Zehnder-interferometry.  The  comparison  confirms  that  the  results  obtained  with  the  Euler 
equations  reflect  essential  features  of  the  flow  in  the  cylinder  of  piston  engines.  For  three- 
dimensional  flow  two  examples  are  chosen  to  discuss  the  influence  of  off-centred  valves  and  of  the 
shape  of  the  piston  crown  on  the  onset  of  the  swirling  flow  during  the  intake  stroke  and  its 
subsequent  development  during  the  compression  stroke. 


INTRODUCTION 


The  flow  in  piston  engines  is  governed  by  a  variety  of  complex  physical  processes  like  turbulent 
interactions,  inhomogeneity  and  mixture,  as  well  as  chemical  reactions.  Even  though  the 
investigation  of  this  paper  is  restricted  to  the  cold  flow  of  homogeneous  gases,  various  time  and 
length  scales  are  involved  in  this  problem.  Large  time  scales  are  prescribed  by  the  speed  of  the 
engine.  The  smallest  can  be  expressed  in  terms  of  the  speed  of  sound.  In  general,  numerical 
integration  techniques  cover  this  range  of  time  scales,  however,  the  problem  becomes  more 
challenging  in  space  dimensions.  Large  vortex  structures  are  limited  by  the  size  of  the  cylinder,  the 
shape  of  the  inlet  or  the  valve  and  the  piston.  These  structures  are  intermingled  with  turbulent 
fluid  motion  especially  near  shear  layers,  for  example  the  jet  like  flow  into  the  cylinder,  or  close  to 
walls.  Up  to  now  it  is  not  feasible  to  resolve  the  computational  domain  down  to  scales  given  by  the 
Kolmogoroff-Iength.  Especially  in  three-dimensional  flow  problems  direct  modeling  is  hindered  by 
missing  computer  power.  Instead  turbulence  modeling  using  the  time  averaged  equations  of  motion 
with  additional  closure  assumptions  of  algebraic  or  differential  type  is  widely  employed.  A  survey  of 
such  investigation  is  recently  given  by  Heywood  [1|.  The  applicability  of  such  models  is 
questionable,  since  they  are  derived  for  stationary  boundary  layers  or  jets.  Therefore  the  present 
work  intentionally  focuses  on  the  formation  and  development  of  large-scale  vortices  during  the 
inta'  “  and  compression  stroke.  Hence  friction  can  be  neglected  and  a  description  of  the  flow  should 
be  given  by  the  Euler  equations  for  time-dependent  compressible  flow. 


GOVERNING  EQUATIONS 


The  Euler  equations  are  used  to  compute  the  time-dependent  compressible  flow  in  a  piston  engine. 
The  domain  of  integration  is  defined  by  the  fixed  cylinder  walls  and  the  moving  piston  of  which  the 
crown  may  have  special  shapes.  A  suitable  curvilinear  time-dependent  grid  is  described  by  the 
coordinates 


21 


r 


x  =  x (§.r|J  .  y  =  y(§.n)  .  z  =  z(5.n.5.f)  .  t  =t  ,  ni 

where  L,  maps  the  axial  direction,  f,  and  q  the  cross-section  of  the  cylinder  onto  the  computational 
domain.  The  conservative  form  of  the  Euler  equations  then  reads 


The  vector 


UT  ♦  Fj  ♦  G,  *  Hj  =  0  . 
U  =  J(  g.gu.gv,  gw. e  )T 


(2.1) 

(2.2) 


is  the  vector_of_the  conservative  variables.  J  =  2;  ( x^yn  -  X,,y$ )  the  Jacobian  of  the  transfor¬ 
mation,  and  F,  G,  fl  are  the  corresponding  fluxes  with  the  contra  variant  velocities  u,  v,  'k. 


'  2U  1 

guu  +  y^z^p 

!  *1  \ 
1  guv  -y5zlp 

1  2W 

guw  ♦  (y^-y^Zjlp 

gvu  -  X,,ZjP 

.  G  = 

gvv  ♦  x5zjp 

.  H  = 

gvw  -  (x5z„-x^z5)p 

gwu 

(e*p)u  / 

1  Swv  j 

\  (e»p)v  j 

i  eww  ♦  (x5yn -x^y5)p 
\  (e+p)w+  (xsyn -x^^JztP 

with  _  (2.3) 

U  =  (y„u  -x„v)zt 
v  =  (-y5u  *  xjV )  z5 

W  =  (y{2n-ynzi)u  -  (x52<Tx<i25,v  *  (-Zr*w)(x5y,,-x,y? ) . 

The  system  of  equations  is  closed  with  the  equation  of  state  for  idea!  gas. 

p  =  (K-1l{e-jQ(u2*  v2  +  w2l)  .  (2.4) 

For  plane  flow  the  term  F(  vanishes,  whereas  for  axisymmetrie  flow  i,  and  q  are  chosen  as  the 
circumferential  and  the  radial  direction  respectively,  so  that  F(  contributes  together  with  some 
separated  parts  of  Gn  to  a  source  term  Q  containing  the  curvature  terms  [3| 

UT  ♦  G,  ♦  Hj  =  Q 

with  —  |  .  2  2  ,  ,  .  \T  (2) 

Q  =  (gv,  gv  -  gw  ,  2gvw.  guv,  (e*p)v  )  , 


METHOD  OF  SOLUTION 


For  the  discretization  of  the  conservation  equation  a  node-centred  mesh  is  used  with  the  variables 
and  the  geometry  defined  in  one  node  point.  Central  differencing  is  used  for  the  spatial  derivatives, 
what  is  well  suited  for  the  considered  low  Mach  number  flow  in  piston  engines.  To  avoid  odd-even 
decoupling,  fourth  order  damping  terms  are  added.  Thus  for  one  direction  the  flux-balance  reads 


applied  to  the  physical  variable  J'^  U.  For  the  resolution  in  time  two  methods  are  used,  originally  an 
implicit  factorization  method  for  the  plane  and  axisymmetric  flow  and  an  explicit  Runge-Kutta 
time-stepping  scheme  for  three-dimensional  calculations. 
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Implicit  Factorization  Method 


The  implicit  factorization  method  used  for  the  plane  and  axisymmetric  calculations  is  based  on  the 
work  of  Beam  and  Warming  [2]  and  was  extended  to  axisymmetric  flow  in  [3]  by  introducing  source 
terms.  For  such  flows  the  basic  system  of  equations  is  given  by 

11  ♦  *  D*n ) 11  ♦  AT  w +  ATgn  +  V Aqn=  (6) 

=  -AT(||  +  |B+Q)fl-DEi)-°Ei  ,  AU  =  U"*1-  0" . 

with  A,  S,  C  the  corresponding  Jacobians  of  the  fluxes  5  and  H,  as  well  as  the  source  term  Q  which 
is  treated  implicitly.  Additional  damping  terms  and  Djq  are  included  at  the  left  hand  side  to 
compensate  the  stability  restriction  arising  from  the  explicit  damping  terms.  The  tridiagonal 
structure  of  the  scheme  is  retained  by  choosing  the  implicit  damping  as  e.g. 

0,  =-eIJAn2-^T(J',Ul  .  (7) 

n  di) 

Stability  is  ensured,  if 

ee  5  i6l1  +  El)2-  (8) 

Commonly  ei  =  2c  g  was  chosen  with  eg  =  0<Ai).  A  decoupling  of  that  5x5  block-tridiagonal  system 
into  5  scalar  equation  is  achieved  by  diagonalization  of  the  matrices  A  and  B  using  a  similarity 
transformation  [4] . 

A^A^T,'1  ,  B  =  Tj  AjTj-’  (9) 

where  An  and  A{  are  diagonal  matrices  containing  the  eigenvalues  of  the  Jacobian  A  and  B. 
Assuming  the  matrices  Tn  and  as  locally  constant  the  decoupled  scheme  reads 

In* ( I  ♦  At  A,"  )*0In)  (V  Tj)n(l  ♦  AT  ^  (A{°)  ♦  DI{ )(!?»" AUn  = 

(10) 

^Qr-ATH-1. 

Now  the  source  term  is  included  only  in  the  explicit  part  of  the  equation,  because  its  eigenvalues 
differ  from  those  of  the  Jacobian  B  [3] ,  so  that  an  implicit  treatment  will  hinder  the  decoupling  of 
the  system.  The  accuracy  of  first  order  in  time  is  not  affected  as  a  comparison  with  the  scheme  (4.1) 
has  shown. 


Rungc-Kutta  Time-Stepping  Scheme 

In  order  to  compute  more  realistic  configurations  of  piston  engines  three-dimensional  flows  have  to 
be  considered.  An  extension  of  the  proceeding  factorization  method,  successfully  used  for  the  stiff 
axisymmetric  equations,  leads  to  stability  restrictions  in  three  dimensions  due  to  the  factorization 
error.  Hence  an  explicit  time-stepping  scheme  was  chosen  for  three-dimensional  computations. 
Since  the  restricted  time  steps  of  this  method  are  of  the  same  order  as  those  required  for  the 
temporal  accuracy  of  the  computations,  the  efficiency  is  not  impaired  by  using  explicit  instead  of 
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implicit  schemes.Furthermore  the  simplicity  and  the  suitability  with  regard  to  the  architecture  of 
vector  computers  gave  preference  to  explicit  methods. 


Recently  Runge-Kutta  lime-stepping  schemes  are  brought  up  [51.  The  method  used  in  this  paper 
belongs  to  a  class  of  Runge-Kutta  like  schemes  given  by  the  following  sequential  algorithm. 


U(vl  =  U(0,-avAT(F{U<0l)5  +  GtO“\*H(u'<\*DE(Ol‘‘1)) 

gn.i_  g(Ni  ji  s min(v.M)  .  M  45  • 


In  contrast  to  the  classical  four  step  Runge-Kutta  Scheme  this  sequence^  requires  less  computer 
storage,  but  on  the  other  hand  the  time  accuracy  for  non-linear  fluxes  F,  G  and  H  is  limited  to  the 
second  order.  In  this  case  the  coefficients  on  and  a^-i  are  prescribed  as 


aN  =  1 


(11.2) 


A  stepping  sequence  with  N  =  5  has  three  free  parameters  03, 02,  <m  left  which  serve  to  improve  the 
stability  properties  of  the  scheme.  Vichnevetsky  (61  has  shown  that  the  maximum  CFL-number  for 
a  stable  algorithm  of  a  scalar  test  problem  is  given  by  CFL  «  N  -  1,  if  03,  02  and  ai  are  suitably 
chosen. 

*3  =  3/8  «2  =  V6  *,=  1/4  (11.3) 


The  stability  property  of  a  five  step  scheme  are  reflected  by  a  von  Neumann  stability  analysis  for 
the  scalar  test  equation 

ut  +  aux  ♦  ^■Ax4uXX)0,=  0  ,  a  =  const  .  (12) 

Fig.  1  shows  the  amount  of  the  amplification  factor  G  as  a  function  of  the  wave  angle  0  =  kAx  in  the 
case  of  vanishing  damping  term  c  =  0  for  several  CFL-numbers.  Thereafter  stability  is  gained  up  to 
CFL  =  4. 


The  behaviour  of  the  amplification  factor  with  additional  damping  is  plotted  in  Fig.  2  and  Fig.  3. If 
the  damping  terms  are  evaluated  at  each  step  of  sequence  (11),  p  =  v  -  1,  Fig.  2  reveals  that 
complete  damping  of  the  highest  frequences  is  not  available.  The  function  G(0)  however  is  smoothed 
and  even  reaches  zero  for  the  highest  frequency,  Fig.  3  ,  if 

|i  =  min(v,  1  ).  (13) 


By  freezing  the  damping  term  a  considerable  amount  of  computing  time  is  saved,  too. 


BOUNDARY  CONDITIONS 


The  boundary  conditions  are  formulated  explicitly.  At  rigid  walls  (,  i)  or  (  =  const  vanishing 
normal  velocities,  0,  v  or  w  Gq.(2.3.)  respectively  are  required,  whereas  tangential  velocities  are 
linearly  extrapolated.  Likewise  density  and  pressure  are  found  by  linear  extrapolation  except  at 
moving  walls  where  the  value  of  the  pressure  is  gained  by  evaluating  the  momentum  equation  in 
normal  direction  with  respect  to  the  wall. 

The  boundary  conditions  at  open  borders  arc  pul  in  order  with  the  one-dimensional  theory  of 
characteristics.  For  incoming  flow  during  the  intake  stroke  density  and  velocity  are  prescribed, 
whereas  the  pressure  is  extrapolated  from  the  inner  region.  The  velocity  normal  to  the  cylinder 
head  is  chosen  in  a  manner,  so  that  the  global  density  does  not  change  during  the  intake  stroke,  the 
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direction  of  the  velocity  is  given  by  the  angle  of  the  valve  seat.  During  the  exhaust  stroke  only  the 
mass  flux  is  prescribed,  all  other  flow  quantities  are  extrapolated  from  the  inner  region. 


RESULTS 


Plane  and  Axisymmetric  Flow 

These  preliminary  investigations  are  used  to  study  the  influence  of  the  piston  shape  and  the  effects 
arising  from  the  inclination  of  the  incoming  jet  and  of  the  compression  ratio  on  the  onset  and 
development  of  the  vortical  flow  in  the  cylinder  [31,  [71.  The  plane  flow  was  computed  to  compare 
with  the  optical  experiments  done  by  Mach-Zehnder  interferometry.  The  numerical  simulation  of 
the  plane  flow  revealed  that  vortex  patterns  generated  during  the  intake  stroke  are  conserved  until 
the  end  of  the  compression  stroke,  whereas  in  axisymmetric  flows  the  flow  patterns  change  during 
the  compression  stroke  basicly  due  to  vortex  merging.  Representative  for  the  preceding 
investigations  two  examples  for  numerical  and  experimental  results  are  discussed  in  the  following 
section.  The  experimental  set-up  consists  of  a  cylinder  and  a  piston  with  rectangular  cross-section 
for  the  plane  flow  simulation. 

In  the  first  case,  the  flow  field  in  a  cylinder  with  a  step  piston  is  investigated.  The  valve  in  the  shape 
of  a  slit  is  located  near  the  lower  piston  wall  and  aligned  parallel  to  the  axis  of  the  piston  which 
moves  sinusoidally  with  an  engine  speed  of  510  rpm.  The  stroke  and  the  height  of  the  piston  is 
chosen  to  be  equal,  the  compression  ratio  is  c  =  4.3.  The  sequence  of  photographs  in  Fig.6  compares 
measured  and  computed  flow  flields  during  the  intake  stroke.  In  each  case  lines  of  constant  density 
are  presented  The  experimental  investigation  shows  that  the  incoming  jet  forms  a  fungoid 
structure  at  an  early  stage  of  the  intake  stroke  (26°  crank  angle).  Then  the  jet  is  deflected  at  the 
piston  crown  and  rolls  up  to  a  counter-clockwise  rotating  vortex  in  the  lower  part  of  he  flow  field.  At 
the  same  time  a  secondary  vortex  is  generated  at  the  corner  of  the  piston  step  due  to  its  accelerated 
movement.  This  secondary  vortex  is  fed  by  the  jet-like  flow  which  is  directed  from  the  convex  corner 
of  the  piston  to  the  cylinder  head.  Finally  the  coarse  structure  of  the  flow  field  consists  of  two 
vortices  with  opposite  rotation. The  numerical  prediction  of  the  flow  is  in  qualitative  agreement 
with  the  experiments,  although  the  numerical  boundary  conditions  only  roughly  agree  with  the 
experimental  conditions,  as  can  be  seen  from  the  underestimation  of  the  strength  of  the  incoming 
jet.  At  the  end  of  the  intake  stroke  the  lower  vortex  settles  underneath  the  step  of  the  piston  with  its 
strength  increasing  during  the  compression  stroke.  Several  disturbing  influences  may  have 
prevented  to  observe  this  vortex  in  the  experiments  up  to  now. 

In  the  second  example,  Fig.  7,  the  investigation  dealt  with  a  flat  piston  in  connection  with  an 
incoming  jet  inclined  at  45°.  The  compression  ratio  now  is  c  =  3.7,  the  engine  speed  is  526  rpm.  A 
large  vortex  is  generated  during  the  intake  stroke  which  survives  and  even  enlarges  during  the 
compression  stroke.  The  numerical  calculation  predicts  this  vortex  and  its  enlargement  in  close 
agreement  with  the  experiment. 

In  the  preceding  computations  a  mesh  with  83x53  grid  points  similar  to  those  in  Fig.  4  was  used.  To 
solve  the  Euler  equations  the  diagonalized  version  of  the  factorized  method  Eq.  (10)  was  employed. 
Its  time  accuracy  was  confirmed  by  comparison  with  the  results  obtained  from  the  second  order 
accurate  Runge-Kutta  scheme. 


Three-dimensional  Flow 

Up  to  now  several  configurations  have  been  investigated,  c  g.  flat  and  shaped  pistons,  and  centred 
and  off-centred  valves.  But  the  work  is  at  an  early  stage,  and  the  investigations  have  to  be 
intensified  in  future.  In  all  cases  considered,  symmetry  about  a  plane  containing  the  axis  of  the 
cylinder  and  the  valve  was  assumed  for  saving  computer  time  and  storage.  As  indicated  by  Eq.  (1 ) 
the  computational  grid  is  divided  into  a  stationary  part  discretizing  the  cross-section  of  the  cylinder 
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and  a  time-dependent  part  mapping  the  axial  direction  onto  the  computational  domain.  The 
discretization  of  the  cross-section  is  based  on  conformal  mapping  as  given  in  [8]  with  additional 
smoothing  and  orthogonalization.  Pig.  5.  In  axial  direction  the  meshes  are  similar  to  those  used  for 
the  two-dimensional  flow,  Fig. 4.  The  number  of  points  are  56x23x53. 

The  presented  results  concern  with  the  onset  of  circumferential  or  swirl  flow  due  to  the  off-centred 
intake  valve.  The  case  of  a  disc  piston  on  the  one  side  and  a  shaped  piston  on  the  other  side  shall  be 
discussed.  During  the  intake  stroke  (72°  crank  angle)  the  incoming  flow  forms  an  asymmetric 
primary  toroidal  vortex.  Pig.  8  and  12,  and  a  smaller  secondary  vortex  in  the  corners  at  the  cylinder 
head.  The  excentric  location  of  the  valve  generates  a  significant  swirl  flow  as  can  be  seen  in  Pig.  9 
and  10  in  the  case  of  a  disc  piston.  This  swirl  flow  strongly  distorts  the  toroidal  vortices  which 
finally  at  a  crank  angle  of  180°  does  not  dominate  the  flow  field  any  longer.  The  swirl  flow  is  fully 
established  during  the  compression  stroke,  P'ig.  11. At  the  beginning  the  flow  field  with  the  shaped 
piston  is  similar  to  the  one  described  above,  Fig.12.The  swirling  flow,  however,  is  now 
nonuniformly  distributed  over  the  cross-section  of  the  clyinder  and  different  at  various  axial 
locations.  Pig.  13.  Instead  of  a  unique  swirl  flow  which  is  formed  during  the  intake  stroke  in  the 
case  of  the  disc  piston,  a  complex  system  of  vortices  with  their  axis  in  circumferential  direction 
occurs.  Pig.  14.  During  the  compression  this  system  of  toroidal  vortices  govern  the  flow.  Fig.  15. 


CONCLUSION 


The  time-dependent  compressible  inviscid  flow  in  a  cylinder  of  a  piston  engine  is  computed  by  finite 
difference  schemes  of  the  Euler  equation.  P'or  plane  flow  the  computed  structure  of  large-scale 
vortices  is  compared  with  experimental  results.  The  comparison  confirms  that  some  essential 
aspects  of  the  flow  can  be  described  by  the  inviscid  flow.  First  computations  of  three-dimensional 
flows  representing  more  realistic  configuration  show  the  influence  of  off-centred  valves  and  of  the 
shape  of  the  piston  crown  on  the  flow.  Further  questions  related  to  stretching  and  tilting  of  vortex 
structures  have  not  been  answered  yet.  The  symmetry  condition  assumed  for  the  considered 
configurations  have  to  be  called  in  question.  Calculations  with  a  centred  intake  valve  showed  that 
the  initial  axisymmetric  flow  could  not  be  maintained  during  the  compression  stroke.  A  possible 
influence  on  the  solution  may  arise  from  the  computational  grid  and  has  to  be  examined.  Although 
special  questions  of  practical  interest  can  be  answered  through  this  investigation,  efforts  have  to  be 
initiated  to  include  friction  and  turbulence  in  future  investigations. 
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Fig.  1.  Stability  properties  of  the  Runge-Kutta 
scheme  Eq.  (1 1.1)  for  linear  equation  (12) 
without  damping. 
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Fig.  2.  Stability  properties  of  system  (11.1)  Fig.  3.  Stability  properties  of  system  (11.1) 
with  fourth  order  damping  p  =  v-l.  with  fourth  order  damping  p  =  min(v,l). 
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Fig.  4.  Computational  grid  (axial  direction). 


Fig.  5.  Computational  grid  (cross-section)  for 
centred  and  off-centred  valves. 
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Fig.  6.  Comparison  with  experimental  results.  Lines  of  constant  density  (Intake  stroke,  step  piston). 


100°  CA  280°  CA 


Fig.  7.  Comparison  with  experimental  results.  Lines  of  constant  density  (Intake  and  compression 
stroke,  flat  piston). 
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SUNHARY 

For  tiie  physical  hyperbolic  problems  one  can  exhibit  a  fundamental 
function  of  the  entropic  variables  and  of  a  space-time  vector.  In  the 
case  of  Euler  equations,  this  function  can  be  expressed  in  a  simple  form 
and  splitted  into  a  convex  function  and  a  concave  one,  and  it  is  possible 
to  find  a  polydimensional  scheme  which  generalizes  the  Courant  scheme. 
Then  we  present  some  mono  and  bidimensional  numerical  results. 

INTRODUCTION 

When  a  hyperbolic  system  has  a  supplementary  conservation  law  (on 
entropy)  it  is  possible  to  define  a  function  t  of  a  space-time  vector 
and  the  entropic  variables.  This  function  sounds  having  a  very  important 
place  in  those  systems.  Many  of  their  properties  can  be  interpreted  by 
means  of  the  convexity  domain  of  t  (as  :  Cauchy  Kowalevs ha's  characteris¬ 
tics.  Rankine  Hugoniot  relations,  inequation  on  the  boundary,  arrows  of 
time,  phenomenological  relations,  Courant  scheme).  We  began  the  study  of 
this  function  with  a  variational  formulation  where  the  convexity  is 
essential  (see  Mazet  12]).  We  shall  explain  its  properties  in  the  first 
part.  For  the  Euler  equations,  Z  can  be  written  by  using  some  ideas  of 
the  statistical  mechanics  (second  Part).  So  it  was  possible  to  define  a 
Galerkin  discontinuous  scheme,  which  is  consistent  with  the  weak 
equations  and  the  entropy  inequation,  and  to  exhibit  a  global 
overestimation  (Part  III).  This  scheme  looks  like  a  polydimensional 
splitting  method,  but  it  is  possible  to  imagine  a  space-time  mesh 
refinement.  In  part  IV  numerical  results  will  be  presented. 

I  :  DEFINITION  AND  PROPERTIES  OF  THE  FUNDAMENTAL  FUNCTION  Z* 
Notations  :  we  shall  use  two  manifolds  : 

-  the  space-time  indexed  with  a  latin  index  i=0,n  -  0  means  time 
(dimension  n»1) 

-  the  state-space  indexed  with  a  greek  index  a=1,N  (dimension  N). 

It  is  the  space  of  the  thermodynamical  quantities  which  play  a  role 
in  the  considered  physical  problem  (as  :  mass,  momentum,  energy  in  fluid 
mechanics).  The  system  of  partial  differential  equations  ( S POE )  obtained 
is  written  : 

5^^  fi,0(w)  =  ga(w)  in  D'  (1) 

i*0,n  a*1,N 

(1)  is  a  system  of  balance  equations,  the  left-hand  side  is  a  space-time 
divergence . 
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We  call  phenomenological  closure  the  relations 
f1’®  =  f1,a(w)  or  something  equivalent. 

In  general  we  have  f°'®(w)  =  w® 

the  SPDE  is  called  hyperbolic  if  V  n,  space  vector  ( V(n ^ti^ 1 , 3 )  the 
3  f1'® 

eigenvalues  of  -  are  real. 

3  w“ 


(see  Harten  [8])  for  the  physical  system  the  SPDE  has  a  supplementary 
balance  law  : 


3  <p  (w)  .  St  . 
a  (w) 


:  3.  S1  (wl  =  if  3.  f1,a 

l  a  l 


i  =  0,n  a=1,N  .  S  convex  in  w  3 

If  such  a  law  exists,  the  phenomenological  closure  verifies  :  - ; —  = 

3  f1'® 

ifa  are  called  entropic  variables. 

If  we  use  the  polar  transform  of  S°(w)  ,  S°  (tp)  =  Sup  {w  ip  -  S°(w)} 
S°(w)  is  convex  in  w  so  it  is  possible  to  define  w(^)  by  w®  =  4-^ — 

.  .  u  <P 

and  the  functions  Sl  (ip)  =  f  '®(w  o  iplip  -  S*(w  o  ip). 

a 

So  the  phenomenological  closure  can  be  defined  with  only  n*1  functions 

„i*,  *  ~o*  „i,a  3  Sit. 

S  (9)  p  S  convex  in  9,  f  =  *5 - 

Let  E*Op,n)  be  :  E*(ip,n)  =  nA  S ( ip) 

All  the  SPDE  defined  by  E*  are  hyperbolic  because  the  eigenvalues  of 
3  filP 


n. - 

i.  a 
3  w 


i=1 ,3 
a, 0  =  1 ,  H 
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are  the  same  as  those  of  the  matrix  ■= - 3 —  ( <p . w )  ,  where  n=(1.n.),  which 

3<Pa  3<Pp  1 

are  real  because  this  matrix  is  symmetric. 

* 

*  Properties  of  the  fundamental  function  E  (e.n) 

The  arrows  of  time  if  one  studies  the  variance  of  the  balance 

equations,  i.e.  how  they  change  in  another  space-time  frame,  one  finds 
another  system  of  balance  equations  (cf.  Delorme  [4]).  so  :  is  the  time 
only  a  geometric  index  7  In  fact,  not,  because  we  have  S°*l<p)  =  E*lf,n), 
where  S°*  is  the  polar  of  the  entropy  in  the  new  frame,  and  n  the  new 
time  direction  expressed  in  the  old  frame.  So  we  can  define  a  convex  cone 
of  the  admissible  ’times"  : 

C<*>  =  (n ,  E  (<p,n)  convex  in  <p}  ; 
the  boundary  of  this  cone  is  given  by  : 

32  E* 

det  t— g- — ]  =  0,  because  if  E  is  convex  in  <p  the  eigenvalues 
a  *0  t 

of  the  Hessian  of  E  are  positive. 

n  is  the  normal  vector  to  a  characteristic  surface  in  the  sense  of  Cauchy 
-  Kowalevska  (see  [3]) 

C(d)  is  the  polar  cone  of  the  "future  characteristic  cone". 
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*  Rankine-Huooniot  relations  : 


If  g ( x1 )  =0  i  =  0 , n  is  the  equation  of  a  discontinuity  surface  the 
R.  t>  H.  relations  can  be  written.  The  gradient  with  respect  to  i»  of 
t*  tip . &  >  is  constant  through  the  jump  (the  gradient  of  g  is  a  normal 
vector  to  the  space-time  discontinuity) 


3C 


3S 


i* 


3t»  3u 

Cl  Q 


d.  g  =  f  0.9. 
t  1 


*  Boundary  inequation 


In  order  to  describe  the  very  difficult  problem  of  the  boundary 
conditions  of  the  hyperbolic  SPOE,  AU00UNET  A  MAZET  and  0U80IS  i>  LE  E10CH 
introduce  the  following  boundary  inequation  : 

If  n  is  the  outwards  unit  normal  to  a  domain,  ^ ln  the  inside  value,  e0(jt 
the  outside  one.  we  must  have  (cf.  ID  &  [III 


n . 
1 


IS1  -  s*  - 
out  in 


out 


(f 


1,0 

out 


-  f 1 ' °l J 
in 


<  0 


(?) 


This  inequation  can  be  written 


(3) 


(31  is  the  dual  form  of  (2). 

If  the  R.  t,  H.  relations  are  true  :  n^  f1,B  (out)  =  ni  f 
boundary  inequation  gives  the  entropy  inequation  : 

"i  SLt  -  "i  Sin  *  0  • 


l.a 


1  in) 


the 


For  the  linear  SPOE  it  is  very  easy  to  see  that  the  "good"  boundary 
conditions  are  given  by  a  convex-concave  splitting  of  E  (see  below). 

II  :  STUDY  OF  THE  FUNDAMENTAL  FUNCTION  E*  FOR  THE  EULER  SPDE 

*  the  t*  function  : 


For  the  Euler  equations  in  the  3  dimensional  case  we  have  n=3  and  H=5. 
The  W*  are  mass(p),  momentum  (ql)  and  energy (e). 

qi 

If  v1  is  the  velocity  —  of  the  gas,  the  fluxes  are  : 


1  *la  vV  a  P  6ij) 
(E  ♦  P)  7 


i, j  =  1,3 


p  is  the  pressure  ;  for  polytropic  gases,  p  =  (vl) 

(t  is  a  constant  which  depends  only  from  the  gas). 
The  additional  conservation  law  is  given  by  ; 

S1  >  I  GfP/  y)  i  =  0,3  ,  V°  =  1. 

0 
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S  convex  in  w  implies  some  conditions  on  the  function  6  (see  Marten  [8]). 
If  we  introduce  the  entropic  variables  : 

9  ,  91,  9  we  find  the  relations  :  q1  9  ♦  e  9*  1  0  (5) 

6  •  2  2 

V  V  o 

e*e  *  e'  2~  *  y  Ve  te  *  c  2~  1  =  S  ' 

The  general  form  of  S°  is  equivalentQto  : 

S°  solution  of  the  SPOE  (5)  (ipa  =  !  and  S°  convex  in  W. 

In  order  to  find  the  most  general  expression  for  E  ,  we  should  calculate 
the  entropic  variables  and  eliminate  w.  dS°* 

But  it  is  easier  to  interpret  (5)  as  a  SPDE  on  S°  (Wa  =  -  ),  so 

dip 

a 

o* 

S  is  a  solution  of  (5)  and  is  convex  in  9. 

By  integrating  (5)  we  find  the  general  form  of 

•* 


O* 

S  (9) 


- 77 — 7  x  H(9  -  E  — —  I 

,  ,1/y-l  0  29 

(9  )  e 

e 


with  some  conditions  on  H,  which  are  necessary  for  the  convexity  of 
„  o* 


E  (9,n)  is  given  by  :  . 

t  . t  91n.  1  3 

I  C.nl  ■  n  Sl  •  -  — i  «  - —  HI*  -  I 

*  *.  '*■  J" 

and  9  *  -9e  (i  =  0,3)  . 


The  phenomenological  closure  is  : 

,t°'  i  H ' .  ***  i  i  V2  „  .  1 

ds  =  w  d9.*  s  td9p  -  —  d9  ♦  r  d9e3  - 


H '  1  2 

sog=  ,  E  -  -  p  V 

9  ■ 

and  V1  =  — 

*e 


(  ,1 
90  M 

(internal  energy) 


(-*7) 

*e  T' 


i*  is1  H'  V2  1  H 

g»e  H  Wp  9,  3  2  V  (T-1)  ,_2_, 

9e  I’’ 

-  - — -  [  d9 1  -  ® —  dip  ] 

(-3L)  *.  6 

9e  T-1 


so  we  find  p  = 


% 


«  (T-1>  tE  -  j  g  V2] 


For  the  Euler  equations,  mass,  momentum  and  energy  can  be  defined  through 
a  statistical  interpretation.  Let  us  define  the  velocity  distribution 


/ 


function 

0  ( x 
i 


l  n  : 


uj.  nl-  i  3  =  0.3 
space  time  coordinates 

o 

velocity  of  the  particles  (u  =  1) 
vibration  tor  rotation)  velocity 


as  the  density  of  number  of  particles  whose  velocities  are  u  and  r) 
so  W n  -  J  du  J  df}  Ka(u,0)  8 
R"  R*  o 


where  K  is 


1  =  u 

i 

u 

3 


il, 


/  i.2 

fu  ) 


g<n) 


(collision  vector) 


We  call  H  =  Rn  X  R* 

The  statistical  definition  of  the  entropy  : 

Let  us  consider  the  variational  problem 

Sup  Inf  J  L(0)  -  <p  x“(u.n)e  +  <p  Wa  =  S°(W) 
ip  0  H  “ 


where 

if  L  is  a  convex  function,  this  problem  is  well-posed  ; 
9  and  <p  are  given  by  the  stationarity  equations  : 


L  ‘  ( 8)  -  ipa  K 


=  0 


(6) 

(7) 


i  Wa  -  J  K°  0=0 
H 

ft  '  (X 

L  is  convex  so  (6)  gives  0  =  L  (ip  K  ) 

*  a 
(L  is  the  polar  function  of  L) 
and  <p  is  given  by  the  implicit  equations 

W°  *  J 
H 

The  Jacobian  matrix  : 
a 

-  S  Ka  L  ( ip  .K^)  is  a  positive  matrix,  as 

%  H  ' 


a  *  ’  0 

X  L  tip.  Kp)  . 


X  X„ 
a  fi 


wa  -  1  ,l<e  V2  L*" 

P 


>  0 


and  the  equations  (6)  have  a  unique  solution. 


The  gradient  of  S  (W)  with  respect  to  W  is  the  vector  <p  : 

dS  =  J  IL"  (9)  -  ip  ka]  dO  +  [Wa  -  J  ka8]  ♦  ip  dW° 

H  a  H  “ 


is 


the 


(6)  S>  (7)  give  us  the  result  :  the  entropic  variables  are  ip . 

For  physical  systems  we  use  the  function  L  =  -b[0Log0-0)  where  b 
Boltzmann  constant.  The  Haxwell  distribution  is  given  by  : 


35 


0  =  exp(-<pa  k  /b) . 

The  polar  function  of  S°(U!  is  : 

S°*<9)  =  »  .W®  -  /„  L(0)  =  /(»  k®).  8  -  L (0) 

a  H  a 

=  J  L*{»  kat  (0  =  L*  (»  k®)) 

a  a 

o* 

ds  ,  *  a  .a 

of  course  we  have  =  J  L  k  =  W  • 

Theorem  :  for  the  Euler  equations  for  polytropic  gases  the  fundamental 
function  1  is  given  by  : 

E*(9.n)  =  Ju  (uin.)  .  L*  (9  ka(u,n!)  du  dh  I®) 

Hi  a 


i  =  0 ,  n  o=1, n+2 


with  u  =  1 


K  =  u 

3  ,  i.  6 

e  I'Ll  t  n_ 
i=1  2  2 

and  5  is  a  constant  (  r  ♦  r  =  — -r—  ) 

6  2  y- 1 

H  =  R°  X  R*. 

* 

L  is  a  convex  function  such  that  :  Vo,  lim 


L  (x!  =  0 


and  this  set  of  functions  is  not  empty  (e  ,  quickly  decreasing  functions). 


Proof  :  , 

u  6 

9  k®  =  if  *  ip.u1  *9  [E  ♦  ,  3 

a  Q  l  e  l  2  2 


.  .1  l  ip 

we  put  u  =  u  ♦  x — 
Ve 


(-  — is  the  mean  velocity) 

% 


so  9  k  ®  =  9  -  E  -  1- 

«  0  2®> 


,  ‘i,z 
9  CE  IV- 
e  l  2 


_*  ip  .  *  _  i  * 

t  =  -  * —  n.  Ju  L  +  J  u.n  L 
9  i  H  i 

e 


The  right  hand  term  is  equal  to  zero  by  parity 
Now  we  set  I"  u  =  [9  1  u' 


’ 5  s  u' 

.  n  «  <»  >,/n6 


36 


Ill  :  NOME R I CAL  APPROXIMATION 

We  shall  begin  by  using  the  E *  function  in  a  very  simple  case,  the  linear 
equation  : 

3i  [C10]  =0  i  *  O.n  C°  =  1 
1  2 

we  can  choose  S  (6 )  =  -  0  ,  so  9  =  0 

*  I  2 

and  S  (?)  =  -  f  . 

*  1x2 

E  (¥.n)  =  j  cV  9  . 

t  x 

I  is  convex  in  9  if  c  n^  >  0. 

When  cxn.  =  0,  (n.)  is  a  characteristic  normal  vector.  We  are  able  to 
» 1  1 

split  Z  into  a  convex  function  and  a  concave  one  : 
.2.2 
I  (v.n)  s  Min(c1ni,0)  *-  ♦  Max(c1n^,0l 

*-  *♦ 

E  is  the  concave  part  and  E  the  convex  one. 

let  us  consider  the  classical  Courant  scheme  in  the  monodimensional  case  : 

3.0  ♦  c  3  0  =  0 
t  x 
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If  we  call  w  the  cell  (n.k),  3ui  its  space-time  boundary,  we  can  write  (9) 
as  : 

/«  min  Ici  n.(s),  0]  CO  .Is)  -  0.1  ds  =  0 
oui  i  out  in 

where  s  is  a  point  of  3ui,  0in  the  interior  value  on  the  cell  (0^  )  , 

0  ,1s)  the  exterior  value  at  the  point  s,  n,(s)  the  outwards  unit  vector 
out  i 

to  dm  at  the  point  s. 

For  the  south  branch  : 

n  =  (-1.0)  -  [0^  -  O^'1]  Ax  Mini  - 1,0) 

north  : 

n  =  (-1.0)  ♦  [©£  -  0£_1]  Ax  Minfl.O) 

west  : 

n  =  ( 0 ,  *  1 )  -  At  Min(-c.O)  [©"  -  0^1 

east  : 

n  =  (0.-1)  ♦  At  Mini  c.  0)  [0^,  -  0^1  . 


So  the  classical  Courant  scheme  can  be  written  as  : 

J  P—  (<|>.  ,n)  -  P—  (»  ...n)  =  0 

i  dip  in  dip  out 

One  can  notice  that  for  the  linear  S.P.D.E.  the  "good"  boundary  condition 


is  :  E  (<p.  ,n)  imposed,  and  the  Courant  scheme  imposes  the  continuity  of 
in  t 

the  convex  part  of  E  through  3ui . 


He  can  also  write  a  Galerkin  discontinuous  approximation  (ref  [9])  : 

Let  u>h  be  a  space  time  element.  piecewise  continuous  (with  disconti¬ 
nuities  across  the  interelement  boundaries  only) 

Vip  a  test  function  with  its  support  included  in  (i»h) 


0  =  J  Y  a.IcV  )  *  J.  1  [MinlcV  )  .01  [0  .  -  0.  1  (10) 

I#.  i  h  dw.  l  out  in 

n  n 

where  0  .  is  the  exterior  trace  of  8,_  on  3ui. 

out  h  h 

where  0.  is  the  interior  trace  of  on  dui. 

in  h  h 

(10)  can  be  written  as  : 

0  *  J  Ta  3. [I5—  (*J]  ♦  J-  f°  [P-  (ip  .)  -  P-  (ip.  )1  (11) 

w.  l  dip  h  dm.  dip  out  dip  in 

n  ot  n  a  a 

if  we  choose  for  T  the  characteristic  function  of  w  h  we  find  back  the 

Courant-scheme . 

How  to  generalize  those  schemes  from  the  linear  to  the^non  linear  case  ? 
First  it  is  necessary  to  have  a  natural  splitting  of  E  (tp,n).  For  the 

*  ,  i  t  d 

Euler  equations  we  have  E  -  Ju  u  n.  L  ( <p  k  )  , 

hi  a 


This  natural  splitting  could  be  : 

/H  (uV)  L*  =  J.  ♦ 

un.<0  un.>0 

l  i 
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which  is  a  concave/convex  decomposition  because  : 

*  a  2  * "  a 

J.  (X  k  )  L  (<p  k  )  >  o. 

i  .  _  a  a 

u  n.  >  0 
l 

*  -kip 

If  we  choose  L  < kip )  =  e 

»♦  *- 

E  and  E  can  be  very  easily  computed  numerically  thanks  to  the 

x  V 

function  J  e  du. 

Me  are  now  able  to  present  the  scheme  for  the  Euler  equations  with  the 
simplest  approximation  <ph  piecewise  constant  on  each  space-time 
element  on  a  domain  Q. 

As  we  did  for  (11)  we  choose  for  Y  the  characteristic  function  of  ui.  . 

h 

*-  *- 

Vh  /a  jr —  if  •»>  -  -r —  if„  *.">  *  0  •  m> 

dur  dip  in  dip  ’out 

n  a  a 

Remark  : 

If  w  -  l&t  x  Ox]  we  obtain  the  Kinetic  flux  vector  splitting  (KFVS) 
presented  by  DESHPANOE  (IS]  et  16]). 


Some  results  about  the  consistency  : 

a 

If  we  multiply  (12)  by  <p .  we  have  : 


(13)  /  <pa  9  E*  (if.  ,n)  -  <p“  9  r*  (ip  .  ,n)  =  0 

ui.  in  a  in'  ’in  tt  out 

h 

by  definition  of  the  polar  function  we  have 

«  .  t  - 

».  it  *  r.  *  t. 

in  <p  in  in 


in 

and  we  add  tp 


(in  the  left  term  of  13). 


*- 

VE  -  t 
out  out  out 


E  =0  to  (13) 
out 


we  obtain  : 


I H )  J  E  (ip.  ,  n)  -  E  (ip  n) 
ui.  m  out 

n 


*-  *- 

E .  -  E 

in  out 


V  E 
IP 


(tp  »)  l*P 
out  out 


but  E  is  concave  so  we  have  :  k  <  0 

The  left  hand  side  of  (H)  is  the  scheme  < (2)  applied  to  E  . 

So  we  have  an  inequality  on  each  ui.  and  k  measures  the  dissipation. 

h 


q> .  1 
in 


Some  algebraic  relations  close  to  consistency  properties  (both  for 
conservative  equations  and  entropy  inequality),  can  also  be  derived  from 
(12)  : 

let  Q  be  an  arbitrary  reunion  of  adjacent  elements  ui^,  dQ  its  boundary 
and  K  the  reunion  of  element  boundaries  belonging  to  the  interior  Q  of 
0. 


i 

I 

C 

1 
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By  adding  (12)  over  any  ui^  in  Q  we  get  : 

Uq  fv/-(V.n)l  *  In  <V*-(Wn)  -  V*‘(*in-B" 


(V  E  (9.  ,n)  -  V  E  (9  .  ,n| )  =  0 

9  in  9  out 


but  we  have  for  any  9  : 

t*(9,n)  =  E*  (9.n)  -  E*"(9.-n). 
so  we  obtain 

(15)  <  3.f1,0|9).  1  9  >  ♦  J.„tV  t*~ (9. n) ]  =  0 

1  Ov  <p 


Thanks  to  (HI  we  get  a  similar  result  for  the  entropy  inequality  : 

(16)  <  3sX(9).  H  >  ♦  L  tC'(9.nl)  <  0  . 

1  OB 


Remark  :  Me  say  that  (15)  (and  (16))  are  consistency  properties  because 
it  is  easy  to  see  that  if.  by  subdividing  the  elements  <«h  of  S  in  such  a 
way  that  when  h  -*  0.  9  -*  Y  (so  that  for  any  piecewise  regular  bounded  n~ 
manifold  V  transversal  to  the  discontinuities  of  V  we  have  : 

fy  t*'(9.n)  -*  Jv  t*~  (f.n)  and 

fv  E  (9.n)  E  (f.n))  we  have  both  : 

(if  80  is  a  V- type  manifold) 

<8.  fl,a(T),  1  Q  >  =  0  and  <  3i  S1  *,  1  Q  >  <  0  . 

Moreover,  if  we  choose  0  *  tO.T]  X  Ox  and  if  we  assume  that  on  90x,  9  is 

constant  (or.  for  Euler  equations  that  the  velocity  is  equal  to  zero), 
(16)  leads  to  the  overestimation  : 

'oxS(T"'  <  W"''-'- 


IV  :  FIRST  NUMERICAL  RESULTS 

Numerically,  we  have  implemented  scheme  (12)  -  Part  III  -  where  : 

“h  a  ♦  At]  X  w* 

non  h 

x 

and  «*h  is  :  a  segment  in  the  1-0  case 
a  triangle  in  the  2-0  case 
This  scheme  has  been  explicited  by  putting  : 

9  equal  to  its  value  on  the  previous  time  step,  on  [t  ,t  ♦  at]  X  dw*  . 

n  n  h 

This  can  be  interpreted  as  the  first  step  of  a  fixed  point  method  used  to 
solve  the  equations  (12). 

Me  can  prove  that  there  exists  some  At  small  enough  to  make  this  fixed 
point  method  convergent  (in  the  linear  case,  it  gives  the  C.F.l,  condi¬ 
tion)  . 

Figures  1  and  2  show  the  results  obtained  in  the  monodimensional  case  of 
the  Sod  Shock  tube. 
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Figure  1  :  Velocity  Figure  2  :  Pressure 

T  =  0.288 


Pictures  3  and  4  present  a  bidimensional  case  :  an  asymptotic  stationary 
supersonic  flow  on  a  20*-angled  slope  (the  initial  condition  being  a 
uniform  flow  at  Mo  =  2).  The  mesh  has  been  auto-adaptatively  refined. 


Figure  3  :  Refined  mesh 


Figure  4  :  Isopressure  lines 


Number  of 


elements  :  2529 
nodes  :  1346 
vertices  :  3874 
boundary 
elements  :  161 


from  1.4  to  1.9 
with  Ap  =  0.1 
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CONCLUSION 


Me  have  shown  in  the  first  part  how  the  fundamental  function  t*  plays  a 
main  role  in  the  physical  hyperbolic  SPOE.  In  the  second  part,  by  using 
statistical  mechanics  ideas,  it  was  possible  to  set  the  Euler  equations 
(and  other  physical  equations  as  these  of  reactive  gases)  in  a  very 
simple  form  (avera£t:  of  a  linear  equation).  The  function  Z*  can  be 
splitted  into  a  convex  and  a  concave  part,  resulting  from  outcoming  and 
incoming  fluxes.  This  splitting  gives  birth  to  schemes  of  any  order.  Me 
have  tested  only  the  first  order  scheme,  which  gives  satisfying  results. 
Of  course  we  are  not  able  to  demonstrate  convergence  results.  In 
polydimensional  cases  we  lack  the  knowledge  of  convenient  functional 
spaces,  but  we  hope  that  the  use  of  the  Z  -splitting  may  contribute  to 
some  progress  in  this  way. 


REFERENCES 


(11  J.  AUOOUNET  :  'Solutions  de  classe  Cl  par  morceaux  sous  forme 
parametrique  des  problemes  aux  limites  associes  a  un  systeme  de 
lois  de  conservation*.  Annales  du  seminaire  d' Analyse  Numerique 
1984-1985  U.P.S.  (Toulouse). 

(Z)  F.  BOURDEL,  P.A.  MAZET  'Multidimensional  case  of  an  entropie 

variational  formulation  of  conservative  hyperbolic  systems*.  La 
Recherche  Aerospatiale  1984-5,  p.  87-76  (English  edition), 

(31  J.P.  CROISILLE.  F.  BOURDEL.  Ph.  DELORME,  P.A.  MAZET  :  La  Recherche 

Aerospatiale  (to  appear). 

[4]  Ph.  DELORME  :  Ecriture  intrinseque  des  equations  de  bilan.  La 

Recherche  Aerospatiale  1985-6,  p.  409-411. 

(51  S.M.  DESHPANDE  :  *0n  the  Maxwellian  Distribution,  symmetric  form 

and  entropy  conservation  for  the  Euler  equations’.  Nasa  technical 
paper  2583,  Nov.  86. 

(81  S.M.  DESHPANDE  .*  Kinetic  theory  closed  new  upwind  methods  for 

inviscid  compressible  flows. 

17]  F.  DUBOIS,  Ph.  LE  FLOCH  :  Boundary  conditions  for  systems  of 

hyperbolic  conservation  laws.  CRAS,  serie  I,  Paris  1986. 

(81  A.  MARTEN  :  "On  the  symmetric  form  of  systems  of  conservation  laws" 

Journal  of  Computational  Physics.  Vol  49,  1983,  p.  151-164. 

(91  T.J.R.  HU6HES  :  'Recent  progress  in  the  development  and  understan¬ 

ding  of  SUP6  methods  with  special  reference  to  the  compressible 
Euler  and  Navier-Stockes  Equations".  Numerical  methods  in  Fluids. 
Vol  7.  n*  11,  Nov.  87. 


42 


ADMISSIBILITY  CONDITIONS  FOR  WEAK  SOLUTIONS  OF 
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SUMMARY 

We  discuss  questions  related  to  the  choice  of  a  proper  class  of  waves  and 
initial  conditions  for  the  well-posedness  of  the  Riemann  problem  for  nonstrictly 
hyperbolic  systems  of  conservation  laws.  Since  multiple  eigenvalues  represent 
strong  or  resonant  wave  interaction  we  propose  to  derive  a  relatively  simple  and 
universal  set  of  model  equations  which  describe  qualitatively  the  underlying 
processes,  like  Burgers’  equation  does  in  a  strictly  hyperbolic  case.  Finally,  we 
discuss  numerical  schemes  utilizing  various  Riemann  solvers  to  the  above  class 
of  problems. 


INTRODUCTION 

Consider  the  following  hyperbolic  system  of  conservation  laws 

Ut  +  (F(U))t  =  0, 

where  U  represents  vector  of  dependent  variables  and  F(U)  denotes  the  appro¬ 
priate  flux  function.  Riemann  problem  is  an  initial  value  problem  with  a  piece- 
wise  constant  initial  data.  It  serves  as  an  intermediate  step  in  understanding  of 
the  general  initial  value  problem  and  as  an  important  model  problem  in  various 
applications,  such  as  piston  and  shock-tube  problems  in  gas  dynamics,  Riemann 
solvers  in  numerical  schemes,  simpliest  model  of  the  field  line  reconnection,  etc. 

Solution  is  understood  in  a  weak  sense  and  consists  of  combinations  of  var¬ 
ious  waves  propagating  out  from  the  initial  discontinuity.  There  are  two  major 
problems: 

a)  to  prove  well-posedness  (for  example,  existence,  uniqueness,  and  stabil¬ 
ity)  of  the  problem  in  some  class  of  waves, 

b)  to  choose  the  class  of  waves  by  studying  physical  equations  on  the  next 
smaller  length  scale  (for  example,  to  introduce  back  into  equations  dif¬ 
fusive,  dispersive,  forcing  or  any  other  terms,  which  were  dropped  in  the 
first  place). 

If  the  eigenvalues  of  the  Jacobian  matrix  may  coincide,  then  the  appropri¬ 
ate  system  of  conservation  laws  is  called  nonstrictly  hyperbolic.  Application  of 
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standard  admissibility  conditions  worked  out  for  a  strictly  hyperbolic  case  often 
leads  to  contradictions  and  various  difficulties  arising  from  the  fact  that  those 
systems  are  fundamentally  different.  Physically,  coinciding  eigenvalues  represent 
strong  or  resonant  wave  interaction  compared  to  weak  interactions  represented 
by  strictly  hyperbolic  systems.  Mathematically,  this  manifests  itself  in  the  exis¬ 
tence  of  free  parameters  for  the  solutions  with  discontinuous  initial  data,  because 
interaction  parameters  are  “hidden”  in  the  discontinuity  and  are  not  introduced 
explicitly  into  the  problem.  Numerically,  the  discontinuous  initial  data  produces 
different  results  depending  on  the  numerical  schemes  used  since  the  interaction 
parameters  are  introduced  by  truncation  errors  of  the  appropriate  schemes  (see 
article  of  B.  Wendroff  in  this  volume  for  additional  illustration  of  this  problem 
arising  in  applications  of  irregular  grids). 

For  many  systems  nonstrict  hyperbolicity  implies  nonconvexity,  for  example, 
the  steepening  rate  of  smooth  waves  may  be  zero  at  some  points.  For  an  example 
of  such  systems  see  a  paper  of  H.  Freistuler  in  this  volume. 

EXAMPLES  OF  THE  EQUATIONS 

One-dimensional  equations  of  ideal  magnetohydrodynamics  (MHD)  charac¬ 
terize  the  flow  of  conducting  fluid  in  the  presence  of  magnetic  field  and  represent 
coupling  of  the  fluid  dynamical  equations  with  Maxwell’s  equations  of  electrody¬ 
namics.  Neglecting  displacement  current,  electrostatic  forces,  effects  of  viscosity, 
resistivity,  and  heat  conduction,  one  obtains  the  following  ideal  MHD  equations 
[1]: 

Pi  +(/»«)*  =  0, 

(pu)t  +  ( pu 2  +  P*)z  =  0, 

(/w)«  +  (puv  -  B0B)X  =  0, 

(pw),  +  ( puw  -  B0H)Z  =  0, 

Bt  +  (Bu  -  B0v)z  =  0, 

Ht  +  (Hu  —  Bow)x  =  0, 

Et  4-  ((E  +  P')u  —  B0(B0u  +  Bv  +  Hw))z  =  0. 

In  the  above  equations,  the  following  notations  are  used:  p  for  density, 
u  =  ( u,v,w )  for  velocity,  B  =  ( B0,B,H )  for  magnetic  field,  P  for  static  pres¬ 
sure,  P*  for  full  pressure,  P*  =  P  +  \\B\  ,  E  for  energy,  E  =  \p\u'f  + 
2 

P/( 7  —  1)  +  |B|  ,  7  for  ratio  of  specific  heats,  and  Bo  =  const. 

The  eigenvalues  of  the  Jacobian  matrix  can  be  written  in  nondecreasing  order 
as 

U—Cf,  U—Ca,  U—C,,  U,  U+C,,  U  +  C„,  U+Cf, 
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where  c/,  c0,  c,  are  called  fast,  Alfven,  and  slow  characteristic  speeds,  respec¬ 
tively.  They  can  be  expressed  as  follows: 


with  the  plus  sign  for  c/  and  minus  sign  for  c,.  The  following  notations  were 
used: 

bl  =  BUp,  b2  =  (B$  +  B2  +  H2)/p,  (a*)2  =  a2  +  b2, 
where  a  is  the  sound  speed. 

There  are  two  points  where  the  eigenvalues  may  coincide: 

(1)  If  B0  =  0,  then  c,  =  ca  =  0  and  u  is  an  eigenvalue  of  multiplicity  5. 

(2)  If  B2  +  H2  =  0,  then  b2),  and  c2  =  mm(a2, 6*). 

Therefore,  either  c2  =  c2  or  cj  =  cjj,  or  both. 

The  usually  used  eigenvectors  [1]  are  not  well-defined  near  the  above  points 
and  the  matrix  with  these  eigenvectors  as  its  columns  becomes  singular.  How¬ 
ever,  by  proper  renormalization  a  complete  set  can  be  obtained  [2].  Using  these 
eigenvectors  we  have  shown  that  either  slow  or  fast  wave  becomes  linearly  de¬ 
generate  when  the  transverse  component  of  the  magnetic  field  passes  through 
zero  [2].  Therefore,  ideal  MHD  equations  form  nonconvex  nonstrictly  hyperbolic 
system  of  conservation  laws. 

Recently,  we  have  shown  that  isentropic  (for  example,  dropping  the  energy 
equation)  MHD  equations  in  Lagrangean  coordinates  are  equivalent  to  the  equa¬ 
tions  describing  isotropic  hyperelastic  materials.  This  can  be  shown  as  follows: 
denote  the  velocity  variables  as  before  and  identify  y  and  y  with  the  strain 
components  pi,p2i  and  p3,  respectively.  Consider  stress-strain  relations  for  the 
isotropic  hyperelastic  materials: 

«1  =  /(Pl>P2+Pl)> 

«2  =P2?(Pi,p2  +  P3), 

S3  =P3ff(Pl,P2  +P?). 

where  /  and  g  are  arbitrary  functions.  If  we  choose  /  and  g  as 


f  =  P(pi)  + 


B0 
Pi  ’ 


the  resulting  equations  become  identical  to  the  elastic  equations  [3]: 
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0, 


0,  *  =  1,2,3. 


dpi  duj 
dt  dx 


dui  dsi 

aT+aT  = 


Therefore,  the  above  classification  holds  also  in  this  case.  This  is  contrary  to 
the  usual  belief  that  the  slow  and  the  fast  waves  (in  elasticity  they  are  called 
longitudinal  waves)  are  genuinely  nonlinear  [3],  and  that  due  to  linear  degeneracy 
of  Alfven  waves  (shear  waves  in  elasticity),  it  is  sufficient  to  consider  a  coplanar 
case  of  the  Riemann  problem  [3],  [4].  We  would  like  to  mention  that  both 
systems  are  a  particular  case  of  systems  of  conservation  laws  with  rotationally 
symmetric  flux  function  and  nonstrict  hyperbolicity  and  nonconvexity  follow 
from  this  property  (see  an  article  of  H.  Freistiiler  in  this  proceedings). 

As  a  result  of  a  construction  and  numerical  experiments  with  the  second  or¬ 
der  upwind  schemes  [2],  we  have  found  that  solutions  to  the  Riemann  problem 
may  contain  waves  which  are  usually  rejected  by  standard  admissibility  condi¬ 
tions  (for  example  composite  waves,  consisting  of  a  shock  wave  followed  by  a 
rarefaction  wave  of  the  same  family).  We  also  have  observed  the  fact  that  various 
schemes  produce  different  solutions  from  a  one- parameter  family  ot  solutions. 

In  another  work  [5],  we  have  shown  by  asymptotic  analysis  that  some  of  the 
above  solutions,  like  composite  waves,  exist  for  physically  meaningful  asymptotic 
limits  of  the  original  equations. 


ADMISSIBILITY  CONDITIONS 

Hyperbolic  systems  of  conservations  laws  can  usually  be  obtained  by  as¬ 
suming  that  the  phenomena  under  consideration  evolves  on  the  advection  time 
scale  and  that  other  effects,  like  viscosity,  dispersion,  capillarity,  etc.,  can  be 
neglected.  This  leads  to  discontinuities,  non-uniqueness  and  “unphysical”  so¬ 
lutions.  To  keep  the  discontinuities  but  to  avoid  the  other  two  possibilities, 
solutions  are  considered  in  a  weak  sense  together  with  some  admissibility  con¬ 
ditions.  Following  are  the  most  common  admissibility  criteria  for  shock  waves 
in  case  of  strictly  hyperbolic  systems: 

1)  linearized  stability  analysis  (also  called  Lax  or  evolutionary  condition), 

2)  existence  of  a  stable  viscous  profile  (for  example,  Liu’s  condition), 

3)  physical  entropy  condition  derived  from  the  second  law  of  thermodynam¬ 
ics, 

4)  requirement  for  hyperbolic  equations  to  be  a  limit  of  the  same  equations 
perturbed  by  linear  viscosity  terms  with  the  multiple  of  identity  viscosity 
matrix  (so-called  entropy  inequalities), 
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5)  solutions  should  be  admissible  for  the  equations  derived  as  a  "weakly 
nonlinear  asymptotic  limit  of  the  full  physical  system  of  equations. 


For  example,  in  case  of  polytropic  gas  dynamics  and  other  similar  systems  all  of 
the  above  criteria  reject  the  expansion  shock  waves. 

Since  the  wave  structure  for  nonstrictly  hyperbolic  systems  is  much  more 
complicated  then  in  strictly  hyperbolic  case,  the  above  criteria  admit  different 
classes  of  solutions.  The  first  approach,  linearization  around  a  constant  state, 
is  not  applicable  near  the  degenerate  points  since  the  wave  interaction  there 
is  governed  by  the  quadratic  terms.  The  second  condition  is  sufficient,  but  is 
not  necessary,  since  for  nonconvex  systems  a  shock  wave  can  expand  near  the 
degenerate  points  with  the  rate  yft  and  still  be  considered  as  a  discontinuity  on 
the  advection  time  scale  (see  related  discussion  on  the  undercompressive  shock 
waves  in  an  article  of  D.  Marchesin  in  this  volume).  The  third  condition  is  a 
necessary  condition  if  one  believes  in  the  second  law  of  thermodynamics.  It  is 
often  not  sufficient  for  the  uniqueness.  However,  non-uniqueness  in  this  case 
may  reflect  the  fact  that  some  relevant  physical  parameters  are  missing  in  the 
hyperbolic  model.  The  forth  condition  is  a  necessary  condition  if  the  relevant 
physical  equations  contained  only  terms  which  could  be  approximated  by  lin¬ 
ear  viscosity  with  the  multiple  of  the  identity  viscosity  matrix.  This  is  rarely 
a  realistic  assumption  because  very  often  viscosity  coefficients  are  of  various 
order  of  magnitude.  The  last  criterion  is  a  necessary  condition  and  it  deals 
with  the  equations  describing  the  phenomena  on  the  next  time  scale.  The  only 
assumption  is  that  the  wave  under  consideration  is  weakly  nonlinear.  For  con¬ 
vex  strictly  hyperbolic  systems  this  approach  leads  to  Burgers’  equation.  Using 
similar  technique,  we  have  recently  derived  modified  Burgers’  equation  [5]: 

ut  +  u2u«  =  eu**, 

which  governs  the  propagation  of  weakly  nonlinear  magnetoacoustic  waves  near 
degenerate  points.  It  admits  new  class  of  solutions  we  have  observed  numerically 
in  [2]  for  MHD  equations.  Recently,  these  solutions  were  observed  in  the  data 
received  from  the  space  experiments  [6]. 

We  would  like  to  note  that  usually  used  viscosity  admissibility  conditions 
for  MHD  shock  waves,  introduced  by  Germain  [7]  and  followed  by  Conley  and 
Smoller  [8],  require  the  existence  of  viscous  profiles  for  all  possible  ratios  of 
viscosity  coefficients.  In  addition,  they  allow  only  coplanar  shock  structures  by 
setting  two  variables  to  zero,  and  therefore,  eliminating  the  possibility  of  three 
dimensional  structures. 

Finally,  note  that  the  above  criteria  were  designed  for  a  single  wave.  For 
the  equations  under  consideration  the  waves  corresponding  to  the  coinciding 
eigenvalues  may  not  exist  separately  in  general.  For  example,  Alfven  wave  may 
be  coupled  to  the  fast  or  slow  wave.  Therefore,  it  seems  natural  to  consider  a 
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two-dimensional  manifold  of  solutions  generated  by  these  waves.  This  approach 
would  explain  observed  one-parameter  family  of  solutions  for  the  coplanar  MHD 
Riemann  problem  [2].  In  contrast,  only  one-parameter  per  wave  is  required  in 
case  of  strictly  hyperbolic  systems  of  conservation  laws  [9].  Physically,  this 
distinction  represents  the  difference  between  weak  and  strong  or  resonant  wave 
interaction.  Mathematically,  it  manifests  itself  as  follows.  The  solution  of  a 
convex  strictly  hyperbolic  system  is  not  effected  on  the  advection  time  scale  by 
the  small-scale  processes.  For  a  example,  the  width  of  the  shock  wave  may  vary, 
but  it  still  represents  the  same  discontinuity  on  the  advection  time  scale. 

In  contrast,  for  nonstrictly  hyperbolic  systems  small-scale  processes,  like 
various  balances  between  dissipative  terms,  would  have  a  global  effect  on  the 
solution.  This  indicates  that  discontinuous  initial  data  for  such  problems  has  to 
be  supplemented  by  these  small-scale  interaction  parameters  in  order  to  have  a 
well-posed  problem. 

As  a  first  step  in  investigating  the  above  conjectures,  we  propose  to  derive 
and  study  a  relatively  simple  and  universal  set  of  model  equations. 


MODEL  PROBLEMS 

Consider  the  following  set  of  equations  which  admits  only  two  waves  corre¬ 
sponding  to  fast  and  slow  waves  discussed  previously: 

u«  +  0.5(u2  +  v2)*  =  t\vxx, 
vt  +  (v(u  -  1))«  =  e2vxx. 

Initial  data  is  assumed  to  be  smooth.  This  system  represents  nonconvex  strictly 
hyperbolic  model  of  elastic  or  hydromagnetic  coplanar  case.  It  is  in  gradient 
form,  the  slow  wave  is  nonconvex  and  the  fast  wave  is  genuinely  nonlinear  [9]. 
An  interesting  feature  of  this  system  is  that  the  existence  of  travelling  waves 
exhibits  a  global  bifurcation  [10].  Let  e  =  ei/e2.  In  particular,  there  exists  e0> 
such  that  for  e  >  «o  there  are  no  travelling  wave  solutions  corresponding  to  the 
slow  shock  waves  violating  Leix  but  satisfying  Liu’s  condition.  On  the  other 
hand,  for  e  <  «o  there  is  a  unique  stable  profile  for  such  waves.  Moreover,  in 
this  case  the  superfast-subslow  shock  waves  have  infinitely  many  viscous  profiles, 
stability  of  which  has  to  be  investigated  further.  We  would  like  to  note,  that 
the  case  considered  by  Germain,  and  by  Conley  and  Smoller  (see  references) 
corresponds  to  e  — ►  oo  for  our  model  problem.  The  behavior  of  the  system 
when  e  >  eo  is  described  by  the  above  time  dependent  problem. 

As  a  next  step,  we  would  like  to  introduce  an  intermediate  wave  into  the 
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system  by  generalizing  the  above  model  problem  as  follows  : 

ut  +  0.5(u2  +  v2  +  w2)x  =  €1  uxx, 
vt  +  (v(v  -  1))*  =  e2t/«, 
wt  +  (w(u  -  1))*  =  e2wxx. 


This  time  dependent  problem  for  smooth  initial  data  allows  to  study  the  res¬ 
onant  wave  interaction  between  slow  and  intermediate  waves.  For  analytical 
description  it  seems  promising  to  use  the  results  for  a  bifurcation  from  a  double 
eigenvalue  and  existence  of  secondary  bifurcations  [11]. 

Since  some  of  the  proposed  studies  are  done  using  numerical  experiments 
with  various  conservative  numerical  schemes,  we  would  like  to  make  the  following 
remark. 

At  the  moment,  we  are  interested  in  resolving  small-scales,  so  that  the  re¬ 
sulting  solution  is  smooth.  Also,  the  initial  data  is  assumed  to  be  smooth  (in 
fact,  the  width  of  the  initial  discontinuity  represents  a  natural  length  scale  for 
the  Riemann  problem).  The  standard  upwind  schemes  have  several  advantages 
in  strictly  hyperbolic  case,  like  non-oscillatory  behavior,  high  resolution  of  dis¬ 
continuities,  robustness  (nonlinear  stability?).  But,  they  are  not  suitable  for  our 
purpose  because  they  are  not  designed  to  model  dicontinuities  represented  by 
smooth  transitions  with  a  particular  ratio  of  viscosity  coefficients.  Eventually, 
one  would  like  to  avoid  small-scales  resolution  (for  an  example  of  such  technique 
for  a  single  equation  see  a  paper  by  E.  Harabetian  in  this  volume). 


CONCLUSION 

In  this  article  we  have  discussed  questions  related  to  the  choice  of  a  proper 
class  of  waves  and  initial  conditions  for  the  well-posedness  of  the  Riemann  prob¬ 
lem  for  nonstrictly  hyperbolic  systems  of  conservation  laws.  We  briefly  summa¬ 
rize  them  here. 

1)  Using  weakly  nonlinear  asymptotics  derive  a  universal  set  of  equations  de¬ 
scribing  propagation  of  two  or  more  strongly  or  resonantly  interacting  waves 
for  general  nonstrictly  hyperbolic  systems  of  conservation  laws.  The  equa¬ 
tions  may  depend  on  special  structure  of  the  Jacobian  matrix,  like  existence 
of  invariant  subspaces  and  dependencies  between  the  blocks,  see  [2]  for  an 
example. 

2)  Describe  the  effect  of  small-scales  parameters  by  studying  smooth  solutions 
of  the  model  problems  corresponding  to  shock  waves  satisfying  physical  en¬ 
tropy  condition.  Link  the  solutions  of  the  model  problems  to  the  full  systems 
and  to  the  known  properties  of  the  solutions  to  the  physical  problems,  like 
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mode  coupling  in  elasticity,  dependence  of  the  solution  to  the  reconnection 
problem  on  the  initial  and  boundary  conditions,  existence  of  the  free  param¬ 
eters  for  the  shock  waves  in  combustion  and  magnetohydrodynamics. 

3)  Using  appropriate  physical  models  work  out  principles  for  modifying  up¬ 
stream  numerical  schemes  in  order  to  avoid  small-scales  resolution  in  regions 
of  strong  or  resonant  wave  interaction. 
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SUMMARY 


We  present  a  systematic  procedure  to  correct  5-point  linear  schemes  so  that  convergence 
towards  the  weak  entropy  solution  of  hyperbolic  scalar  conservation  laws  can  be  established 
while  high  order  accuracy  is  achieved  including  at  critical  points.  Our  method  can  be 
described  as  a  modification  of  TVD  schemes  which  preserves  the  BVnL°°  stability  ;  entropy 
convergence  is  achieved  by  addition  of  an  extra  limiting  mechanism  which  preserves 
accuracy. 


INTRODUCTION 


A  very  successful  class  of  schemes  for  solving  conservation  laws  problems  is  the  class  of 
TVD  (Total  Variation  Diminishing)  schemes.  An  important  disadvantage  of  TVD  schemes  is 
that  the  TVD  property  makes  the  scheme  necessarily  degenerate  to  first  order  accuracy  at  local 
extrema,  leading  the  overall  accuracy  to  be  at  most  first  order  in  the  /.“-norm.  We  are  lead  to 
seek  a  weaker  control  over  possible  growth  of  the  Total  Variation  of  the  numerical  solution, 
to  enable  the  design  of  full  high  order  accurate  schemes,  still  required  to  achieved  BVnL°° 
stability.  The  BVrL°°  stability  is  an  important  guide  principle  for  scheme  designing  since  it 
ensures  the  existence  of  a  convergent  subsequence  in  L1  ioc  to  a  weak  solution  of  the 
conservation  laws  problem,  as  the  mesh  size  goes  to  0.  For  this  purpose,  Harten  and  al 
[8], [9],  have  introduced  the  ENO  schemes  of  uniformly  high  order  accuracy.  These  schemes 
perform  quite  well,  although  it  is  not  still  proven  that  they  achieved  the  required  BVnL°° 
stability.  Quite  recently,  Shu  [10]  has  proposed  a  Total  Variation  Bounded  modification  of 
some  existing  schemes  involving  the  minmod  function  as  a  limiter,  in  order  to  combine  BV 
stability  and  high  order  accuracy  including  at  critical  points  (i.e.:  sonic  points  or  local 
extrema).  Following  Shu’s  approach,  we  present  a  simple  systematic  procedure  to  correct 
second  order  5-point  linear  schemes  to  obtain  BVnL°°  stable  schemes  of  uniformly  second 
order  accuracy  in  smooth  regions. 

The  format  of  this  paper  is  as  follows :  In  the  first  section,  we  present  notations  and  recall 
basic  features  on  numerical  schemes.  In  section  II,  we  develop  a  suited  procedure  to  check 
TVD  correction  for  5-point  linear  schemes,  It  will  allow  us  to  show  that,  besides  the  usual 
TVD  corrections  of  the  Lax-Wendroff  scheme,  many  other  TVD  schemes  can  be  derived 
thanks  to  this  procedure.  As  an  example,  we  consider  an  original  difference  scheme, 
Modified-Exquisite,  derived  by  Leonard  in  1981  (see  [5], [6]),  based  upon  a  monotonizing 
method  of  interpolations,  and  we  prove  that  Modified-Exquisite  is  TVD.  The  third  section  is 
devoted  to  the  description  of  the  TVB  modification  procedure,  applied  to  the  TVD  schemes 
derived  in  section  n,  making  them  uniformly  second  order  accurate  in  smooth  regions.  Let  us 
underline  that  the  TVB  modification  we  perform  can  be  straightforward  applied  to  well 
known  TVD  schemes,  such  as  Roe’s  Superbee,  Van  Leer's  scheme  (see  [4]).  In  section  IV, 
we  slightly  modified  the  TVB  (TVD)  schemes  previously  designed,  in  order  to  enforce  the 
convergence  towards  the  entropy  solution,  as  Vila  pointed  out  [3],  In  the  last  section,  several 
numerical  experiments  are  included  to  illustrate  the  efficiency  of  these  schemes. 
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I.  GENERALITIES 


In  this  first  part,  we  deal  with  numerical  approximations  of  weak  solutions  to  the  initial 
value  problem  ( I.V.P.)  for  one-dimensional  scalar  conservation  laws  : 

f  u,  +  f(u)  =  0  xeR ,  te[0,l] 

1  (1.1) 

1  U(X,0)  =  Ug(X). 

We  consider  finite  difference  approximations  of  (1.1)  in  conservation  form  :  ax  is  the  space 
step,  At  the  time  step  and  A  =At/Ax  the  mesh  ratio.  Let  Uh(x,  t)  be  an  approximate  solution  : 

Uh (x,t)  =  u"  for  (x,t)  e  ](j-l!2)  Ax ,  (j+1/2)  Ax[  x[nAt,  (n+Ij  At[  ■ 


n+7  n 

U .  =  u. 

J  J 


^  ( hj+u2  '  hj-m  ^  ' 


is  a  numerical  (2p+l)-point  scheme  written  in  conservation  form,  where  hnj+i/2  stands  for  the 
Lipschitz  continuous,  consistent  numerical  flux 


hhm  =  h<^j- 


n  V 

’  Ui+p  *  ’ 


h(u,u . u )  =  f(u)  . 

We  assume  that  scheme  (1.2)  can  be  written  in  incremental  form : 


n+l  n 

U  =  U 

J  J 


^j-112  ^Uj-ll2  +  ^j+II2^Uj+l/2 


with  the  standard  notation  Au]+1/2  =  Uj+]  -  u.  . 

The  main  interest  of  the  incremental  form  for  schemes  (1.2)  (1.3)  is  that  sufficient  conditions 
can  be  derived  in  order  to  achieve  convergence  of  the  family  of  approximate  solutions  (at  least 
a  subsequence)  to  a  weak  solution  of  the  I.V.P.  (1.1),  as  Ax  vanishes.  These  conditions  can 
be  stated  as  follows,  using  the  standard  definition  for  the  numerical  BV-norm : 


TV(U)  =  JT/«. 


Lemma  1  (Harten  [1]  ,  Vila  [2],[3])  :  Let  a  scheme  (1.2)  (1.3)  be  given  in  its 
incremental  form  (1.4).  We  assume  that  C  and  D  coefficients  are  positive.  We  denote  by  (i) 
and  (ii)  die  following  conditions  on  these  coefficients  : 


Dj+II2  +  *7+1/2 

tf+112  +  *7- 112 


,  VjeZ 
,  VjeZ 


If  condition  (i)  is  satisfied,  we  have  7V  (  u"+/)  <  TV  ( u  )  , 

If  condition  (ii)  is  satisfied,  we  have  //  u1*1  //  ^  5  //  u  //^  . 

Our  aim  is  to  design  a  systematic  procedure  to  correct  a  set  of  5-point  linear  schemes  to 
obtain  BVnL°°  stable  schemes  with  respect  to  lemma  1.  Our  approach  belongs  to  the  flux 
limiters  category  previously  analyzed  by  Sweby  [4].  In  the  next  section,  we  seek  an  attractive 
incremental  decomposition  well  suited  to  our  purpose.  This  investigation  will  lead  us  to  a  set 
of  useful  conditions  allowing,  for  instance,  the  proof  that  the  Modified-Exquisite  scheme  [5] 
is  in  fact  TVD. 
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n.  TVD  CORRECTION  OF  5-POINT  LINEAR  SCHEMES 


We  mean  by  5-point  linear  schemes,  schemes  whose  numerical  flux  are  in  a  linear  relation¬ 
ship  with  the  physical  flux  values  at  grid  points,  described  below,  using  the  standard  notation 

for  local  Courant  numbers  :  v^";/2  =  X  Afj"ll2 1  K+m  1 


*  2 
if  VH,2 


hjlm  “  af(  “ill  >  +  Pf<  +  rf(  \i  > 
hjlm  =  <*f(  uj  >  +  Pf(  ujh  >  +  yf(  “y+2  > 


It  can  be  seen  that  these  linear  schemes  are  second  order  spatial  accurate  iff  a-y^l/2.  Let  us 
recall  that  such  schemes  cannot  be  TVD  and  therefore  need  to  be  corrected.  We  observe  that, 
before  correction,  this  numerical  flux  can  be  broken  up  into  an  E-flux  (at  most  first  order 
accurate)  [7],  denoted  gE,  and  an  added  flux,  considered  as  an  antidiffusive  flux : 


_  n  ^ 

~  gj+ll2 


4V;/2 


which  must  be  limited  in  order  to  achieve  the  TVD-property.  If  we  restrict  ourselves  to  E- 
schemes  which  behave  like  the  first  order  upwind  scheme  away  from  sonic  points,  this 
antidiffusive  flux  admits  a  more  attractive  expression  owing  to  the  introduction  of  suitable 
notations.  For  clarity,  we  assume  that  we  are  away  from  a  sonic  point.  For  instance,  for 
vnj+i/2>0,  we  introduce  the  following  ratio  of  consecutive  gradients  : 

,«  .3k  . 


it  can  be  easily  seen  that,  owing  to  our  restrictions,  the  so-called  reduced  numerical  flux  (2.3) 
only  depends  linearly  on  the  ratio  (2.2) : 


ifvM,2>° 


m(rn  )  =  hl*m- 
4 ft 


n  E 
'  gj+l/2 


with  *jm*i2m*UJH> 


Let  notice  an  obvious  one  to  one  correspondence  between  reduced  flux  and  numerical  flux 
associated  to  5-point  linear  schemes.  These  notations  allow  the  antidiffusive  flux  to  be 
reformulated  as  follows : 


1  n 

=  jV 


/  n  t 

'rj+n> 


Km 


This  expression  clearly  indicates  a  way  to  limit  the  antidiffusive  flux  associated  to  a  second 
order  5-point  linear  scheme  by  seeking  a  suited  function  <p,  whose  restriction  to  monotonic 
smooth  regions  is  nothing  else  but  the  reduced  flux  associated  to  the  second  order  5-point 
linear  scheme.  In  order  to  extend  equality  (2.4)  to  negative  Vj+i#,  we  define  : 


if<m<°  r* 


_  Km 


J  .  (h*  -f(u")) 

and  «r*la -J+L  - 
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in  such  a  way  that  <p  is  the  same  function  as  in  (2.3),  leading  us  to  write  the  antidiffusive  flux 
as 


Owing  to  (2.4)  and  (2.6),  we  have  actually  derived  the  following  useful  equality  for  5-point 
linear  schemes : 


,n  » E  1  . .  n  ^rj+J/2  ^  n  (2.71 

hj+JI2  ~  8j+]/2  +  .  I  Vj+1!2 1  n  AUj*U2 

K  rj+l!2 

Thanks  to  this  reformulation,  TVD  correction  can  be  easily  performed,  seeking  a  suited 
function  <p  as  previously  pointed  out.  A  way  to  design  <p  will  be  deduced  from  the  following 
statement : 

Theorem  2.1 :  Assume  that  <p(r)  satisfies  : 


(3(M,n)e  R*+x  f-1,0]  )/(  Vre  R .  n  <<p(r)<  M  and  -  M  <  £  (1+ fi)  )  , 


away  from  a  sonic  point 
otherwise 


defines  a  TVD  scheme ,  which  preserves  the  L^-norm. 

Proof :  see  [15). 

We  deduce  from  Theorem  2.1  that  the  graph  of  q(r)  must  lie  in  the  shaded  area  depicted  on 
figure  1  for  the  corrected  scheme  to  be  TVD. 


<Kr>  T 

M  s(l+V)r 


"  /  '  -Mr 


I  I  Admissible  region  for  <p(  r) 
figure  1 


Notice  that  the  upper  boundary  M  (and  its  associated  one  -Mr)  is  related  to  a  C.F.L.  like 

condition  max  /  k"//2  /  £  1/(2M+1)  <  1,  that  the  resulting  TVD  scheme  must  satisfy.  We 
now  introduce  a  technical  lemma  of  some  importance  in  the  following  sections: 
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Lemma  2.2:Let  be  given  an  antidiffusive  flux  anj+i/2  satisfying  Theorem  2.1 

assumptions,  then  aj^  =  6*+]/2  aJ+l/2  with  0"y/2  e  [0,1]  ,  V  (j,n)  e  Z  xN  ,  still 
provides  a  TVD  scheme  under  the  same  C.F.L.  restriction. 

Proof:  Notice  that  <pM(r”+I,2)  =  &  ;/2  9(r" //2  J  can  be  associated  to  a.^m  so  that 
(p^(r)  fulfills  Theorem  2.1  hypothesis.  I 

In  order  to  achieve  second  order  accuracy,  we  firstly  require  the  function  pto  fulfill  the 
sufficient  conditions  stated  below  : 

Lemma  2.3  : Assume  that  <p(  1  )  =  1/2  and  q>  admits  a  derivative  at  r  =7,  then  second 
order  accuracy  is  achieved  with  respect  to  space  discretization  (except  at  critical  points). 

Proof  :See  Theorem  2.4. 

In  order  to  improve  time  accuracy  for  transient  computations  ( limited  to  first  order  since 
we  have  used  the  first  order  Euler  backward  scheme  to  approximate  the  time  derivative ),  we 

slightly  modify  the  function  <p  in  respect  with : 

Theorem  2.4  :  Assume  that  <p  satisfies  the  conditions  of  Theorem  2.1  and  Lemma  2.3, 
then  the  following  function  y/  =  (1  -  ]  vj)  <p  provides  a  TVD  scheme  second  order  accurate  in 

both  time  and  space  (except  at  critical  points),  under  the  same  C.F.L.  restriction  as  the  9  - 
scheme. 


^rJli/2>  •  ej+m 


with  e*la  e  [0,1]  , 


Proof:  Since  I  v"+1/2l  e  [0,1] 
and  Lemma  2.2  ensures  that  the  resulting  scheme  is  still  TVD  under  the  same  CFL  condition. 
The  Lax-Wendroff  scheme  can  be  defined  thanks  to  \jf(r  )=  7/2  (1  -  /  v/)  r,  thus  it  can  be 


seen  that  h. 


n  U 


-  hmJZ  =  -ivJ+ll2l(l-/^,ol)( 


‘j+l/2  j+l/2 


j+l/2  1 


«ri+U2> 

n 

T j+l/2 


~  2  ;  AUM'2  ’ 


Therefore  for  non  critical  points,  since  r=  1  +  ( f^lf*  )  Ax  +  Of  Ax2  ),  we  have  : 


n  M  ,n  LW 
1  j+l/2  *  j+l/2 


“  /  Vj+l/2 1  'I  ^j+1/2  I)  (  <P(1)  _  2  + 


B((pr(l)  -  <p(l))  Ax  )  u^Ax  , 


with  B  =  f^lfj  such  that  A”+^2-  h"^  =  0(  Ax2) ,  under  Lemma  2.3  assumptions  I 

According  to  this  result  and  choosing  a  reduced  flux  <p=  1/2  r  (  obviously  not  TVD  ) 
which,  after  time  improvement,  leads  to  the  Lax-Wendroff  scheme,  we  see  that  the  major  part 
of  the  classical  TVD  corrections  based  upon  the  Lax-Wendroff  scheme  fall  into  the 
framework  considered  here.  Besides  these  well-known  corrections,  a  lot  of  TVD  schemes 
can  actually  be  derived  from  a  TVD  correction  of  any  other  5-point  linear  scheme.  We  are 
able,  for  instance,  to  deduce  Modified-Exquisite  from  a  TVD  correction  of  a  five  point  linear 
scheme,  nicknamed  Quick  [5],  by  choosing  the  appropriate  pair  (M  =  5/4 , n-0 )  (see  fig.2) 

Schemes,  derived  under  the  latter  guidelines,  are  second  order  accurate  everywhere  except 
at  critical  points  where  the  TVD  requirement  makes  them  degenerate  to  first  order  accuracy. 
This  systematic  damping  of  local  extrema  leads  the  error  to  be  at  most  0(  Ax )  and  Of  Ac2 )  in 
the  L°°  and  7, ; -norm,  respectively.  To  overcome  this  drawback,  Harten  and  al  [8],  [9],  have 
introduced  the  ENO  schemes  of  high  order  accuracy  in  smooth  regions.  At  this  time, 
convergence  results  are  unavailable  but  all  numerical  experiments  enlighten  their  extreme 
stability.  Quite  recently,  Shu  [10]  has  proposed  a  Total  Variation  Bounded  modification  of 
some  existing  TVD  schemes,  involving  the  minmod  function  as  a  limiting  process,  in  such  a 
way  that  high  order  accuracy  is  achieved,  including  at  critical  points.  Following  Shu's 
approach,  we  present  here  a  systematic  procedure  to  convert  TVD  schemes  into  uniformly 
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second  order  accurate  schemes  (in  smooth  regions),  which  provide  bounded  approximate 
solutions  in  BV  rL°°.  These  schemes  are  less  sophisticated  than  ENO  schemes,  and  therefore 
less  expensive ;  on  the  other  hand,  they  may  produce  more  spurious  oscillations  at  points  of 
discontinuity.  Anyhow,  such  oscillations  are  proved  to  be  at  most  O(Ax)  in  the  JL°°-norm, 
numerical  evidences  ensures,  in  fact,  0(Ax?). 


in.  TVB  UNIFORMLY  SECOND  ORDER  SCHEMES 


A  general  requirement  for  the  existence  of  a  convergent  subsequence  in  L]ioc  to  a  weak 
solution  of  (1.1),  as  Ac  goes  to  0,  is  that  the  family  of  approximate  solutions  satisfies  to  : 

For  all  n  and  At  such  that  nAt  ST 


TV(ua)  Z  Abv  (31) 

•  11  *U-  *  ' 

for  some  fixed  positive  numbers  ABy  (resp.  /4„)  depending  only  on  TV(u0),  ( resp.  //  u0//„ ) 
and  T.  Let  a  numerical  scheme  be  defined  by : 


j*i 


= 


.  .  nB  n  t.  .  .  ,  n  n  . 

^  ( 8j+in  '  8j.u2 )  •  A'foj+m  "  aj-m  ^ 


n  E 


(3.2) 


where 


aj+l/2 


*  -J  *„eia 


■i^i) 


— - - *“i.m 


Tj+ll2 


(3.3) 


Assume  that  (p  fulfills  Theorem  2.1  hypothesis  then  the  scheme  (3.2)  (3.3)  obviously 
satisfies  inequalities  (3.1)  with  ABV  =  TV(uo )  and  A„  =  since  it  preserves  the  BV  and 
L°°- norm.  Let  denote  by  the  unlimited  version  of  <p,  in  correspondence  with  the  underlying 
5-point  linear  scheme  (see  section  II)  and  &nj+Li/2  the  associated  (non  corrected)  antidiffusive 
flux.  In  order  to  provide  the  TVB  modification  procedure,  we  first  modify  the  antidiffusive 
flux  (3.3)  thanks  to : 
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&j+m  =  " odtaj+JI2  ,  aJ+J/2>  •  (3'4) 

,  .  .  (  sminf/xl  ,/yl )  if  s  =  sgn(  x )  =  sgn(  y ) 

Where  nunmod(x,y)  =  {  Q 

in  such  a  way  that  we  can  state  the : 

Lemma  3.1  :  Modification  (3.4)  preserves  the  BVnL°°  stability  of  the  original  scheme 
(3.2)  (3.3)  under  the  same  C.F.L.  like  restriction. 

Proof:  Notice  that :  3  e  [0,1]  /  A*Ia  =  6 t}+m  aj+l/2  Vj,n  e  ZxN  , 

conclusion  follows  from  Lemma  2.2.1 

Since  TVD  schemes  usually  require  anj+i/2  to  vanish  near  a  critical  point,  the  minmod 
function  will  pick-up  the  second  argument  in  (3.4),  equals  to  0  near  such  a  point ;  which  is 
the  source  of  local  degeneracy  of  accuracy.  In  order  to  enforce  the  minmod  function  to  pick¬ 
up  the  first  argument  in  smooth  regions,  we  introduce,  following  Shu's  approach  [10] 

2  =  minmocK a£m  ,  aj+m  +  M  Ax2sgn(  aj*a ) )  .  (3.5) 

where  M  is  a  fixed  positive  constant  Therefore  the  resulting  antidiffusive  flux  can  be  broken 
up  into 

+  C>2  with  I  dj+H2 1  *MA*2'  (3‘6) 

The  expected  estimates  on  BV  n  L°°-norm  can  be  performed  thanks  to  (3.6)  and  give : 

Theorem  3.2  :  Assume  that  uq  is  compactly  supported,  then  for  any  M  >  0,  the 
scheme  (3.2)  (3.5)  is  BVnL°°  stable  in  0  St  ST  with  a  fixed  T  >  0,  under  the  same  C.F.L. 
like  restriction  shared  by  the  underlying  TVD  scheme  (3.2)  (3.3). 

Proof:  Let  us  consider  hj+l/2  =  <  Sj+i#  +  djli/2 )  +  dj+i/2  ’  an<^  notice  that 

^j+H2  ~  8j+ii2  +  ^j1ii2  .  leads  to  a  scheme  (3.2)  (3.4)  satisfying  both  conditions  (i)  and 
(ii)  of  Lemma  1.1 .  Therefore  starting  with 

Uj  ~  Uj  '  tf-1/2  ^Uj  il2  +  tf+112  AUj+j/2  -  A  ( Vi,2  *  dj  U2  )  '  &7) 

we  easily  see  that  : 

iun.+ti  z{i.d'.m+t?j+ll2)iunji  +  e.ll2,un.,i  +  #j.iahrHi  +  Ax  , 

from  which  we  deduce:  //  u+1  //  <  //  u  II  +  2MAtAx  ,  and  indeed  the  expected 
estimate  : 

// u+I V  ^ // Uq/I ~  +  (2MT)Ax  since  nAt  <  T . 

Moreover,  in  order  to  perform  the  B  V  estimate,  let  observe  that  thanks  to  (3.7) : 


'un+J)  TV(un)  +  2AX  /  dj+!/2  -  <£ 


£  TV(u)  +  4k  ML  Ax  * 

where  L  =  ZAx  is  the  length  of  the  x-support  of  u  at  time  T  (  compact  if  uo  is  compactly 
supported )  and  therefore  TV(  un+l)  £  TV(  u0)  +  4MLT  .  I 
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It  seems  to  turn  out  from  that  proof  that  TVB  modification  is  unable  to  cope  with  steady- 
state  computations  since  T  may  become  very  large.  In  fact,  inequality  (3.6)  is  a  bit  too  crude 
since,  as  Shu  has  pointed  out  [10],  its  upper  bound  is  effective  only  near  critical  points  or 
points  of  discontinuity,  whose  number  does  not  depend  on  the  mesh  refinement.  Numerical 
evidences  lead  us  to  think  that  the  last  estimates  can  be  improved,  in  most  cases,  to : 

f  TV(un)  Z  TV(u0)  +  O(Ax) 

\  HunH"  <  llu0ll"  +  Of  At2)  , 

and  actually  allow  steady-state  computations.  These  estimates  are  also  of  some  importance 
since  they  show  that  our  TVB  schemes  do  not  suffer  from  a  0(1)  Gibbs-like  spurious 
oscillations  at  points  of  discontinuity.  The  price,  we  pay,  in  order  to  achieve  second  order 
accuracy  at  critical  points,  namely  the  loss  of  monotonicity,  is  not  so  expensive  since 
spurious  oscillations  seem  to  be  at  most  0(  Ax2 )  in  the  /."-norm. 

The  following  statement  enlightens  the  role  played  by  the  constant  M  in  the  accuracy 
improvement  of  the  TVB  modification  : 

Theorem  3.3  :  For  any  given  A  >  0,  there  exists  a  constant  M  >  0  such  that  the 
scheme  (3.2)  (3.5)  is  second  order  accurate  in  any  region  where  the  u-derivatives  are 
bounded  by  A. 


Proof :  Let  us  consider  a"! L  =  —  / t?  ,,,/(/-/  v"  ,.7/ )  —  A  u. 


<PL(rl,„) 


1+1/2  ’ 


Notice  that,  near  a  critical  point  ( sonic  point  or  extremum ) : 


we  have  also 


—  /  v" 

X1 


0(30  . 


and  therefore  /  aj+j/2  /  -  Min(  I  <pL( r  j+I/2  )  /  ,  / - -  ■  /)  B  Ax  f 

rj+U2 

where  B  =  Max  (  (  1  -  /  V  / )  f  ^  /  2)  . 

Thanks  to  our  assumptions  on  the  u-derivatives,  B  is  a  bounded  constant,  depending  on  A.  It 

L  <PL(r ) 

can  easily  be  seen  that  Min  ( /  <p  (r)  /  ,/  — — — / )  ,  is  also  bounded  by  a  fixed  constant  C 
for  any  r  e  R,(  since  <p L(  r )  =  ar+  b)  and  thus,  if  one  chooses  M  greater  than  the  product 

n  L 

B  C ,  the  minmod  function  will  pick-up  the  first  argument  Qj+ m  and  leads  to  second  order 
accuracy  at  critical  points.  I 
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Our  TVB  modification  procedure  is  also  available  for  TVD  schemes  involving  a  more 
sophisticated  limiter  function  such  as  Van  Leer's  limiter  [11],  for  instance.  Since  the 
underlying  linear  scheme  is,  in  this  case,  the  Lax-Wendroff  scheme  whose  reduced  flux  is 


y/LW=  ~(l-/vl)r  ,  we  are  lead  to  propose  : 


,n  VL  __  n  E 
*j+H2  ~  gj+II2 


nLW  nVL  ..  .  2  .  nLW  .  . 

+  mnmod(  a.+J/2 ,  aj+]/2  +  M  Ax  sgn(  aj+m  ) )  . 


We  underline  the  major  advantage  of  the  TVB  schemes  designed  under  the  latter  guidelines : 
They  are  second  order  accurate  in  smooth  regions,  including  at  critical  points,  while  the 


approximate  solutions  they  provide,  remain  bounded  with  respect  to  the fit'nL^norm,  they 
thus  allow  the  existence  of  a  convergent  subsequence  in  L1^  to  a  weak  solution  of  (1.1),  as 
At  vanishes.  If  an  additional  entropy  condition  is  satisfied,  which  implies,  in  the  scalar  case, 
that  the  limit  solution  is  the  unique  physically  relevant  solution  of  (1.1),  then  the  scheme  is 
convergent.  The  next  section  is  devoted  to  this  additional  requirement.  The  lack  of 
consistency  with  an  entropy  inequality  from  which  the  TVD  (or  TVB)  schemes  suffer,  is 
overcome  by  addition  of  a  limiting  mechanism  to  the  antidiffusive  flux  which  enforces  the 
selection  of  the  physical  solution.(  see  Vila  [3]  and  also  Leroux  and  Quesseveur  [12] ). 


IV.  ENTROPY  CORRECTION 

For  the  theorical  materials,  the  reader  is  referred  to  Lax  [13].  Tadmor  [14]  has  shown  that 
E-schemes  were  converging  towards  the  unique  physically  relevant  solution,  but  such  a  result 
does  not  yield  for  a  general  TVD  (or  TVB)  scheme.  These  schemes  do  not  automatically 
select  the  physically  relevant  solution.  In  order  to  achieve  convergence  towards  the  entropy 
satisfying  solution,  we  need  to  slightly  modify  the  TVD  (TVB)  schemes  so  far  considered, 
according  to  Vila's  procedure  [3],  In  this  paper,  an  extra-limiting  correction  is  added  to  the 
antidiffusive  flux  zn\+m  in  such  a  way  that  a"j+i/2  is  enforced  to  vanish  with  the  mesh  size. 
We  are  unable  to  show  any  consistency  with  an  entropy  condition  but  thanks  to  such  a 
correction,  Vila  has  proved  the  following  theorem : 

Theorem  4.1  :  Let  be  a  finite  difference  scheme  (1.2)  defined  by  its  numerical  flux 

(4.1)  h*Il2  =  8j+n2  +  ajlii2  suc^  l^at  the  first  order  underlying  E-  scheme  is  entropy 
stable  ([14]).  Assume  that  the  antidiffusive  coefficients  anj+i/2  satisfy : 

I  a.,  „  I  £  e(  Ax)  VjeZ  with  lime(Ax)  =  0 

1  Ax  0 

then  if  the  approximate  solution  Utyx,  t)  computed  by  (1.2)  (4.1)  is  bounded  in  BV  and  L°°, 
l/h(x,  t)  converges  towards  the  unique  physically  relevant  solution  of  the  initial  value 
problem  (1.1). 

Following  Vila's  approach,  we  correct  the  antidiffusive  flux  related  to  our  previous  TVD 
(or  TVB)  schemes  by  : 

aj+m  ~  sgn(aj+1/2)  Min(CAxP,/aj+I/2/ )  Vje  Z  where  fie  ]0,1(  ,(4.2) 

in  such  a  way  that  we  can  state : 

Lemma  4.2  :  The  scheme  (3.2)  (4.2)  is  still  BV  n  L°°  stable  under  the  same  C.F.L. 
like  restriction. 
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Vj,n  e  Z  xN 


Proof:  3  0j+]/2e  [0,1]  /  tf;+y/2  -  Qj+ia  aj+u2 
therefore  a**  =  ;  notice  that  ^y/2^7/2  still  defines  a 


TVD  schemes  (Lemma  2.2)  and  that  /  0" y/J  d."y/2  /  <M  Ax2  .1 

Since  /  a '.**,.1  <  C  Ax?  and  lim  C  Ax&  =  0  .  thanks  to  lemma  4.2  and  theorem  4.1, 

4*-*0 

we  claim  that  convergence  is  achieved  towards  the  unique  physically  relevant  solution.  Notice 
that  in  any  region  where  the  u-derivatives  are  bounded  by  a  fixed  number  A,  there  exists  a 

constant  C  depending  on  A  such  that  /  a.+ia  /  £  C  Ax  ^  and  therefore  entropy  correction  is 
not  active  This  allows  the  accuracy  to  be  preserved  in  smooth  regions. 


V.  NUMERICAL  EXPERIMENTS 


In  this  section,  we  present  several  numerical  results  performed  with  the  schemes  designed  in 
sections  II  and  HI.  We  use  M  =  50  for  all  computations  and  a  fixed  mesh  ratio  X  =  0.1.  All 
tables  are  collected  at  the  end. 

Example  1:  The  Modified-Exquisite  (denoted  M.E.)  TVD  scheme  and  its  TVB  modification 
are  used  to  solve  a  Riemann  problem  of  Burger's  equation : 

u2 

+  (j-  )pc  -  0  U(/x)  = 

The  exact  solution  is  a  moving  shock  at  speed  1/2.  We  use  Ax  =  1/80,  T  =  1.0  and  print  out 
the  numerical  shock  transition  below  (the  started  postions  are  the  positions  of  the  shock) : 

M.E.  TVD  scheme  :  2.0000  1.9999  1.9998  1.9058*  -0.7627  -1.0000  -1.0000, 

M.E.  TVB  scheme  -.2.0005  1.9999  2.0041  1.9090*  -0.7642  -1.0000  -1.0000, 

Unlimited  M.E.  (Quick):  2.0536  1.8727  2.1744  1.9461*  -0.8866  -1.0000  -1.0000, 

For  Ax  =  1/40,  T=  1.0  the  M.E.  TVB  scheme  has  computed: 

2.0024  1.9930  2.0158  1.9139*  -0.7759  -1.0000  -1.0000. 

We  observe  that  the  oscillations  produced  by  the  TVB  scheme  are  small  {<05  M  Ax2)  while 
they  grow  larger  (order  0(1))  for  the  linear  scheme  Quick  as  expected. 

Example  2  :  TVD  and  TVB  Modified-Exquisite  schemes  are  used  to  solve  two  linear 
problems  with  smooth  initial  condition  : 

u  f  +  Uj  =  0  u0(x)=  sin(itx)  (5.1)  then  uQ(x)  =  exp( -x2/ 0.04 )  (5.2) 

For  I.V.P.  (5.1),  the  solution  is  computed  in  -1  Sx  <  1  up  to  t  =  2  (after  one  period  in  time); 
and  for  I.V.P  (5.2),  up  to  t  =  05  .  The  errors  and  numerical  orders  are  listed  in  Table  1.  Let 
observe  that  the  TVD  scheme  is  first  order  accurate  in  /.“-norm  and  second  order  in  ZAnorm 
while  the  TVB  scheme  has  full  order  of  accuracy  both  in  the  L“  and  L1- norm,  as  expected  by 
the  theoiy. 


“l=  *  x< 
ua-  -1  x>  0 
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Example  3  :  Same  schemes  are  used  to  solve  the  nonlinear  Burger's  equation  with  periodic 
initial  condition : 

2 

Uj  +  =  0  -1  <x<l  u0(x)  =  sin(nx  +  n). 

The  exact  solution  is  smooth  up  to  t  =  lilt ,  when  a  stationnary  shock  develops  at  x  =  0, 
which  actually  interacts  with  the  expansion  waves.  The  "exact"  solution  is  computed  by 
Newton-Raphson  iterations  (For  details,  see  [9]).  The  errors  of  the  approximate  solutions  are 

computed,  at  r  =  0.15,  in  such  a  way  that  the  exact  solution  is  still  smooth;  then  for  t -Hit ,  at 
which  time  the  shock  appears,  in  smooth  region  away  from  the  shock  (J  x-shock  /  <>  0.05  ). 
Errors  and  numerical  orders  are  listed  in  Table  2.  From  this  table,  we  see  that  the  TVB 
scheme  is  globally  second  order  accurate,  in  smooth  regions,  while  the  TVD  one  is  only  first 
order  in  the  L°°-nonn. 


Table  1 


I.V.P 

(5.1) 

I.V.P 

(52) 

E 

Ax 

TVD 

r 

TVB  r 

TVD 

r 

TVB 

r 

1/10 

9.26(-2) 

3.96(-2) 

118(-1) 

1.43(-1) 

1/20 

3.26(-2) 

1.51 

8.89(-3)  2.16 

9.07(-2) 

1.27 

3.87(-2) 

1.89 

L°° 

1/40 

1.16(-2) 

1.50 

2.12(-3)  2.11 

3.37(-2) 

1.35 

8.73(-3) 

2.02 

1/80 

4.18(-3) 

1.49 

5.49(-4)  2.06 

1.21(-2) 

1.39 

2.06(-3) 

2.04 

1/10 

5.69(-2) 

3.28(-2) 

6.24<-2) 

6.70(-2) 

1/20 

1.55(-2) 

1.88 

6.65(-3)  2.30 

2.15(-2) 

1.54 

1.50(-2) 

2.16 

1/40 

3.82(-3) 

1.95 

1.48(-3)  2.23 

5il(-3) 

1.79 

3.34{-3) 

2.16 

L1 

1/80 

9.25(-4) 

1.98 

3.58(-4)  2.17 

1.37C-3) 

1.84 

7.94{-4) 

2.13 

Table  2 


t  =  0 

15  s 

• 

H 

** 

a 

II 

shock  /  2  0.05 

E 

Ax 

TVD 

T 

TVB  r 

TVD  r 

TVB  r 

17W 

1/20 

1.72(-2) 

9.16(-3) 

0.91 

1.49(-2) 

3.71(-3)  2.01 

L°° 

1/40 

3.43(-3) 

1.16 

8.78(-4)  2.04 

5.76<-3) 

6.02(4) 

1/80 

1.26(-3) 

1.26 

2.14(-4)  2.04 

1.85(-3)  1.64 

1.44(4)  2.06 

1/10 

1.23(-2) 

8.12(-3) 

1/20 

3.40(-3) 

1.85 

1.84(-3)  2.14 

L1 

1/40 

9.69(-4) 

1.83 

4.30(-4)  2.12 

1.48(-3) 

4.56(4) 

1/80 

2.34(-4) 

1.90 

1.04C-4)  2.10 

3.36(-4)  2.14 

1.04(4)  2.13 
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SUMARY 


The  underlying  theory  is  reviewed  for  the  construction  of  total  variation 
diminishing  (TVD)  finite-difference  schemes.  Using  these  methods  and 
artificial  compression  techniques,  a  high  resolution  version  of  the 
well-known  MacCormack  scheme  is  constructed.  Applications  of  the  method 
to  high  speed  external  aerodynamic  flows  are  reported  which  use  a  finite 
volume  formulation  and  operator-splitting.  Existing  production  code 
implementations  of  MacCormack’ s  method  can  be  updated  easily,  as 
described,  to  reflect  recent  advances  in  one-dimensional  schemes. 


INTRODUCTION 


Over  the  last  fifteen  years,  substantial  advances  have  been  made  in  the 
numerical  analysis  of  hyperbolic  partial  differential  equations, 
particularly  in  those  arising  in  computational  aerodynamics.  A  popular 
approach  is  to  solve  the  Euler  equations  numerically  by  marching  forward 
through  time  using  an  appropriate  finite-difference  or  finite-volume 
scheme,  capturing  any  shock  waves  or  contact  discontinuities  which  may 
occur.  A  notable  advance  in  the  1970’s  was  the  introduction  of  the  method 
of  operator-splitting  by  which  a  three-dimensional  problem  may  be  solved 
by  applying  a  sequence  of  one-dimensional  difference  operators;  each 
operator  relating  to  a  specific  co-ordinate  direction.  This  led  to  a 
focus  on  one-dimensional  schemes.  The  early  schemes  of  the  1970’s  were 
analysed  using  linear  stability  theory  and  those  that  were  intended  to 
capture  shock  waves  were  designed  to  be  dissipative.  However,  the  ability 
of  these  schemes  accurately  to  resolve  shock  waves  and  contact 
discontinuities  was  impaired  by  the  appearance  of  oscillations  around  the 
profile  of  the  discontinuity.  Whilst  linear  stability  is  useful  for 
checking  "local"  stability  of  schemes  applied  to  non-linear  equations,  it 
is  often  insufficient,  particularly  when  strong  discontinuities  are 
preeent.  The  classical  approach  for  damping  oscillations  and  removing 
non-linear  instabilities  was  to  introduce  extra  artificial  viscosity 
explicitly,  in  order  to  increase  that  which  is  present  in  the  scheme 
implicitly.  Unfortunately,  this  approach  tended  to  cause  a  spurious 
entropy  layer  to  form,  emanating  particularly  from  regions  of  high  spatial 
gradient  like  shock  waves  and  stagnation  points.  In  cases  of  strong  shock 
interactions  this  palliative  often  failed  completely.  The  problem  was 
that  the  added  dissipative  term  invariably  had  a  global  and 
problem-dependent  coefficient.  In  seme  parts  of  the  flow  field  too  much 
damping  was  being  applied,  and  in  others  too  little.  Vfriat  was  needed  was 
to  apply  the  term  more  selectively. 

In  the  1980’s  various  workers  [1-9]  began  to  put  the  procedures  on  a  more 
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systematic  footing.  There  was  renewed  interest  in  Godunov  methods  and  in 
Riemam  solvers  generally.  Out  of  this  work  emerged  the  total  variation 
diminishing  (TVD)  schemes,  so-named  by  Harten  [1],  who  gave  a  set  of 
theorems,  leading  to  conditions,  which  *hen  satisfied  by  any  three-point, 
conservative,  second-order  accurate  finite-differenoe  scheme  are  necessary 
and  sufficient  for  the  scheme  to  be  TVD.  As  a  sequel  to  this  work  Davis 
[2]  showed  that  it  is  possible  to  formulate  a  classical  Lax-Wendroff 
scheme  in  TVD  form.  This  is  accomplished  by  appending  to  the  scheme  a 
non-linear  term  which  applies  precisely  the  correct  amount  of  artificial 
viscosity  needed  at  each  mesh  point  to  limit  overshoots  and  undershoots. 
This  work  opened  the  way  to  updating  many  existing  production  computer 
codes  which  employ  the  well-known  MaoCormack  scheme,  a  variant  of 
Lax-Wendroff  and  the  subject  of  this  paper.  The  theory  of  TVD  schemes  is 
developed  for  application  to  scalar  conservation  laws.  The  resulting 
schemes  are  then  extended  to  non-linear  equations  and  systems  of 
conservation  laws. 


TVD  FINITE  DIFFERENCE  SCHEMES 


Consider  the  scalar  conservation  law 

with 


u[x,0]  =  Uq(x),  x  c  R, 

where  a  is  a  real  constant.  Let  U[J  be  the  nunerical  solution  of  (1)  at 
x  =  jax,  t  =  nAt  with  ax  the  spatial  mesh  sire  and  At  the  time  step. 
Formally,  if  the  total  variation  in  the  nurerical  solution  is  given  by 

^[“3=1  K,  -  ^1  (2> 

j 

then  a  scheme  which  is  TVD  satisfies  the  condition 

Tv(i$“]  <  (3> 

A  general,  three-point,  conservative  finite  difference  scheme  for  solving 
(1)  can  be  written  in  the  form 


where 


**&.  ■  "5«  -  ^  ■  “?*  *  >$  -  “3-.. 


(4) 


Harten  [1]  showed  that  this  scheme  will  be  TVD  iff  the  following 
conditions  on  coefficients  C,D  are  satisfied 
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<  1. 


(5) 


0  <  Cj-*  ’  0  <  Dj**  ’  0  <  Cj-*  +  D. 

Second-order  accurate  schemes  which  do  not  satisfy  conditions  (5)  are  not 
TVD  and  will  exhibit  oscillations  around  shock  waves. 

Swsby  [3]  used  the  concept  of  the  "flux  limiter"  to  construct  a 
second-order  accurate  TVD  scheme.  His  starting  point  was  the  well-known 
Lax-Wendoff  (LW)  scheme 


U-  =  U j  -  UAu"_^  -  v[*  (l-U)  U  Au^  ] 


At 

where  o  =  a  j- 


and  which  can  be  written  as  the  first-order  scheme 

Un+1  =  u"  -  UAu" 

J  J  J-” 

with  the  additional  anti -diffusive  flux  term 
-v[h  d-vluvu^]  . 


(6) 

(7) 

(8) 

(9) 


Since  (8)  is  known  to  be  non-oscillatory  (because  it  is  first-order)  he 
proceeded  by  adding  only  a  limited  amount  of  the  anti -diffusive  flux  (9) 
to  give 

U-  =  U Ij  -  -  v[«  M(  1-^)0  AU^  j  (10) 

where  *  is  a  flux  limiter,  to  be  defined. 

More  specifically,  Sweby  chose  a  particular  form  for  scheme  (10),  given  by 
U~‘  =  uj  -  »  j  1  .  »  <M»  [  *(r*]/  r*  -  .(rj.,)])  auj*  01) 


where 


+  =  *£« 
j  AUj+x 


(12) 


and  v^iich,  so  constructed,  reproduces  the  LW  scheme  if  *(r)  =  1  and  the 
explicit,  second-order,  upwind  scheme  (WB)  of  Warming  and  Beam  [10]  if 
♦(r)  =  r. 

By  comparing  (11)  with  the  general  form  (4)  it  is  found  that 


Cj-«sU 


1-Hi  (1-0) 


11 


(13) 
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°j*  =  °  <14> 

and  if  we  impose  the  constraints  (5)  on  C,D  we  find  that  for  scheme  (11) 
to  be  TVD  the  flux  limiter  function  o(r)  must  satisfy 


0<[  ^r),  e(r)  ]  <  2. 


under  the  CFL  condition  |u|  <  i .  That  is  to  say,  the  flux  limiter  must 
lie  within  the  shaded  region  of  Fig  la.  One  can  further  show  that  the 
domain  illustrated  in  Fig  1b  corresponds  to  the  second-order  TVD  region. 
Neither  of  the  schemes  LVrf  or  V®  lies  uniformly  within  the  shaded  region 
which  explains  why  they  are  not  TVD. 

Following  the  work  of  Harten  and  Sweby,  Davis  [2]  showed  that  it  is 
possible  to  modify  the  LW  scheme  to  be  TVD.  Since  it  is  known  that  LW 
coefficients  C,D  do  not  satisfy  constraints  (5),  his  approach  was  to 
append  to  the  scheme  a  term  which  changes  the  coefficients  such  that  they 
do  satisfy  (5).  A  suitable  term  is 


-  •I'-j-.Kk 


whereupon  we  can  recover  Sweby ’s  TVD  scheme  (11)  if  we  choose 


subject  to  *(r)  satisfying  (15)  and  |u|  <  i.  Term  (16)  is  effectively 
upwind  weighted  therefore  the  functional  form  (17)  of  G+(r+)  changes  as 
the  sign  of  a  in  (1)  changes.  This  unwanted  complication  can  be  removed 
to  produce  a  five-point,  symmetric,  TVD  scheme  by  replacing  (16)  by 


[G+(rjl  * 

-  [a1rj-J  *  a1rj"K-» 


where 


Au" 

r7=-J±S 

J  AU" 


*  lr3  =  ^  «H»l)[l  -  *(r*l]  . 


These  results  can  be  extended  easily  to  scalar  non-linear  problems  by 
defining  a  local  Courant  mutoer  to  replace  the  global  definition  (7). 

In  order  to  extend  the  scheme  to  hyperbolic  systems  we  first  consider  the 
oonetant  coefficient  system 


at  +  A  3x  =  0 
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. .  •.  -'-.  -  IWSI^  ?  V'  -  -**  -* 


where  u  is  a  vector  of  m  ccrrponents  and  A  is  an  m  x  m  constant  matrix.  If 
P  denolee  the  matrix  whoee  coluins  are  the  right  eigenvectors  of  A,  then 


p-iAP  =  A  =  diag  (Xfi)  (22) 

when  x}  are  the  eigenvalues  of  A. 

Me  proceed  by  defining  a  new  set  of  dependent  variables 

V  =  P^U  (23) 

then,  multiplying  (21 )  by  P"1  we  have 

(p-*U)t  +  P^AfU)*  =  0  (24) 

or  vt  +  AVX  =  0  (25) 


which  is  an  uncouple  set  of  scalar  equations.  Me  may  solve  (25)  by 
applying  the  TVD  LW  scheme  to  each  scalar  equation  in  turn,  that  is 

'T  -  *3  - a  -  'U  ♦  f  -  "3  *  ’W 

♦  Mrj)  ♦  a'(rJ«)K* 

-  +  s1p3K-«  ■  >z« 


To  obtain  a  scheme  in  terms  of  the  original  dependent  variables  we 
multiply  by  P-1.  The  result  is 


-  u"  _  A  At_ 
-j  2Ax 


bff 


j+‘ 


+  p 


[®1r3)  ♦  °1r3*.l]  p'>&><  - p  [°K->)  *  G1rjl]p"‘ay3-«  (27) 


However,  scheme  (27)  requires  that  we  compute  matrices  P  and  P~l .  This 
restriction  can  be  removed  by  approximating  the  diagonal  matrices  Q*  by 
scalar  matrices,  ie 


G Hr*)  »  G*(r*)I 


(28) 


vrfrere  I  is  the  m  x  m  unit  matrix  and  r*  are  chosen  to  be  scalar  functions 
of  U, 


(29) 


(30) 


voters  (...)  denotes  the  inner  product  on  PC'  and  m  is  the  nattier  of 
components  of  the  solution  vector  UO.  If  P  does  not  vary  significantly 
over  adjacent  mesh  points,  definitions  (29), (30)  «rt  be  interpreted  as 
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averages  of  the  earlier  scalar  definitions.  Other  definitions  of  r*  can 
be  constructed  but  those  indicated  have  been  found  to  work  well  in 
miner i cal  experiments. 

With  these  approximations,  the  method  takes  the  form: 

■  <5  -  *  ft  *  **  i&  -  «5  ♦  >5J 

*  [s'  K1  * 

-  Mv.)  ♦  •  <3i> 

The  resulting  scheme  (31)  does  not  depend  explicitly  on  the  transformation 
(22),  so  it  can  be  used  without  modification  for  non-linear  problems.  In 
our  applications  we  replace  the  first  three  terms  of  (31)  by  the  finite 
volume  MacCormack  scheme.  This  scheme  is  equivalent  to  the  LW  scheme  for 
linear  problems. 


TVD  MACCORMACK  FINITE-VOLUME  SCHEME  (TVDM) 


Since  we  anticipate  the  use  of  a  body-fitted  mesh,  we  cast  the  equations 
of  motion  in  generalised  co-ordinates.  The  Euler  equations,  in  strong 
conservation  form,  are 


|y  +  (/UF)  =  °  ,  8  =  1(1)3 


+  P  §17 
A  9 

where  U  =  /g  Ep,pw1,pw2>pw3,e£p'  ,  -/g®F(u)  -  Pv^u®  +  p  ||- 

Pw3u®  +  P 

(e+p)u* 

/g  is  the  Jacobian  and  the  flow  velocity  a  -  l>®gp  =  wpap ,  where  ap  are  the 
Cartesian  unit  base  vectors. 

Equation  (32)  can  also  be  cast  in  integral  form,  which  is  the  basis  of  the 
finite  volune  method 


It  flJvdW"”  *  Ife,*.™  *  JJs/E®  *  Ils,’?*  =  0 


The  appeal  of  the  finite  volune  formulation  becomes  apparent  by  noting 
that  axVaz^  =  g® orti  g.g®  =  u®  whereupon 
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v^F(U)  =  /g 


pg.g2 

pg 

pw^.g2  +  pg2  .flj, 

pwtg  +  paj. 

pwzg.a2  +  pg2-^ 

= 

pw2g  +  pa2 

pwsg.g2  +  pg2.^ 

pw3g  +  Pia 

(e+pjg.g2 

(e+p)g 

/g  g2  =  H(U).S2  (34) 


and  we  see  that  the  computations  can  be  performed  with  respect  to  the 
Cartesian  flux  tensor  H(U) ,  rather  than  the  curvilinear  /g^FCU) .  Thus  one 
need  not  become  involved  with  the  intricacies  of  the  co-ordinate 
transformation. 


We  solve  (33)  using  a  factored  sequence  of  one-dimensional  finite  volume 
operators  where  each  component  operator  relates  to  its  respective 
curvilinear  co-ordinate  direction.  Further  details  may  be  found  in  [11]. 

The  MacCormack  finite  volume  operator  Lj(At)  is 


^  =  u?jk  - «  fcfljk  S,*  +  !fl 


-ijk  §i-X 


(35a) 


u™  =  m  |u"  +  u™  -  at  Ih™  ..  s. 

ijk  L  ijk  ijk  L-i+ijk-i 


Hn+i  _ 

i+M  +  Sijk  §i-« 


]] 


(35b) 


where  Uijk  =  vol.^  jp.pWi ,pw2,pw3,ej^k  and  Si±h  are  the  area  vectors  on 
opposite  faces  of  the  cell,  normal  to  the  surface  x1  =  constant. 


Scheme  (35)  can  be  updated  easily  to  TVD  form  by  appending  to  the 
right-hand  side  of  the  "corrector"  step  (35b)  the  term: 


K  *  v.K*  -  K.  * 

where 

G*  =  g( r*)  =  0.5  C(u)  [l  -  4>(r*]] 
and  we  have  chosen 


C(u)  =  ( 


u(1-u)  ,  u  <  0.5 
0.25  ,  u  >  0.5 


(36) 


(37) 


(38) 


which  is  an  upper  bound  to  the  Courant  nurber  dependent  coefficient  in 
(20).  Also 


u  =  u .  =  max  |Xf| 


(39) 


where  max  |>fl  =  lu1!  +  C,  with  ul  and  C  the  local  flow  speed  and  sound 
i 

speed  respectively. 

The  flux  limiter  which  we  use  is 
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(40) 


•(r)  =  {  min  <2r>1) 


r  >  0 
r  <  0 


which  corresponds  to  the  bold  line  illustrated  in  Fig  1b,  and  r^  are  as 
defined  in  (29), (30). 


The  M  and  TVDM  schemes  have  been  used  to  solve  the  one-dimensional  Riemann 
problem.  At  time  t  =  0,  the  left  and  right  states  are: 


0.445 

0.5 

0.311 

.  Ur  = 

0.0 

8.928 

1.4275 

With  increasing  time,  a  mixing  process  takes  place  such  that  a  rarefaction 
wave  moves  to  the  left  and  a  contact  discontinuity  and  a  shock  wave  move 
to  the  right.  The  results  shown  in  Fig  2a, b  were  obtained  after  100  time 
steps  with  140  cells.  Other  computer  solutions  are  given  in  [1].  It  can 
be  seen  that  scheme  TVDM  exhibits  none  of  the  oscillations  of  the  M 
scheme.  However,  the  contact  discontinuity  is  smeared  over  approximately 
thirteen  points.  The  resolution  of  the  contact  discontinuity  can  be 
improved  by  applying  artificial  compression  techniques. 


TVD  MACOORMACK  SCHEME  WITH  ARTIFICIAL  COMPRESSION  (TVDMAC) 


In  order  selectively  to  add  artificial  compression  in  cases  where  a 
contact  discontinuity  is  anticipated,  we  construct  a  split  operator  C& 
which  compresses  a  "TVDM"  solution  at  any  given  time  level.  Here,  C&  is 
defined  as 

c^i  s*i  K*  Si*  -  ei-*  fli  J 


where 

¥i  =  4  (At)y|? 

is  the  solution  obtained  by  applying  the  TVDM  scheme  to  the  solution  at 
the  previous  time  level,  and  we  have  suppressed  subscripts  j,k.  Also, 

ei+*  =  max  [©i  ,  e.+i  ]  (42) 


- 

AV1 

i-M 

»  1  AW*'  1  x  1 AW*  1  S  r 

+ 

) 

AVl 

Vi-H 

’  nvi+*|  rvi-H|  > 

tii  til 

.  K j  +  |av^|  <  c 

c  =0.01  max  \v\+l  -  V*| 
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A  -  *,  K,  -  <-] 


[  0,  min  min 

sgn 

um  _  vmT 

i+i  i. . 

“i  ‘  |  1<m<m 

v*  -  vf 

i+i  i 

1  + 

K- 

when  m  =  1(1 )H,  M  being  the  number  of  components  of  the  solution  vector  V. 

Fig  2c  shows  the  solution  obtained  by  scheme  TVDMAC  for  the  Riemann 
problem.  It  can  be  seen  that  the  resolution  of  the  contact  discontinuity 
is  improved  dramatically  with  artificial  compression.  Clearly,  the 
operator  CA  can  be  applied  more  than  once,  if  desired,  in  order  further  to 
"compress"  the  data.  In  practice,  we  have  rarely  found  this  to  be 
necessary.  Further  discussion  of  artificial  compression  techniques  can  be 
found  in  Marten  [12]. 


APPLICATIONS 


Fig  3a  illustrates  an  aircraft  forebody  geometry  typical  of  a  combat 
aircraft.  We  wish  to  predict  the  disturbance  field  around  the  forebody  at 
proposed  intake  locations,  as  well  as  the  usual  forces  and  moments,  at 
Mach  numbers  ranging  from  high  subsonic  to  supersonic  and  at  various 
angles  of  attack.  The  forebody  shown  in  Fig  3a  has  an  elliptical  nose 
dipped  at  5" ,  sharp  comers  and  flat  sides  to  accommodate  engine  intakes. 
An  analytical  description  of  the  body  surface  was  formulated  by  fitting 
curves  through  the  ordinates  of  particular  cross  sections.  This  provided 
a  basis  for  the  construction  of  a  body-fitted  H-O  type  grid  in  which  the 
radial  lines,  emanating  from  the  effective  centre-line  of  the  body,  were 
segmented  such  that  the  radial  spacing  at  the  body  surface  was 
approximately  the  same  as  the  streamwise  spacing.  The  latter  spacing  was 
essentially  uniform  and  corresponded  to  the  stations  at  which  the 
individual  cross  sections  were  defined.  So  constructed,  the  mesh  had 
57(x)  x  16(e)  x  I0(r)  oells  distributed  around  a  "half-body"  and  a 
converged  solution  was  obtained  after  800  time  steps,  commencing  the 
calculation  with  an  impulsive  start  at  Mach  1.40  and  -5"  angle  of  attack 
(Fig  3b).  An  operator-splitting  three-dimensional  implementation  of  the 
finite-volume  TVD  MacCormack  scheme  described  earlier  was  used.  Unlike 
similar  calculations  using  the  MacCormack  method,  there  were  no  parameters 
to  be  adjusted  to  control  the  amount  of  added  dissipation  for  shock 
capturing.  Fig  4  shows  a  similar  calculation  for  another  forebody, 
typical  of  a  civil  aircraft.  An  analytical  description  of  the  geometry  is 
given  in  the  reference  cited. 


CONCLUSION 


The  theory  underlying  the  construction  of  total  variation  diminishing 
(TVD)  finite  difference  schemes  has  been  reviewed.  Using  these  methods,  a 
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high  resolution  version  of  the  well-known  MacConmack  scheme  has  been 
constructed  and  seme  applications  of  the  method  reported.  The  required 
modifications  to  the  standard  MacCormack  method  are  minor  and  will  allow 
existing  production  code  implementations  of  this  scheme  to  be  updated  to 
reflect  recent  advances  in  one-dimensional  schemes. 
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Fig.  4  Civil  Aircraft  Forebody  from  NASA  TW  80062 
at  Mach  1.70 
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SUMMARY 

For  the  solution  of  some  surface  gravity  water  wave  problems  a  Eulerian 
method  is  given  as  a  system  of  2N  ordinary  differential  equations  where  the 
moving  boundary  is  described  by  means  of  N  "Eulerian"  points.  Part  of  a  sta¬ 
bility  analysis  of  the  system  has  been  carried  out  with  respect  to  equilib¬ 
rium  solutions,  periodic  solutions,  and  numerical  solutions.  Numerical  ex¬ 
periments  with  the  system  have  not  disclosed  unprovoked  saw-tooth  instabil¬ 
ities,  which  have  plagued  some  other  methods. 


1 .  INTRODUCTION 

Surface  water  waves  under  gravity  [55]  constitute  a  moving  boundary 
problem.  (In  special  cases  this  problem  can  be  formulated  in  terms  of  non¬ 
linear  hyperbolic-type  equations  [55;  Part  E] . )  For  the  solution  of  the 
general  problem  various  methods  are  at  disposal  [57].  Some  of  them  can  be 
characterized  as  "two-step  methods"  where  (i)  Laplace's  equation  (see  §  2) 
is  solved  separately,  and  then  (ii)  the  solution  of  Laplace's  equation  is 
used  in  a  time-stepping  procedure.  Depending  upon  how  Laplace's  equation  is 
solved  the  "two-step  methods"  are  divided  into  two  groups:  (1)  Solution 
using  differential  equation  methods  L3]  [5]  [18]  [24]  [41]  [42]  [57], 

(2)  Solution  using  integral  equation  methods  [8]  [18]  [30]  [31]  [32]  [34] 
[37]  [38]  [39]  [43]  [46]  [54]  [57],  In  several  cases  it  has  been  reported 
that  in  the  course  of  the  computation,  when  the  equations  are  integrated 
forward  in  time,  then  a  smooth  surface  curve  may  develop  into  a  curve  with 
a  superimposed  saw-tooth  component.  This  instability  has  plagued  several 
methods  of  computation  [1]  [3]  [15]  [16]  [34]  [39]  [41]  [45]  [50].  Appar¬ 
ently,  the  first  unmistakable  example  of  this  instability  was  presented  by 
Longuet-Higgins  &  Cokelet  [34,  Fig.  4].  Traditionally,  the  instability  has 
been  overcome  by  an  artificial  smoothing.  Also  a  method  of  Roberts  [43]  can 
be  unstable,  but  a  slight  change  of  the  algorithm  eliminates  the  instabil¬ 
ity  and  results  in  a  stable  method  [43].  In  contrast  to  these  difficulties 
a  method  of  Vinje  &  Brevik  [54]  turns  out  to  be  remarkably  stable  without 
any  instabilities.  The  integral  equations  used  in  [34]  and  [54]  are  of  the 
first  kind  and  of  the  second  kind  respectively.  The  analysis  of  [43]  is  very 
important  when  investigating  the  instabilities  of  [34],  while  the  stability 
of  [54]  is  still  not  fully  understood  [43;  p.  25],  apparently.  Several  methods, 
e.g.  [34]  [43]  [54],  employ  on  the  surface  curve  N  "Lagrangian"  points  for 
which  the  movement  is  described  by  a  system  of  3N  ordinary  differential 
equations  (ODE's).  Those  methods  are  capable  of  treating  difficult  problems, 
e.g.  overturning  waves. 

Initiated  by  the  above  methods  we  shall  here  consider  a  simpler  method 
which  employs  on  the  surface  curve  N  "Eulerian”  points  for  which  the  move¬ 
ment  is  described  by  a  system  of  2N  ODE's.  (This  method  is  not  capable  of 
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treating  overturning  waves.)  We  derive  the  method  (§2)  and  analyse  the  sys¬ 
tem  of  ODE's  (§  3)  with  respect  to  stability  of  equilibrium  solutions  (§  3.1), 
stability  of  periodic  solutions  (§  3.2),  and  stability  of  numerical  solutions 
(§4).  Finally,  we  discuss  the  applicability  of  some  methods  from  nonlinear 

dynamics  and  give  a  summary  of  the  results  obtained  (§5).  ! 


2.  A  EULERIAN  METHOD 


We  consider  a  two-dimensional  non-linear  water  problem,  2it-periodic  in 
the  (horizontal)  x-direction,  with  horizontal  bottom  y  =  0  with  the  y-axis 
pointing  upwards  (gravity  g  =  1)  and  with  a  moving  surface  curve  described 
by  y  =  n(x,t),  where  t  is  time.  Inside  the  region  a  2n-periodic  potential 
4  =  4(x,y,t)  satisfies  Laplace's  equation  A4  =  0,  while  4  =  0  on  y  =  0. 

On  y  =  n  the  potential  4  satisfies  well-known  boundary  conditions  [51;  p.  16], 
which  make  the  problem  nonlinear.  By  introducing  4(x,t)  =  4(x,n(x,t) ,t) , 
i.e.,  the  potential  4  evaluated  on  the  moving  boundary,  the  conditions  on 
the  moving  surface  can  also  be  written  as  the  following  partial  differen¬ 
tial  equations  (PDE's) 

nt  =  *  (x,n,t)  -  nx(x,t)  4x<x,n,t)  (2-ia) 

4t  =  h  -  n(x,t)  -  |  4x(x,n,t)2 


+  2  ‘J’y^n.t)2  -  nx(x,t)  4x(x,n,t)  4y(x,n,t)  , 


(2-lb) 


where  H  is  a  suitably  chosen  constant. 

The  Euler ian  method  is  derived  as  follows:  For  x  :=  xi  =  i  2ir/N; 
i  *  1,2, • • • ,N  (with  N  even)  the  N  functions  rii(t)  :=  n(xi,t)  and  the  N 
functions  4^(t)  :=  4(xi,t)  are  to  be  found.  These  functions  are  combined 
into  one  2N-vector  4  =  [4X,  •••,  4N,  4N+,,  42N]T  =  [hi,  nN,  4r 

••*,  4N]  ,  which  depends  on  t.  The  potential  4  is  expressed  as  (cf.,  e.g. 

[9]> 


n-1 


4  =  A_  +  A  cos  nx  cosh  ny  + 
On  1 


^  ( A ^  cos  jx  +  B_.  sin  jx)  cosh  jy  ,  (2-2) 


j  =  l 


with  n  =  N/2,  each  term  2u-periodic,  satisfying  Laplace's  equation  and  the 
condition  on  y  =  0;  the  coefficients  {Aj and  {Bj}"-1  are  time-dependent. 
By  means  of  (2-2)  and  4  a  system  of  linear  algebraic  equations  is  set  up 
and  solved  [22],  giving  the  value  of  the  coefficients  and  thereby,  through 
(2-2),  various  derivatives  of  4.  The  derivative  nx  is  approximated  in  terms 
of  {rvj.}i'  e.g.  by  means  of  periodic  splines  [21].  Hereby  all  the  quantities 
on  the  right-hand  side  of  (2-1),  evaluated  at  x  :=  x^  are  expressed  in 
terms  of  4.  We  have  therefore  expressed  4'  in  terms  of  4  as  a  system  of  2N 
ODE '  s 


4'  =  F<4)  .  (2-3) 

When  4  is  prescribed  for  t  =  0  there  is  given  an  initial  value  problem 
where'the  evolution  of  4(t)  is  found  from  (2-3). 


3.  ANALYSIS  OF  THE  SYSTEM  OF  ODE’S 

The  system  (2-3)  is  to  be  analysed,  in  particular  with  respect  to  the 
stability  of  equilibrium  solutions  and  of  periodic  solutions. 
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Only  for  very  small  values  of  N  is  it  possible  to  write  down  the  sys¬ 
tem  in  a  tractable  closed  form.  For  general  (even)  values  of  N  the  system 
is  given  as  a  computer  subroutine.  Therefore  part  of  the  analysis  of  the 
system  has  to  be  carried  out  by  investigating  the  subroutine  by  numerical 
methods.  The  computations  referred  to  in  this  section  are  carried  out  using 
an  IBM  3081,  VM/CMS,  FORTVS,  double  precision  (i.e.  using  around  16  decimal 
digits) . 

The  Jacobi  matrix  with  elements  J^j  =  3F^/ 34>j ,  cannot,  in  general, 
be  determined  analytically,  but  it  has  to  be  computed  numerically.  The  de¬ 
rivative  is  replaced  by  a  two-sided  difference  approximation,  viz. 
(Fi(t|)j+h)  -  Fi(iCj-h)  )/2h,  where  h  is  chosen  to  be  10‘s,  in  accordance  with 
a  machine-epsilon  around  10_1£,  cf.  [14;  p.  286]. 

The  description  of  the  water  waves,  leading  to  (2-1),  does  not  take 
any  losses  into  account.  Therefore  the  system  (2-3)  should  be  conservative 
[48;  Ch.  6],  which  is  the  case  when  div  F  =  0.  Apparently,  div  F  =  0:  This 
equality  can  simply  be  verified  analytically  in  certain  cases  whereas  nu¬ 
merical  calculations  corroborate  the  equality  in  several  other  cases. 


3.1.  Stability  of  equilibrium  solutions. 


The  equilibrium  points  of  the  system  (2-3),  i.e.  the  points  iji  where 
F(<[>)  =  0,  are  not  isolated  [7;  p.  122].  £n  fact  g  determined  by  q-^  =  q2  = 
•••  =  qN  =:  n  and  =  $N  =:  $,  with  $  arbitrary,  is  an  equilib¬ 

rium  point.  For  these  equilibrium  points  the  eigenelements  of  the  Jacobi 
matrix  J  can  be  found  analytically  and  given  in  closed  form.  The  matrix  ^ 
has  the  following  N+l  (imaginary)  eigenvalues,  with  \2  =  -  1,  [6;  Eq.  4] 

A<0)  =  0  (3-la) 


A<k)± 


±  io 


<k) 


with 


(3-lb) 


o<k>  =  /k  tanh  :q)  .  (3-lc) 

Except  for  k  =  N/2  the  eigenvalues  have  algebraic  multiplicity  two. 

The  eigenvectors  can  similarly  be  given,  and  it  turns  out  that  tnere  are 
only  2N-1  ordinary  eigenvectors  indicating  that  the  matrix  J  is  defective 
[40;  §  11.3];  the  Jordan  canonical  form  [10;  Ch.  5]  of  the  Jacobi  matrix 
has  one  element  outside  the  diagonal.  The  generalized  eigenvector  [40;  §  11.6] 
pertains  to  the  eigenvalue  A'0'  =  0  and  has  the  form  [ 1, 1 , • • • , 1 ,0,0 , • • ■ ,0]T. 
It  can  lead  to  a  solution  of  the  form  [0,0, • • ■ ,0 , 1, 1 , • ■ • , 1]T  growing  pro¬ 
portional  to  t.  This  growth,  however,  does  not  influence  the  shape  of  the 
boundary  curve  described  by  [q-^qj,  '^N-l  ■  But  strictly  speaking  the  equi¬ 

librium  solution  is  not  stable  [2;  §  4.2,  Th.  1], 


3.2.  Stability  of  periodic  solutions. 

Standing  waves  or  progressive  waves  on  the  surface  of  the  water  can  be 
considered  as  time-periodic  solutions  in  a  2N-dimensional  phase  space.  The 
stability  of  a  2N-dimensional  periodic  solution  P(t),  satisfying  (2-3),  with 
period  T„,  is  investigated  by  adding  to  P(t)  a  small  2N-dimensional  compo¬ 
nent  w(t),  which  may  represent  the  saw-tooth  ripples  superimposed  on  the 
wave  characterized  by  P(t),  so  that  ij;  =  P  +  w  is  also  a  solution  satisfying 
(2-3).  Here  w(t)  satisfies  the  linear  variatio  'al  equation  of  (2-3)  rela¬ 
tive  to  the  solution  P,  [7;  pp.  176  ff] 
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w'  =  J(P)w  ,  (3-2) 

where  J(P)  is  the  Jacobi  matrix  evaluated  around  the  solution  P,  having  the 
period  T0 ,  whereby  the  matrix  has  time-periodic  coefficients,  which  leads  to 
Floquet  theory  for  the  equation  (3-2),  [7;  pp.  95  ff.]  [23;  §  8.3].  As  men¬ 
tioned  above  the  matrix  J(P)  has  to  be  found  by  numerical  differentiation 
around  the  solution  P,  which  satisfies  (2-3). 

As  initial  values  for  w(t),  i.e.  w(0),  are  chosen  2N  different  unit 
vectors,  which  are  combined  to  a  2K  «  2N  unit  matrix  By  integrating  I 
through  the  period  T0  there  results  from  (3-2)  the  so-called  monodromy  ma¬ 
trix  C  [13;  p.  119].  The  simultaneous  integration  of  (2-3)  and  (3-2)  re¬ 
quires  the  solution  of  2N  +  4N2  coupled  ODE's.  The  eigenvalues  of  C  are  the 
so-called  Floquet  multipliers  [7;  p.  100],  which  give  information  about 
the  stability  of  P(t).  The  initial  value  for  P(t)  depends  upon  the  periodic 
solution  in  question. 

Example:  A  periodic  solution,  viz.  a  standing  wave,  is  obtained  by 
the  initial  conditions  [52] 

n(x,0)  =  1  -  0.0000425450  cos  2x  (3-3a) 

<j>(x,0)  =  0.011459234  cos  x  +  0.000000024  cos  3x  (3-3b) 

with  the  time  period  T0  =  7.19973938.  By  means  of  a  sampling  af  (3-3)  for 
x  ;=  x^  =  i  2tt/N;  i  =  1,2,---,N  (with  N  even)  the  initial  vector  P(0)  is 
obtained.  For  N  =  8  a  system  with  272  ODE’s  is  integrated  numerically  over 
the  period  T0,  using  [19]  with  TOL  =  10  9 ,  in  order  to  obtain  the  16  x  16 
monodromy  matrix  C,  from  which  the  (complex)  eigenvalues,  the  Floquet  mul¬ 
tipliers,  are  determined  numerically  [20].  All  the  computed  multipliers 
turn  out  to  have  absolute  value  very  near  one;  in  fact  they  are  confined 
to  the  interval  [0.999967,  1.000033],  With  the  multiplicity  written  in  {  } 
the  multipliers  are  approximately:  1.00  [6],  0.99  ±  \  0.13  [2],  -  0.84  ±  \  0.54 
{2},  -  0.25  ±  \  0.97  {1}. 

The  above  Example,  and  other  examples,  indicate  that  all  Floquet  mul¬ 
tipliers  have  absolute  value  equal  to  one,  and  that  some  of  them  appear 
with  multiplicity  larger  than  unity.  This  case  is  the  most  difficult  one 
when  it  comes  to  the  investigation  of  whether  w(t)  has  components  growing 
with  time  t  [7;  p.  103,  Th.  13].  It  is  here  necessary  to  determine  the  Jordan 
canonical  form  of  the  monodromy  matrix  [12;  §  2.7];  for  example  the  eigen¬ 
value  one  may  have  generalized  eigenvectors  which  can  give  rise  to  compo¬ 
nents  of  the  solution  which  grow  proportional  with  t.  Howevei ,  the  numeri¬ 
cal  determination  of  the  Jordan  canonical  form  of  a  given  matrix  is  a  very 
difficult  numerical  process  [11]  [25]  [26].  For  example  the  block  struc¬ 
ture  of  the  Jordan  form  may  be  sensitive  to  perturbations  of  the  matrix  el¬ 
ements.  In  the  present  case  the  matrix  elements,  of  the  monodromy  matrix, 
are  found  by  means  of  a  numerical  integration  which  necessarily  creaks  some 
computational  errors. 

Because  of  the  numerical  difficulties  here  mentioned  it  seems  necess¬ 
ary  to  abandon  the  method  here  described  for  analysing  the  stability  of  pe¬ 
riodic  solutions.  However,  other  methods  are  available  (§  5). 


4.  STABILITY  OF  NUMERICAL  SOLUTIONS 

Because  the  question  about  stability  of  the  periodic  solutions  does 
not  see..,  to  be  answered  using  Floquet  theory,  some  numerical  experiments 
have  been  carried  out. 

The  system  (2-3)  has  been  integrated  numerically  [19].  A  straightfor-  4 

ward  method  to  investigate  whether  saw-tooth  instabilities  are  evolving  is 
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to  carry  out  a  harmonic  analysis  [58;  §  6.13]  of  the  equally  spaced  ordi¬ 
nates  at  various  instances  of  time.  A  saw  tooth  can  be  obtained  by 

sampling  the  function  cos(N/2)x  for  x  :=  x^  =  i  2n/N;  i  =  1,2, • • • ,N,  and 
therefore  the  Fourier  coefficient  corresponding  to  cos(N/2)x,  derived  from 
{ n i } ^ ,  gives  information  about  the  magnitude  of  the  saw-tooth  component. 

With  N  =  8  and  with  various  vectors  f(0)  corresponding  to  periodic 
solutions  (viz.  standing  waves  derived  from  [52]  and  sampled  as  in  §  3.2, 
Example)  some  integrations  over  20  complete  periods  of  time  have  been  carried 
out.  From  these  computations  there  has  not  been  observed  any  systematic 
growth  of  the  Fourier  component  responsible  for  the  saw-tooth  component. 
From  this  negative  result  one  cannot,  of  course,  infer  that  the  periodic 
solutions  of  the  system  (2-3)  are  always  stable. 

It  is,  however,  possible  to  conduct  the  numerical  solution  in  such  a 
manner  that  a  saw-tooth  surface  curve  will  develop  [6]:  The  system  (2-3) 
can  be  integrated  numerically  using  various  numerical  methods  [28]  [58]; 
each  method  is  characterized  by  a  region  of  absolute  stability  [47].  Let  A 
be  an  eigenvalue  of  the  Jacobi  matrix  J,  evaluated  at  a  certain  solution  j, 
and  let  h  be  the  time  step,  then  if  Ah  is  outside  the  region,  the  solution 
ijt  will  contain  a  growing  component  of  the  eigenvector  of  £  corresponding 
to  A. 

In  the  case  leading  to  (3-1),  with  a  horizontal  boundary  curve,  the 
two  eigenvalues  A  =  A'N' 2^±  have,  correspondingly,  the  two  linearly  inde¬ 
pendent  eigenvectors 

[+A,-A,---,-A,-l,+l,---,+l]T  ,  (4-1) 

which  can  be  combined  to  a  saw-tooth  surface  curve,  where  =  h3  =  •••  = 
nN-l  *  n2  =  n4  =  =  hN-  With  A  being  purely  imaginary,  cf.  (3-1),  the  in¬ 

tegration  methods  do  not  create  saw-tooth  instability,  provided  that  the 
step  length  h  satisfies  05  |A|h  5  S  or 


0  <  h  5  h 


max 


°(N/2)  ’  /N  /  Yh 

/-  tanhjjj  n J 


(4-2) 


where  S  depends  on  the  integra|ion  method  used  [6] .  For  a  related  problem 
[9]  it  is  found  that  At  -  (Ax)2  in  analogy  with  (4-2),  which,  however, 
gives  a  more  specific  bound  for  h  =  At. 

Actual  numerical  integrations  have  been  carried  out  using  various 
methods,  in  particular  the  method  by  Adams-Bashforth-Moulton,  4th  order  in 
PECE  mode  [58;  p.  458]  (which  was  used  in  [34]).  For  this  method  it  is  cus¬ 
tomary  to  put  S  =  0.92620161,  cf.  [47;  Fig.  24]  [53;  Fig.  4.2],  although 
it  is  not  completely  correct  [6].  With  N  =  36  and  r)  =  1  then  h^^  =  0.218308 
according  to  (4-2). 

The  initial  functions 


n(x,0)  =  1  +  e  sin  x 


(4-3a) 


<t>(x,0)  =  (e//tanhl)  cos  x 


(4-3b) 


correspond  to  a  wave  of  permanent  form  travelling  to  the  right  with  phase 
speed  c  =  /tanhl,  provided  that  |e|  is  infinitesimal  [27;  Ch.  IX].  From 
(4-3)  an  initial  vector  $(0)  can  be  derived  by  a  sampling  for  x  :=  x^  as  in 
§  3.2,  Example. 

The  value  s  =  0.01  is  small  enough  so  that  the  results  of  the  numerical 
integration  follow  what  could  be  expected  from  the  linear  theory  around  an 
equilibrium  point  corresponding  to  a  horizontal  surface  curve:  If  h  =  0.24  > 
h^  a  saw-tooth  component  will  become  visible  with  an  amplitude  which  is 
independent  of  x,  in  accordance  with  (4-1).  In  principle,  the  Fourier  com¬ 
ponent  No.  18,  which  represents  the  saw-tooth  component,  will  grow  with  the 
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number  of  timesteps.  If  h  =  0  18  <  such  a  saw-tooth  component  appar¬ 

ently  does  not  develop. 

The  value  e  =  0.1  is  so  large  that  the  above  results  are  no  longer  ap¬ 
plicable,  because  they  are  derived  for  an  equilibrium  point.  If  h  =  0.24 
the  saw-tooth  component  again  becomes  visible,  but  now  with  a  large  ampli¬ 
tude  near  the  crest  and  a  small  amplitude  near  the  trough. 

If  the  problem  is  to  be  investigated  further,  e.g.  with  respect  to  the 
development  of  the  uneven  saw-tooth  component,  it  may  be  advantageous,  at 
various  stages  of  the  evolution  of  ij|(t),  to  compute  the  Jacobi  matrix  J(tji) 
by  numerical  differentiation  (as  indicated  in  §  3)  and  subsequently  deter¬ 
mine  numerically  [20]  the  eigenvalues  (and  perhaps,  some  of,  the  eigenvec¬ 
tors)  for  J($).  (For  a  somewhat  related  problem  [43]  a  similar  computation 
of  the  eigenvalues  and  eigenvectors  has  been  carried  out.)  Actual  numerical 
calculations  have  been  carried  out,  and  they  can  reproduce,  with  high  accu¬ 
racy,  the  eigenvalues  (3-1),  including  the  double  eigenvalues.  Because  J(<|;) 
in  this  case  is  defective  (see  §  3.1)  the  eigenvectors  computed  using  [20] 
are  not  all  reliable,  and  generalized  eigenvectors  ought  to  be  determined 
[25]  [26].  For  other  boundary  elevations  n  and/or  boundary  potentials  <jj  than 
those  leading  to  (3-1)  it  is  observed  in  some  cases  that  two  opposite,  double, 
purely  imaginary  eigenvalues  can  split  into  a  quadruple  of  simple  eigen¬ 
values,  X  =  ±  a  ±  \p,  i.e.  two  with  positive  and  two  with  negative  real  part. 
(A  splitting  of  four  eigenvalues  zero  into  two  pairs  of  real  eigenvalues  is 
reported  in  [43;  Table  1].)  If  the  corresponding  eigenvectors/generalized 
eigenvectors  of  J(iJ>)  were  available  it  would  then  be  possible  to  compute, 
from  the  characteristic  polynomials  of  the  actual  integration  method,  how 
the  various  components  will  develop.  However,  such  a  calculation  will  give 
only  a  quasi-steady  description  of  the  evolution,  while  a  full  unsteady  cal¬ 
culation  may  show  that  the  eigenelements  change  as  a  function  of  time,  so 
that  growing  components  of  |(|(t)  at  a  later  stage  may  turn  into  decaying  com¬ 
ponents  of  ij>(t),  and  vice  versa. 

Example :  A  periodic  solution,  viz.  a  standing  wave,  is  obtained  by 
the  initial  conditions  [52],  cf.  §  3.2,  Example 

n(x,0)  =  1  -  0.00425449584  cos  2x  (4-4a) 

<)>(x,0)  =  0.115047192  cos  x  +  0.000023741  cos  3x  (4-4b) 

with  the  time  period  T0  =  7.197620947.  A  vector  f(0)  is  obtained  by  sampling. 
For  N  =  16  a  system  with  32  ODE's  is  integrated  numerically  over  the  period 
T0 ,  using  [19]  with  TOL  =  10  9 .  For  various  values  of  t  the  matrix  ^,($(t)) 
is  determined  by  n'-  rical  differentiation  (see  §  3)  and  the  eigenvalues  are 
computed  numerical  [20].  For  t  =  0,  T„/2  and  T„  there  is  found  a  quadruple 

of  eigenvalues:  ±0.08  ±  ±  2.86,  and  J(t)  is  not  in  accordance  with  the  lin¬ 
ear  theory  [27;  Ch.  IX],  while  for  t  =  T0/4  and  3T0/4  the  eigenvalues  do  not 
have  dominating  real  parts,  and  <J;(t)  is  in  accordance  with  the  linear  the¬ 
ory. 


5.  CONCLUDING  REMARKS 

For  the  solution  of  some  two-dimensional  surface  water  wave  problems 
under  gravity  a  Eulerian  method  is  given  in  the  form  of  a  system  of  2N  ODE's 
(2-3),  where  the  moving  boundary  is  described  by  means  of  N  "Eulerian"  points 
On  the  moving  boundary  the  problems  in  question  satisfy  some  conditions 
written  as  a  system  of  PDE's  (2-1).  It  is  known  [33]  [35]  [44]  [59]  that 
two-dimensional  water  waves  can  travel  with  a  permanent  form  with  a  certain 
phase  speed,  and  that  the  waves  are  stable  to  superharmonic  perturbations 
provided  that  the  waves  are  not  too  high  compared  with  the  wave  length. 
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In  consequence  of  the  stability  of  the  problems  under  consideration 
described  by  the  system  of  PDE's  (2-1)  the  system  of  ODE’s  (2-3)  has  been 
investigated  with  respect  to  stability  of  equilibrium  solutions  and  peri¬ 
odic  solutions.  Unfortunately,  definitive  results  could  not  be  obtained  on 
the  periodic  solutions  because  of  difficulties  in  determining  the  Jordan 
canonical  form  of  the  monodromy  matrix.  However,  the  monodromy  matrix  could 
be  analysed  further:  Actual  numerical  calculations  carried  out  on  the  mono¬ 
dromy  matrix  of  §  3.2,  Example,  and  other  examples,  indicate  that  the  mono¬ 
dromy  matrices  are  symplectic  [29;  pp.  181-183].  Such  matrices  which  arise 
within  Hamiltonian  mechanics  [35]  can  be  analysed  with  respect  to  stabili¬ 
ty  using  more  refined  methods  [17].  For  the  integration  of  symplectic  prob¬ 
lems  specialized  algorithms  are  available  [4].  Furthermore,  the  stability 
of  systems  can  also  be  analysed  in  terms  of  the  Lyapunov  exponents  [29; 

§  5.2b,  §  5.3],  which  can  be  computed  numerically  [56],  It  would  be  of  in¬ 
terest  to  continue  the  analysis  of  the  system  (2-3),  but  now  applying  the 
methods  which  are  used  in  connection  with  nonlinear  dynamics. 

Numerical  experiments  based  on  the  system  (2-3)  have  not  disclosed  un¬ 
provoked  saw-tooth  instabilities ,  but  it  is  possible  to  provoke  such  insta¬ 
bilities  by  carrying  out  an  integration  with  a  timestep  which  is  too  large. 
Some  of  the  provoked  instabilities  have  the  same  form  as  those  shown  in  [34, 
Fig.  4].  But  from  this  coincidence  it  is  -  of  course  -  not  possible  to  draw 
conclusions  about  the  reason  for  the  saw-tooth  instability  observed  in  [34], 
because  the  present  method  is  Eulerian  while  the  method  of  [34]  has  to  be 
characterized  as  Lagrangian.  With  respect  to  stability  there  may  be  an  es¬ 
sential  difference  between  a  Eulerian  approach  and  a  Lagrangian  approach 
[49].  Therefore,  it  is  not  possible  to  conclude  with  certainty  whether  or 
not  the  instability  of  [34]  and  the  stability  of  [54]  are  due  to  the  appli¬ 
cation  of  first-kind  integral  equations  in  [34]  and  second-kind  integral 
equations  in  [54]. 
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SUMMARY 


Abstract:  This  paper  is  devoted  first,  to  the  presentation  of  a  new  expression  of  the  Boltzmann 
collision  operator  in  axisymmetric  geometry,  and  second,  to  its  use  for  practical  computations  in  connection 
with  the  deterministic  particle  method. 

In  numerous  situations,  the  solution  of  the  Boltzmann  equation  is  invariant  under  the  rotations  of  the 
velocities  about  a  given  axis.  This  invariance  is  seldom  used  to  reduce  the  computational  cost  of  the 
simulation.  In  this  paper,  we  present  an  expression  of  the  Boltzmann  operator,  which  lakes  advantage  of  this 
invariance  to  reduce  the  dimension  of  the  integrations  involved  in  this  operator. 

We  use  this  feature  to  propose  a  direct  evaluation  of  the  Boltzmann  operator  by  quadrature  formulae.  This 
method  is  coupled  with  a  particle  method  for  the  approximation  of  the  differential  part  of  the  equation.  The 
numerical  scheme  has  been  applied  to  different  test  cases,  with  an  emphasis  on  the  verification  of  the 
momentum  and  energy  conservation  by  the  discrete  collision  operator.  The  method  is  also  applied  to  a  real 
problem  arising  in  semiconductor  physics.  The  numerical  results  are  presented  and  commented. 

Acknowledgements:  The  authors  wish  to  acknowledge  the  "Centre  de  Calcul  Vectoriel  pour  la 
Recherche"  for  supporting  the  computer  cost  of  the  numerical  simulations. 


1.  INTRODUCTION 

The  Boltzmann  equation  is  not  usually  considered  as  part  of  the  class  of  non-linear 
hyperbolic  problems.  However,  there  are  numerous  connections  between  these  two  areas,  and 
particularly  between  the  kinetic  and  fluid  models  of  gas  dynamics.  From  the  viewpoint  of 
numerical  modelling,  these  two  models  have  often  been  brought  into  conflicts  together,  since 
the  kinetic  models,  although  relying  on  safer  and  wider  physical  bases,  are  much  more  costly 
for  a  numerical  computation.  However,  kinetic  models  provide  interesting  informations  for 
instance  on  the  internal  structure  of  one  dimensional  shock  waves  [1].  Moreover,  in 
hypersonic  aerodynamics,  the  excitation  and  the  relaxation  of  internal  degrees  of  freedom 
(such  as  the  rotation,  vibration,  and  dissociation  of  the  molecules)  introduce  additional  features 
in  the  shock  structure  which  must  be  taken  into  account  by  a  reliable  simulation  program,  and 
which  are  more  accurately  modelled  by  kinetic  equations.  To  preserve  the  physical  accuracy  of 
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kinetic  models,  with  a  moderate  computational  cost,  a  possible  solution  is  to  investigate  mixed 
models,  where  the  population  of  the  thermal  particles  (which  is  expected  to  be  large)  is 
modelled  by  the  fluid  dynamics  equations,  and  the  suprathermal  particles,  by  kinetic  equations 
[2],  Thus,  it  seems  important  to  develop  accurate  methods  for  the  kinetic  equations  at  the  same 
pace  as  for  fluid  equations. 

Most  of  the  numerical  computations  make  use  of  Monte-Carlo  methods,  which  can  be 
devided  into  Bird's  method  [6],  and  Nanbu's  method  [7,8],  A  review  on  these  methods  can  be 
found  in  [9].  Monte-Carlo  methods  are  used  in  various  areas  of  physics,  such  as  semi¬ 
conductor  physics  [10].  Very  few  direct  methods  have  been  investigated  (see  Chorin  [11]). 
This  paper  is  a  contribution  to  the  development  of  direct  simulation  methods  for  the  Boltzmann 
equation. 

First,  we  investigate  the  Boltzmann  collision  operator  in  axisymmetric  geometry.  This 
situation  arises  in  the  study  of  shock  or  boundary  layers,  where  the  distribution  function  is 
invariant  under  rotations  of  the  velocity  about  the  normal  axis  of  the  shock  layer.  The 
distribution  function  can  be  expressed  in  terms  of  the  reduced  velocity  coordinates  (vi,v2)  e 

IR  x  IR+  : 

vi  =  (v,ej)  ;  v2  =  I  v  -  (v,ei)  ej  I  (1) 

where  t\  is  the  unit  vector  of  the  symmetry  axis.  The  symmetry  hypothesis  reads  f(x,v)  = 
f(x,vj  v2) .  By  the  isotropy  of  the  collision  operator  Q,  there  exists  a  reduced  operator  Q  , 
acting  on  functions  f,  such  that  Q(f,f)  =  Q(f,f).  In  this  paper,  we  give  an  explicit  expression  of 
Q,  which  seems  to  be  new.  The  details  of  the  derivation  of  Q  are  given  in  [12],  Since  Q 
involves  integrations  over  a  lower  dimensional  manifold  than  Q  does,  this  expression  can  be 
helpful  in  numerical  computations. 

Second,  we  investigate  the  weighted  particle  method  for  solving  the  Boltzmann  equation. 
This  method  has  been  proposed  and  analyzed  by  P.  A.  Raviart  and  S.  Mas-Gallic  [3,4,5],  in 
the  case  of  diffusion  equations  and  linearized  Boltzmann  equations.  This  paper  deals  with  its 
first  application  to  the  non-linear  Boltzmann  equation.  Although  this  method  can  be  used  in 
any  geometrical  situation,  we  will  restrict  the  presentation  to  the  axisymmetric  geometry,  and 

to  the  reduced  operator  Q.  No  error  analysis  is  yet  available  in  the  non-linear  case.  In  this 
paper,  we  present  some  numerical  results  for  test  problems. 

2.  THE  BOLTZMANN  OPERATOR  IN  AXISYMMETRIC  GEOMETRY 

3  3 

Let  f(x,v,t),  x€  IR  ,  ve  !R  ,  t  >0  ,  be  the  distribution  function,  solution  of  the  Boltzmann 
equation: 

—  +  v.V  f  =  Q(f,f)  (2) 

dt 

Q(f,f)<v0)  =  //,  ,  (ffo-ffo)  B(  |v-v0| ,  cos  x  (  d©  dv  (3) 

R  x$ 

where 

f0  =  f(x,v0,t)  ;  f  =  f(x,v,t)  ;  f0  =  f(x,v'0,t)  ;  f  =  f(x,v',t) 
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vjj  =  V0-O)((O,  Vo-v)  ;  v'  =  V  +  <o(co,  VO- v) 


(4) 


cos  x  = 


_  (v-vo.v’-Vq) 


I  v'vo|  I  v  -vi)| 

We  denote  by  S2  the  unit  sphere  of  IR3,  and  to  eS2.  B  is  a  smooth  function  which  is 
characteristic  of  the  interaction  potential. 

From  now  on,  we  will  concentrate  on  the  collision  operator,  and  will  omit  the  x- 
dependence  of  the  distribution  functions.  We  suppose  that  f  is  invariant  under  the  rotations  of 
v  about  a  given  axis  ej,  and  introduce  the  reduced  velocity  coordinates  according  to  formula 
(1).  By  the  choice  of  a  referential  in  the  orthogonal  plane  to  ej,  we  can  introduce  the  cylindrical 
coordinates  of  a  vector  v  by: 

v  =  v{g)  =  (  vi  ,  v 2 cos8  ,  v2sin0  )  ;  0  e  [0,2tt] 

We  let 

dQ(v)  =  2%v2dvidv2  ;  e(v»  =  A- (v2  +  Vj)  • 

For  an  axisymmetric  function  f ,  f  (v)  =  f  ( v  {©) )  is  independent  of  0  in  [0,2jt],  and  therefore, 
we  may  introduce  f  ( v )  such  that: 

f(V)  =  f(v(0))  ;  V0e  [0,2k]  .  (5) 

_ 

LEMMA  1:  Let  f  be  a  continuous  function  from  IR  into  (R,  symmetric  about  ej.  Let  f  be 
associated  with  f  according  to  (5).  Then,  we  have: 

Q(f.f)(  vo)  =  Q|f,f)(v0) 

with 

Q<f,f)(v0)  =  JJ  f  J^Vq,  v0,  v)  f(v  }  f(v'Q) 

(IR  x  R.) 

-  j(v0,  Vj,  vj  fjv  )  f( v0)| d£2(  Vp)  d£2(v  }  (6) 

and 

j(vb,v0,v)  =  (2jc)  2  jj  h((  v0-  Vq(  0o  )| ,  (  v  (0  )  -  vb(  0o  )j ) 

8|e(v  (0  )  +  vb(0o)-vo)  +  eo-eg-e|  d0  d0o  (7) 

where  8  stands  for  Dirac's  measure,  e  =  e(v) ,  e'  =  e(v') ,  and  so  on,  and  H  is  related  to  B 
according  to: 

B(|  v-v0|,  cosx)  **  H(|  v0-vj|,|  v0-v  j)  |y0-vj|  (8) 

with 

|  vo- vo  |2  =  v  -v0f  (1-cosx)  • 

PROOF:  The  details  of  the  computation  are  performed  in  [12],  and  are  omitted  in  this  paper. 
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The  outline  is  given  below.  The  following  expression  of  Q: 

Q(f,f)tv0l  =  HI  H(|  v0-Vo|,|  v  -v0j)  (fof'-fof  ) 

s(e'  +  eo~e  —  eo )  sjv  +  v^-v  -v0)  dv  dv^dv 

is  equivalent  to  (3)  provided  that  H  and  B  are  related  by  (8).  Indeed,  the  explicit  integration  of 
the  Dirac  measures  leads  to  the  conservation  of  momentum  and  energy,  which  is  equivalent  to 
(4).  Such  an  expression  is  widely  used  in  semiconductor  physics  [10].  Now  by  interchanging 
v’  and  v,  we  are  led  to: 

Q(f.f)<  v0J  =  (9) 

HI  H(l  vo" vo ) » I  v  - vo |)  fof  fife +eo-e‘-eo)  6(v +v<,-v-v0)  dv  dv<,dv 

’  III  H(l  V°'V"I’I  V  'V°D  fof  ^(£  +eb_e  ~e°)  s(v’  +  Vq-v  -v0)  dv  dvjjdv: 


We  only  consider  the  first  term  G(f,f)  of  the  right  hand  side  of  (9).  The  treatment  of  the  other 
term  is  analogous.  First,  the  integration  over  v'  is  achieved,  which  cancels  the  Dirac  measure 
over  momentum,  and  leads  to: 

G(f,f|(v0)  =  ||  H(j  vQ *  Vq  | ,  |  v  - vjj  j )  fof  s|e( v  +v<)-v0)  +  eo-eo-e)  dvdv;,. 

Now,  since  f  is  axisymmetric,  we  use  cylindrical  coordinates  to  perform  the  v  and  v’q 
integrations.  By  a  formal  use  of  Fubini’s  theorem  for  Dirac  measures,  we  get: 

G(f,f)(v0)  =  ff  f(vo)f(v  )  |J  h(|  v0- Vq( 0o )( ,  1  v  (e  )-Vo(e0)|| 

33  (2*)  1  }  10,2k]1 

s|e(v  (o  )+  vb(eo)-vo)  +  eo-eb-e]  d9d0odfl(v}da(vo) 
which  formally  leads  to  (6),  (7).  These  foimal  computations  are  proved  in  [12]. 

We  can  get  a  more  explicit  expression  of  J  by  introducing  additional  hypotheses  and 
notations.  We  suppose  that  H  only  depends  on  I  v'q  -  vq  I ,  and  we  let: 

v0  =  (v?,v")  ;  V  =(v!,v2)  ;  %  =  ( vj°,  v2°) . 

We  suppose  that  v°  vj0  *  0  .  We  define: 
b 


=  ((v2)2-M  -  (  V1  -  V1  )(  VI°- V?))(V2V2°) 

(M  ♦(v,-v?)(vi°-v?))  :  (v2vi1  -(V2V9 


(V2V2°) 


-2 


A  =  b2  -  c  . 
If  A  S  0 ,  we  also  introduce: 
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yx  =  -  b  -  Va  ;  y2  =  -  b  +  Va 

aj  =  Max ( - 1 , y1 )  ;  a2  =  Min(l,y2) 

and  for  u  in  [-1,1]: 


P(u)  =  (1-u2)(Y2-u)(u-Yi) 


2  v2  V2°U 


LEMMA  2:  (i)  If  A  <0  or  |b|  >Va  +  1 ,  then  J  ( vj),  v0,  v  )  =  0. 
(ii)  If  A  S  0  or  |b|  5  Va  +  1 ,  then: 


'(vb,v0,v  )  =  — L-J 

*  V2V2  hX 


h  (u) 


du 


(10) 


REMARK  1:  (i)  The  above  expressions  are  only  valid  for  v2  vj0*  0.  A  complete  expression  of 
J  for  all  the  possible  situations  is  given  in  [12]. 

(ii)  The  proof  of  Lemma  2  relies  on  the  explicit  integration  of  (7)  with  respect  to  8  and 
can  be  found  in  [12]. 

(iii)  The  integral  (10)  is  undefined  when  the  fourth  degree  polynomial  P(u)  has  a 
multiple  root  in  [aj.a^  ,  which  occurs  in  the  following  cases: 


Yi  =y2  «  Yi  =~1  or  Yi  =  1  or  y2=~l  or  Yz  =  1 
In  these  cases,  the  function  J  is  singular.  These  singularities  are  reminiscent  of  the  singularity 

of  the  Dirac  measure  sfe'  +  ejj-e  -  Co)  which  expresses  the  energy  conservation.  A 


numerical  treatment  of  the  integral  (10)  requires  a  smoothing  of  the  singularities  which 
introduces  a  discrepancy  in  the  conservation  of  energy.  This  feature  will  be  discussed  in  the 
next  sections. 

(iv)  If  the  expression  of  H  is  sufficiently  simple,  which  is  the  case  for  most 
intermolecular  potentials,  the  integral  J  can  be  sampled  and  stored  in  the  computer  memory 


with  respect  to  the  three  parameters  (y1,Y2,8),  where  8  ,  is  given  by: 


8  = 


(vi)  +  (vi°-v?)  +  (vi1  Uvjvi0)  . 


EXAMPLE  :  For  the  Coulomb  interaction  between  electrons  in  a  semiconductor,  under 


Thomas  Fermi  screening,  the  interparticle  potential  is  given  by  V  (r)  =  C  exp  (-Pr)  /  r  where  p 
is  the  reciprocal  Debye  length.  Then  H  and  J  are  written  [13]: 

i-2 


Hf|  vo ‘  vo  i )  =  c(|  vo "  vo  |2  +  P 


j(vb’  vo< v  )  = 


7'2(v2v2<1 


f 

J  ai 


du 


{ S  -2u )  tfPOi) 


(11) 

(12) 


where  S  is  defined  by 
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PROPOSITION  1 :  For  any  regular  f ,  we  have: 

(i)  Conservation  of  mass:  J  Q(f,f}(vo)  dO(vo)  =  0 

(ii)  Conservation  of  momentum:  j  Q(f,f){vo )  vj  d£2(vo)  =  0 

(iii)  Conservation  of  energy:  J  Q(  f  }  (voJ  e(vo)  dO(vo)  =  0 

(iv)  For  any  triple  of  scalars  (p,u,T)  e  [R  +  x[Rx[Rt  ,we  denote  by  Mp,u,T  f  v ) ,  the 
Maxwellian: 

MP,u,r(v)  =  — £—  e  e,7-5)/2T 
(2jtTr 

where  u  =  (u,0) .  Then,  we  have:  Q(  Mp,u,t  ,  Mp,u,t  )  =  0  • 

PROOF:  These  properties  are  inherited  from  the  usual  properties  of  the  three  dimensional 
Boltzmann  operators  [14]. 


3.  THE  DETERMINISTIC  PARTICLE  METHOD 

From  now  on,  we  will  always  deal  with  the  reduced  distribution  f  given  by  (5),  and  since 
no  confusion  will  be  possible,  we  drop  the  bars.  We  consider  the  following  space 
homogeneous,  axisymmetric  Boltzmann  equation: 

(13) 

where  Q  (  f,f  )  is  the  reduced  operator  (6),  and  E  is  a  constant  scalar.  The  E  df/dvt  term 
describes  the  effect  of  the  electric  field  on  a  population  of  charged  particles  (e.g.  charge 
carriers  in  a  plasma  or  a  semi-conductor). 


The  deterministic  particle  method  [3,4,5]  relies  on  the  approximation  of  f  by  a  sum  of 
weighted  Dirac  measures: 


f(vi,  V2,  t|-£ffli  fi  (t)  S(vi*vi,i(d)  5jv2-v2,i) 


where  vj(tl  =  ( vi,jW ,  v2ij)  is  the  position  of  the  i-th  particle  in  the  velocity  space,  co,  its 
constant  control  volume,  and  fj(t)  its  variable  weight.  The  convective  part  of  equation  (13) 
gives  rise  to  the  evolution  of  the  position  of  the  particles: 
dvi.ilt)  _ 

’  -  c  (14) 


dt 


=  E  . 


The  collision  term  is  accounted  for  by  the  variation  of  the  weights: 

m  „  Q. 

dt 


(15) 


where  Qj  is  an  approximation  of  Q(  f,f )( v^jlt) ,  v2,;) .  So  far,  any  type  of  approximation  of 
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Qi  can  be  used.  Our  method  considers  the  particles  as  quadrature  points  for  a  numerical 
quadrature  of  the  double  integral  involved  in  (6).  This  gives: 


Vjto,  Vito,  Vk{tl)fktofjto  -  j“(  Vito,  Vjto,  Vk(t)(fk(t)fi(t) 


OjtOk. 


(16) 


Ja  is  a  smoothed  approximation  of  J,  which  is  needed  because  of  the  singularities  of  J  (see 
remark  1  (iii) ). 


REMARK  2:  (i)  Equation  (14)  for  the  evolution  of  the  particles  is  particularly  simple  due  to  the 
space  homogeneity  hypothesis.  The  extension  of  the  method  to  space  inhomogeneous 
problems  does  not  lead  to  major  difficulties  [4].  Indeed,  the  main  question  remains  the 
discretization  of  the  Boltzmann  operator,  and  equation  (13)  retains  all  the  complexity  of  the 
problem. 

(ii)  Neither  error  estimates  nor  convergence  proofs  are  available  for  this  method. 
However,  this  method  has  been  proved  to  be  convergent  for  linearized  Boltzmann  operators 
[4];  most  of  the  numerical  tests  are  performed  with  linear  operators  [5,15],  or  weakly  non¬ 
linear  ones  [16]. 

We  now  detail  some  points  of  the  implementation  of  this  method.  We  have 
investigated  the  screened  Coulomb  interaction,  given  by  (11),  (12).  The  computation  of  the 
integral  (12)  at  each  time  step,  for  each  triple  of  particles  (i  j  Jc)  would  lead  to  a  tremendous 

computer  cost.  Since  J  depends  on  fvo,vj),  v)  through  only  three  scalar  parameters 

(Yi  ,?2>S),  we  perform  the  sampling  of  J  on  a  grid.  The  sampled  values  are  computed  by  a 

numerical  quadrature  of  the  integral  (12).  The  smoothed  approximation  J“  is  obtained  by  a 
truncation  of  J  near  its  singularities  (see  remark  1,  (iii)  ),  which  is  performed  during  the 
sampling  procedure.  The  asymptotic  behaviour  of  J  for  large  values  of  Yj  -  Y2  •  S  is  used 

to  compute  J  outside  the  range  of  the  sampling  parameters,  when  needed  in  formula  (16). 
Since  J  only  depends  on  the  intermolecular  potential,  the  same  sampling  can  be  used  for  all  the 
problems  involving  the  same  intermolecular  potential.  The  algorithmic  complexity  of  formula 
(16)  is  N3  (N  being  the  number  of  particles),  which  is  very  large,  even  for  a  moderate  number 
of  particles.  To  reduce  the  CPU  time,  formula  (16)  is  computed  using  only  a  few  number  of 
"effective  particles".  The  effective  particles  belong  to  a  ball  in  the  velocity  space,  centered  at 
the  maximum  of  f,  and  of  specified  radius,  chosen  large  enough  to  retain  more  than  98  %  of 
the  total  mass  of  the  distribution  function,  but  small  enough  to  lead  to  a  reasonable  computer 
cost. 

With  this  methodology,  the  sampling  procedure  (over  300,000  sample  points)  needs  10 
mn  of  CPU  time  on  CRAY-2,  and  the  simulation  itself  over  50  time  steps  needs  the  same 
amount  of  time  (with  1000  particles  and  200  effective  particles). 


4.  NUMERICAL  RESULTS 

Example  1:  We  consider  equation  (13)  with  a  centered  Maxwellian  Mp,o,t<  v  )  as  initial 
data.  Since  the  Maxwellians  are  in  the  kernel  of  the  collision  operator  Q  (proposition  1  (iv) ), 

the  exact  solution  is  a  translated  Maxwellian  Mp,Et,T<  v  1.  This  test  is  intended  to  check  whether 
the  discrete  collision  operator  acting  on  Maxwellians  is  vanishing,  or  at  least  small.  The 
equations  for  the  mean  velocity  u  and  the  mean  energy  e  follow  from  the  consevations 
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properties  (proposition  1  (ii)  and  (iii)): 


^  =  E 
dt 


—  =  Ev 
dt  * 


(17) 


and  are  also  analytically  solvable.  The  simulation  has  been  performed  in  a  context  of  semi¬ 


conductor  physics,  with  p  =  1022  electrons  per  m3  and  T  =  77  Kelvin.  In  this  context,  the 
strength  of  the  Boltzmann  operator  is  measured  in  terms  of  the  electron-electron  relaxation  time 
which  is  estimated  to  0.2  10' 12  seconds.  The  simulation  has  been  performed  over  a  time 
equal  to  5  10*12  seconds,  corresponding  to  50  time  steps. 


The  error  on  the  mean  velocity  u  has  been  observed  to  be  smaller  than  1  %.  Figure  1-a 
reproduces  the  time  evolution  of  the  mean  energy.  At  the  end  of  the  simulation,  a  small 
discrepancy  of  about  3  %  is  visible.  On  the  average,  the  mean  velocity  and  the  mean  energy  are 
quite  accurately  described.  Figure  1-b  shows  snapshots  of  the  vj  dependence  of  the 
distribution  function,  at  the  beginning  of  the  simulation  and  at  time  t  =  2  ps.  Although  the  peak 
has  correcdy  moved  towards  the  positive  velocities,  its  magnitude  has  considerably  decreased 
and  its  width  has  increased.  This  behaviour  certainly  comes  from  the  non-conservativity  of  the 
energy  by  the  discrete  collision  operator  Qj.  This  discrepancy  is  due  to  the  smoothing  of  the 
singularities  of  J  and  to  the  approximation  of  the  collision  integral  by  a  quadrature.  These 
effects  are  particularly  apparent  in  this  test  problem.  Indeed,  since  the  continuous  collision 
operator  vanishes  while  the  discrete  one  does  not,  the  numerical  errors  are  not  balanced  by 
anything  else,  and  the  relative  errors  on  the  collision  operator  are  infinite.  Therefore  this  test 
problem  can  be  considered  as  vety  severe. 


Example  2:  We  now  initialize  equation  (13)  with  a  non  equilibrium  distribution  function: 
the  "half  Maxwellian" : 

e  /  Mp.o.Tt^l  ifvi2  0 

fo(v,  =  \  0  ifVl<0 

The  exact  solution  is  not  analytically  known,  but  its  qualitative  behaviour  is  clear.  As  the  time 
proceeds  the  solution  must  approach  a  Maxwellian  with  the  same  density  and  temperature, 
moving  in  the  velocity  speed  at  the  speed  E,  just  as  in  case  1.  The  "initial  layer”  during  which 
the  solution  relaxes  to  a  Maxwellian  shape  is  or  the  order  of  a  few  xee.  Furthermore  the 
evolutions  of  the  mean  velocity  u  and  energy  e  are  still  governed  by  equations  (17),  and  are 
analytically  known.  As  shown  on  figure  2-a,  the  relative  error  on  e  is  of  the  same  order  as  in 
example  1.  Figure  2-b  again  displays  snapshots  of  the  distribution  function  along  the  vj  axis  at 
time  t  =  0 , 0.2  and  2  picoseconds.  It  shows  that  the  relaxation  towards  a  Maxwellian  shape  (t 
=  0.2  ps)  correctly  happens,  and  that  the  degradation  of  the  shape  of  the  distribution  function 
occurs  afterwards.  This  confirms  the  conlusions  of  example  1,  that  the  approximation  of  the 
collision  operator  is  better  when  applied  to  distributions  which  do  not  cancel  the  continous 
operator. 


Example  3:  We  now  investigate  a  real  problem  of  semi-conductor  physics.  We  consider 
equation  (13),  where  Q(f,f)  is  now  the  sum  of  the  Boltzmann  collision  operator  (denoted  by 
Qee  ,  representing  electron -electron  collisions)  and  of  a  linear  operator  (denoted  by  Qj  , 
representing  the  collisions  of  electrons  against  optical  phonons): 

Q(f,f)  =  Qee (fiO  +  Qi(f)  . 

The  operator  Qj  is  written: 
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Qi ( f ) ( v )  =  J[s(v',v)f(v')  -  s(V,v')f(v)|  d£2 ( v ’ ) 

s  ( v,v' )  =  P(  v,v' )  |(  No+1 ) 8 ( e’  - e  +  Ko>o )  +  No  s(e*  -  e  -  Ewo) 

where  N0  and  Ecoo  arc  positive  constants  and  P  is  a  smooth  function.  The  reader  will  find  more 
details  about  these  models  in  [13,15]  .  The  phonon  interaction  exhibits  a  threshold 
phenomenon  at  the  energy  ficoo :  indeed,  Qx  { f  M  v )  is  almost  vanishing  for  energies  e(  v  )  < 
hco0  •  If  the  equation  is  initialized  with  a  centered  Maxwellian,  the  solution  stabilizes  at  a 
stationary  solution  after  some  transient  behaviour.  The  stationary  solution  results  from  the 
balance  between  the  electric  field  and  the  collision  operator  Qj  (which  has  a  dissipative  effect). 
The  threshold  behaviour  of  the  phonon  interaction  induces  a  very  particular  shape  of  the 
transient  solution:  the  mean  velocity  and  the  mean  energy  first  reach  larger  values  than  those  of 
the  stationary  state  before  decaying  towards  these  values.  This  "overshoot"  behaviour  is  due  to 
the  fraction  of  the  electrons  which  are  accelerated  by  the  electric  field  up  to  the  energy  Kcdo  and 
suddenly  undergo  a  phonon  interaction  which  makes  them  lose  all  their  energy.  It  is  expected 
that  including  the  electron-electron  interaction  should  decrease  the  magnitude  of  the  overshoot 
Indeed,  this  interaction  makes  the  distribution  function  more  isotropic,  and  therefore 
diminishes  the  number  of  the  electrons  reaching  the  energy  Ecoq.  Figure  3-a  and  3-b  display 
the  mean  velocity  and  the  mean  energy  versus  time  for  the  phonon  interaction  alone  and  for  the 
phonon  and  the  electron-electron  interaction  together.  We  actually  observe  the  expected 
influence  of  the  electron-electron  interaction  on  the  magnitude  of  the  overshoot 

Conclusion  of  the  numerical  tests:  The  proposed  discretization  of  the  Boltzmann  equation 
leads  to  a  quite  accurate  description  of  the  moments  of  the  distribution  function  (mean  velocity 
and  mean  energy).  This  is  important  since  these  are  the  quantities  of  interest  for  engineers. 
Moreover,  it  seems  to  (at  least  qualitatively)  predict  the  correct  behaviour  in  the  physical  case 
that  has  been  tested.  However,  improvements  should  be  made  to  reduce  the  discrepancy  in  the 
conservation  of  the  energy  by  a  better  description  of  the  singularities  of  J.  More  significant  test 
problems  should  also  be  investigated. 


5.  CONCLUSION 

We  have  presented  a  new  formula  for  the  Boltzmann  operator  in  axisymmetric  geometry, 
and  its  application  to  numerical  simulations  in  connection  with  deterministic  particle  methods. 
This  method  is  one  of  the  very  few  direct  methods  (i.e.  non  Monte-Carlo)  to  be  investigated 
for  the  solution  of  the  Boltzmann  equations.  We  have  developped  some  computational  aspects 
of  the  method  and  presented  numerical  results  on  test  problems.  Its  relatively  low  cost  (about 
10  minutes  CPU  on  CRAY-2  for  one  simulation)  makes  the  method  attractive,  even  though  it 
displays  some  unpleasant  features.  Many  improvements  may  be  investigated,  and  this  method 
may  appear,  in  the  near  future,  as  an  interesting  alternative  to  Monte-Carlo  methods. 
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(a) 


(b) 


Figure  1:  Equation  (13)  with  a  Maxwellian  initial  data 

I -a'  mean  energy  versus  time  for  the  exact  solution  (solid  line)  and  for  the  computed  solution  (dashed  line). 
The  relative  error  reaches  3%  at  the  end  of  the  simulation. 

1-b  Distribution  function  versus  vj  at  time  t  =  0  (dashed  line)  and  t  =  2  ps  (solid  line).  The  computed 
solution  exhibits  a  non  physical  diffusion. 

(a)  (b) 


Figure  2:  Equation  (13)  initialized  with  a  half  Maxwellian: 

2-a:  mean  energy  versus  time  for  the  exact  solution  (solid  line)  and  for  the  computed  solution  (dashed  line). 
Same  observation  as  for  figure  1-a. 

2-b  Distribution  function  versus  vj  at  time  t  =  0  (solid  line),  t  =  0.2  ps  (dashed  line),  and  t  =  2  ps  (solid 
line).Between  0  and  0.2  ps,  the  correct  relaxation  of  the  distribution  function  towards  a  Maxwellian  shape  is 
observed.  Between  0.2  and  2  ps,  a  non  physical  diffusion  occurs. 
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(a) 


(b) 


Figure  3:  Equation  (13)  where  Q(f,f)  is  the  sum  of  an  electron-electron  collision  term  and  of  an  electron-phonon 
collision  term: 

3-a  mean  velocity  versus  time  for  an  electron-phonon  collision  term  alone  (solid  line),  and  for  the  sum  of  an 
election-election  and  an  electron-phonon  collision  term  (dashed  line). 

3-b  mean  energy  versus  time;  idem. 

We  observe  a  smoothing  of  the  overshoot  by  the  electron-electron  collision  term,  in  accordance  to  the 
qualitative  prediction  (see  text). 
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ABSTRACT 

We  propose  two  Formulations  of  the  boundary  conditions  for  nonlinear 
hyperbolic  systems  of  conservation  laws.  A  first  approach  Is  based  on  the 
vanishing  viscosity  method  and  a  second  one  is  related  to  the  Riemann 
problem.  The  equivalence  between  these  two  conditions  Is  studied.  The 
latter  formulation  is  extended  to  treat  numerically  physically  relevant 
boundary  conditions.  Monodimensional  experiments  are  presented. 


INTRODUCTION 


We  study  Initial -boundary  value  problems  for  nonlinear  hyperbolic 
systems  of  conservation  laws.  Recall  that  with  strong  Dirichlet  boundary 
conditions  the  associated  problem  Is  not  well  posed.  Generally  there  is 
neither  existence  nor  uniqueness.  Thus  weaker  conditions  are  necessary  ;  in 
the  linear  case  by  example  we  know  that  data  are  given  only  on  Incoming 
characteristics . 

In  this  paper  we  define  the  boundary  condition  in  terms  of  admissible 
values  at  the  boundary,  related  to  the  boundary  datum.  In  our  first 
formulation  the  set  of  admissible  values  is  defined  thanks  to  a  boundary 
entropy  Inequality  obtained  by  the  vanishing  viscosity  method  and  the 
second  set  is  related  to  the  resolution  of  a  Riemann  problem  at  the 
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boundary.  The  equivalence  of  these  two  formulations  is  established  for 
nonconvex  scalar  conservation  laws  and  strictly  hyperbolic  linear  systems. 
The  second  formulation  is  naturally  applied  to  Godunov- type  numerical 
schemes  :  the  numerical  boundary  condition  reduces  to  the  computation  of  a 
boundary  flux  thanks  to  some  Riemann  problem  (or  partial  Riemann  problem  in 
physically  relevant  situations).  As  an  application,  outgoing  waves  from  the 
Sod  shock  tube  are  presented. 


BOUNDARY  ENTROPY  INEQUALITY  (FIRST  FORMULATION) 


We  consider  a  nonlinear  hyperbolic  system  of  conservation  laws  in  one 
space  dimension  : 


3u  3 

—  +  —  f(u)  -  0  ;  u(x,t)  e  Rn  ,x>0,t>0  (1) 

3t  3x 

where  f  :  R  -*  R  is  a  smooth  flux -function.  We  suppose  that  there  exists  at 
least  a  pair  (q,q)  of  entropy- flux  in  the  sense  of  Lax  [9] .  The  initial 
boundary  value  problem  obtained  by  the  viscosity  method  (e>0)  : 


£ 

2  £ 

3u  3  c 

3  u 

—  +  —  f(u  ) 

—  €  - o 

x  >  0 

3t  3x 

3xz 

u£(x,0) 

-  Vx> 

x  >  0 

u£(0,t) 

-  Vt) 

t  >  0 

£  £ 
admits  a  unique  solution  u  and  we  study  the  behaviour  of  u  at  the 

boundary  as  e  tends  to  zero.  In  fact  a  discontinuity  appears,  in  general, 

at  the  boundary.  The  following  result  (essentially  formal)  yields  an 

inequality  at  this  discontinuity. 


c  X.  ,  A.  . 

Theorem  1.  Suppose  that  u  is  bounded  in  W(oc(R  xR  ,R  )  and  converges 
in  Ljoe  to  u  as  £-»0.  Then  for  each  admissible  pair  (q,q)  of  entropy-flux  we 
have  the  following  boundary  entropy  inequality  : 


q(u(0\t))  -  <j(Up  (t) )  -  d»j(u0(t)).(f(u(0+,t))-f(u0(t)))  <  0  ,  t  >  0  (3) 
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between  the  taken  value  u(0*,t)  and  the  prescribed  value  uQ(t)  at  the 
boundary . 

This  result  was  first  derived  In  [2]  In  the  particular  case  of  scalar 
conservation  laws .  The  details  concerning  the  derivation  of  the  boundary 
entropy  Inequality  (3)  In  the  case  of  systems  of  conservation  laws  are 
presented  In  [6].  Remark  that  the  latter  Inequality  was  Independently 
obtained  by  other  methods  [1,12]. 

Given  a  state  Ug  we  define  a  (first)  set  of  admissible  values  at  the 
boundary  : 

E(Ug)  -  •{  v  e  Rn,  q(v)-q(u0)-dij(u0).(f(v)-f(u0))  £  0  , 

V  (*l.q)  pair  of  entropy-flux  J- 

Therefore  let  us  extend  the  notion  of  Dirichlet  boundary  condition  and 
define  our  (first)  formulation  of  the  boundary  condition  : 

u(0\t)  €  E(U(j  (t) )  ,  t  >  0  •  (4) 

The  set  E(u.(t))  can  be  entirely  expliclted  for  both  strictly  hyperbolic 
linear  systems  and  non-convex  scalar  conservation  laws  (see  [6]  for  the 
proofs) . 

Proposition  1.  Strictly  hyperbolic  linear  systems. 

Suppose  that  f(u)  ■  A.u,  with  a  constant  matrix  A  characterized  by  n 
eigenvalues  X(  (and  n  associated  eigenvectors  r( )  satisfying 

X,  <  x2  <  ...  <  XP  S  0  <  Ap+1  <  ...  <  A„  .  (5) 

Then  the  set  E(Ug)  Is  the  affine  space  containing  u0  and  generated  by  the  p 
first  eigenvectors  of  A  : 

P 

-  •{  %  +  °i  ri  •  Bt . apeRf  ■ 

The  Interpretation  of  the  boundary  condition  (4)  here  is  the  following  : 
the  components  of  u(0+,t)  on  the  (n-p)  last  eigenvectors  (i.e.  the  incoming 
characteristics)  are  given  by  the  boundary  state  u,j(t).  With  the  present 
approach  we  recover  the  classical  one  in  this  particular  case. 
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Proposition  2.  Scalar  conservation  lavs. 

Suppose  that  the  flux  f(u)  is  a  C1  function  from  R  to  R.  Then  the  set  E(Ug) 
of  the  admissible  states  u  is  entirely  characterized  by  the  family  of 

inequalities  : 


f(u)  -  f(k) 
u  -  k 


£  0 


V  k  e  [U,Ug  ]  U  [Ug  ,U]  . 


(6) 


This  proposition  was  previously  established  in  [10] ,  and  a  geometrical 
interpretation  is  presented  in  [6].  In  the  particular  case  of  convex  scalar 
conservation  laws  the  latter  is  simpler.  Let  us  specify  it  for  the  Burgers 
equation. 


Propositon  3.  Burgers  equation. 

When  u  e  R  and  f(u)  ■  uz/2  ,  the  set  E(Ug)  is  given  by  : 

(i)  if  Ug  a  0  ,  E(Ug)  -  ]-<”,-Ug]  U  \  Ug  ^ 

(ii)  if  Ug  S  0  ,  E(Ug)  -  ]-»,0]  . 

In  the  general  case  of  an  hyperbolic  system  of  conservation  laws,  the  lack 
of  mathematical  entropies  does  not  allow  a  complete  description  of  this 
boundary  set  E(uq). 


APPROACH  BY  THE  RIEMANN  PROBLEM  (SECOND  FORMULATION) 

For  our  second  formulation  of  the  boundary  condition  [5,6]  we  suppose 
that  each  Riemann  problem  R^.u,,)  associated  with  (1)  admits  a  unique 
entropy  solution  denoted  by  w(x/t;ul  .u,, ) .  Let  us  define  a  second  set  of 
admissible  values  by  : 

V(Ug)  -  •{  w(0+;u0,u8),  u,  varying  in  Rn  f  . 

Then  we  have  the  following  result  which  generalizes  [9]  : 
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Theorem  2 

Let  vfl, 

Uo  be 

constant  states  of  Rn .  The  problem 

3u  a 

at  ax 

f(u)  - 

0 

x  >  0  ,  t  >  0 

(7) 

U(x,0) 

vo 

x  >  0 

.  U(0,t) 

€ 

t  >  0 

is  v«ll  posed  in  the  class  of  functions  which  consist  of  constant  states 
separated  by  at  most  n  elementary  waves  (rarefactions,  shocks,  contacts). 


Proposition  4.  Link  between  the  two  formulations. 

In  particular  cases  of  strictly  hyperbolic  linear  systems  and  (non 
necessarily  convex)  scalar  conservation  laws,  the  two  sets  are  identical: 

E(Up )  -  V(Ug  )  Vu,  e  Rn. 

The  advantage  of  the  second  formulation  is  that  V(uQ )  can  be  easily 
computed.  For  the  p-system,  V(u,j)  is  exactly  the  1-wave  containing  Up  .  And, 
in  [5,6]  we  have  given  details  on  the  V-sets  in  the  case  of  barotropic 
Euler-Saint  Venant  equations.  For  more  precise  relations  concerning  the  E 
and  V  sets  in  the  particular  case  of  2x2  systems  of  conservation  laws,  we 
refer  to  [3,6].  Refer  also  to  [11]  about  a  formulation  of  boundary 
conditions  for  weighted  conservation  laws. 


APPLICATION  TO  THE  EULER  EQUATIONS  OF  GAS  DYNAMICS 


We  apply  now  the  ideas  developed  previously  to  Godunov- type  finite 
volume  numerical  schemes  [8].  We  restrict  ourselves  to  the  first  order 
accurate  methods.  The  interval  [0,1]  is  divided  into  N  cells  and  the 
numerical  approximation  of  the  conservation  law  (1)  at  time  tn-nAt  in  the 
j '  cell  is  given  by  : 


1  n+1 

(  u. 

At  J 


1  n 
}  +  to  (  + 


-  f 


n 

j-1/2 


)  -  0 


(8) 
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For  the  internal  cells  we  have  classically 

W,  j  -  1,2 . N-l  (9) 

n  n 

for  some  numerical  flux  function  <p  that  approaches  the  flux  f(w(0;u,  ,u.  .)> 

n  n  j  j  ' 

of  the  Riemann  problem  R(Uj,Uj4.1)  when  x/t-0.  We  suppose  that  a  boundary 

state  u^  (resp  Up)  is  given  for  x  £  0  (resp  x  a  1)  and  we  consider  it 

intuitively  as  a  limiting  state  for  x  tending  towards  -®  (resp  +«°) .  Thus 

the  numerical  boundary  condition  at  time  tn  results  from  the  interaction  of 

n  n 

(resp  Uj)  with  the  value  U|  (resp  u^)  of  the  field  in  the  first  (resp 
last)  cell: 

f,/2  “  4  (  “i.  >  ui  )  >'  fs+i/2  “  4*  <  “k  > 

This  kind  of  numerical  boundary  condition  in  terms  of  a  numerical  flux 
is  natural  with  the  approach  of  finite  volumes.  This  fact  was  first 
recognized  by  Godunov  (e.g.  [7]). 

The  numerical  scheme  (8) (9) (10)  has  been  applyed  to  the  Sod  shock  tube 
[15]  for  the  Euler  equations  of  gas  dynamics,  i.e.  with  left  and  right 
states  u^  -  (/>L,vL,pL)  -  (1,0,1)  ,  u,,  -  (P0.v0,p0)  -  (0.125,0,0.1)  ,  and 
N-100  cells.  We  used  the  Osher  upwind  scheme  [13]  and  have  performed  the 
numerical  computation  for  a  time  sufficiently  long  so  that  the  different 
waves  have  been  gone  outside  the  computational  domain  [0,1]  (see  Figure  1). 

Some  results  are  plotted  on  Figure  2.  The  boundary  condition  (10)  appears 
numerically  as  transparent  for  all  these  nonlinear  waves  and  the  physical 
fields  at  x  -  0  and  x  -  1  are  correct  (the  difference  with  the  exact 
solution  is  first  due  to  the  high  level  of  numerical  viscosity  contained  in 
the  first  order  scheme) .  More  details  on  this  problem  with  the  use  of  the 
exact  linearized  implicit  Osher  scheme  are  developed  in  [4]. 

We  focus  now  on  more  realistic  boundary  conditions  for  the  Euler 
equations.  For  most  of  the  internal  aerodynamics  problems  a  state  Ug(t)  is 
not  physically  given  at  the  boundary.  As  usual,  we  distinguish  between  four 
cases  :  the  fluid  may  be  sub  or  super- sonic  at  the  in  or  out- flow  and  i 

physical  parameters  can  be  associated  with  each  case  [16]  :  (i)  supersonic  f 

inflow  :  a  state  Uq  ,  (ii)  subsonic  inflow  :  total  enthalpy  H  and  physical 
entropy  S  ,  (ill)  subsonic  outflow  :  static  pressure  P  ,  (iv)  supersonic 
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outflow  :  no  numerical  datum.  We  review  briefly  the  main  ideas  of  [4],  For 
each  of  the  four  above  cases  a  manifold  (eventually  with  boundary)  M  is 
defined  by  the  boundary  data;  we  have  respectively 


(i)  M  -  ■{  (p0,v0,p0)  }• 

f  1  ,  IP  7  1 

(ii)  M  -  |  (/>,v,p)  /  -vz+  —  -  H,p-S  p  | 

(iii)  M  -  •{  (/>,v, p)  /  p  -  P  }• 

(iv)  M  -  |  (p.v.p)  /  v  -  c  £  0  ,  c2  -  —■  |  . 


(iv)  M  -  |  (p.v.p)  /  v  -  c  £  0  ,  c  -  —  |  . 

Then  the  formula  (10)  relative  to  the  computation  of  the  boundary  flux  is 
adapted  as  follows  (we  consider  only  the  case  x  -  0) .  A  partial  Riemann 
problem  P(M,z)  is  posed  naturally  by  the  boundary  condition  between  the 
manifold  M  and  the  state  z  located  in  the  (first)  cell  of  the  computational 
domain.  We  solve  this  problem  in  the  same  manner  as  Lax  did  [9]  for  the 
classical  Riemann  problem.  A  family  of  codimM  (equal  respectively  to 
3, 2, 1,1  in  the  previous  cases)  nonlinear  waves  issued  from  z  Intersects  M 
at  a  state  I.  Interpreting  those  waves  in  the  (x,t)  plane,  the  solution  of 
P(M,z)  joins  the  state  I  (of  M)  to  the  state  z  thanks  to  a  fan  of  codimM 
waves  (Figure  3).  Then  the  boundary  flux  f1/2  is  given  by 

f,/2  -  f(W)  (11) 

where  W  is  the  state  of  this  fan  located  at  x/t-0* .  In  [4]  we  have  used  the 
Riemann  solver  of  Osher  that  contains  only  (eventually  multivalued) 
rarefactions.  Thus  we  have  taken  into  account  the  (eventual)  multiplicity 
of  the  states  W.  Furthermore  in  the  particular  case  (iii)  (given  pressure 
P)  and  for  a  sufficiently  weak  nonlinearity  (i.e.  p(z)  not  too  far  from  P) 
we  recover  previous  results  obtained  by  Osher- Chakravarthy  [14].  We  have 
also  tested  in  [4]  all  thoses  boundary  conditions  (i)-(iv)  for  one 
dimensional  nozzles  using  both  the  explicit  and  linearized  implicit 
versions  of  the  scheme. 
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Figure  1.  The  Sod  shock  Cube  for  tine  tending  to  Infinity. 


Figure  2.  Evolution  of  the  velocity  at  x-0  (left)  and  of  the 
density  at  x-1  (right)  for  the  Sod  shock  tube  with 
N-100  cells.  The  dotted  line  is  the  exact  solution. 


Figure  3.  Resolution  of  the  partial  Rieaann  problea  p(M,z) 
in  the  particular  case  (Hi) . 
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SUMMARY 


For  the  solution  of  the  steady  incompressible  Navier-Stokes  equation,  an  explicit  Runge- 
Kutta,  finite-volume  solver  has  been  created  using  the  artificial  compressibility  method. 
The  standard  k  —  e  turbulence  model  has  also  been  included.  A  stability  analysis  was 
performed  for  the  condition  of  the  local  time  step  for  the  Runge-Kutta  scheme.  Numer¬ 
ical  results  are  presented  for  laminar  and  turbulent  flow  over  two  different  backward 
facing  steps. 


INTRODUCTION 


Recently  Muller  and  Rizzi  developed  a  Navier  Stokes  solver  based  on  an  explicit  Runge- 
Kutta  finite  volume  method  to  simulate  laminar  compressible  flows  over  wings  [1].  In 
this  paper  we  are  concerned  with  incompressible  flow.  If  we  were  to  simply  apply  the 
compressible  code  to  this  problem  we  would  find  that  it  would  not  converge  well  at  all 
because  with  decreasing  Mach  number  sound  waves  travel  at  a  speed  much  larger  than 
the  speed  of  convection  and  they  dominate  the  system  making  it  stiff.  This  increasing 
disparity  in  wave  speeds  causes  the  governing  system  of  equations  to  be  poorly  condi¬ 
tioned,  and  the  stability  of  the  computation  is  greatly  impaired.  If,  however,  the  interest 
is  only  the  steady  flow,  artificial  compressibility  is  one  way  round  the  difficulty,  because 
this  approach  removes  the  sound  waves  from  the  system  by  prescribing  a  pseudotempo¬ 
ral  evolution  for  the  pressure  through  the  continuity  equation  which  is  hyperbolic  and 
which  converges  to  the  true  steady  state  value. 

Our  purpose  here  is  to  describe  a  rather  general  numerical  method  that  takes  the 
artificial  compressibility  approach  for  solving  the  steady  incompressible  Navier  Stokes 
equations  for  laminar  now  and  also  for  turbulent  flow  with  a  k  —  e  turbulence  model. 
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We  show  how  it  leads  to  a  hyperbolic/parabolic  system,  we  carry  out  a  numerical  study 
of  its  condition  and  set  forth  the  CFL  stability  limit  for  the  time  integration. 

Results  are  presented  for  internal  laminar  and  turbulent  flow  over  two  backward 
facing  steps.  Tne  numerical  simulations  are  compared  to  the  available  experimental 
data. 


MATHEMATICAL  MODEL 


Incompressible  Navier-Stokes  equations 

Since  the  continuity  equation  for  incompressible  flow  contains  no  time  dependent  term, 
an  artificial  time  dependent  term  is  added  to  the  continuity  equation.  This  is  done  by 
using  the  method  proposed  by  Chorin  [2].  The  Navier-Stokes  equations  governing  an 
incompressible  flow,  using  the  above  method  for  the  continuity  equation,  can  then  be 
stated  in  the  following  way: 

1  dp  ,duj 

7J+Cdi  =  °  (1) 

duj  dujUj  l  dp  pddui  = 

dt  dxj  po  dxi  pa  dxj  dx,  ^ 

where  p0  is  the  constant  density,  u<  are  the  velocity  components,  p  is  the  viscosity 
coefficient  and  p  the  pressure.  The  viscosity  coefficient  p  is  supposed  to  be  constant, 
and  c  is  an  arbitrary  parameter  for  optimal  convergence.  These  equations  have  no 
physical  meaning  until  steady  state  is  obtained. 

Introducing  the  integral  formulation  of  (1,  2)  the  incompressible  Navier-Stokes  equa¬ 
tions  can  be  written: 

LidV+L™dS-a  (3) 

where  in  two  space  dimensions: 

3=  (|)  >  H(«  =  (4Vr)  ’  T  =  7o9radiI 

I  is  the  identity  matrix  and  r  is  the  stress  tensor. 


The  k  —  e  turbulence  model 

Assuming  that  all  flow  variables  can  be  expanded  in  the  form  f  =  J  +  f  where  7  is  a 
mean  value  and  /'  is  a  fluctuation  around  the  mean,  the  transport  equations  governing 
an  incompressible  flow  can  be  stated  in  the  following  way  [3]: 

dVj  dv&j  1  dp  P  d  dVj 

dt  dx,  ~  podxi  pa  dxj  dxj  dxj 

The  turbulent  Reynolds  shear-stress  dxu'uj' /dxj  is  connected  to  the  mean  field  by 
means  of  the  generalized  Boussinesq’s  hypothesis: 

3u7v  _  pr  _  2 

dx,  pa  dx,  dn’  3  '3 


(5) 


r 


where  pr  =  vrpa  is  the  eddy  viscosity,  &ij  the  Kronecker  delta  and  k  =  ju/2  the  turbu¬ 
lent  kinetic  energy.  The  bar  denoting  mean  quantities  will  from  now  on  be  dropped. 

Introducing  a  new  variable  e  for  the  dissipation  rate  of  the  turbulent  kinetic  energy, 
the  standard  k  —  e  turbulence  model,  consisting  of  two  additional  transport  equations 
for  k  and  e,  may  be  stated  : 


dk  dvLjk  d  vrdk  .dm  duj  dm 
dt  +  dx i  ~  dxiffk  dii  VT  dij  dxt  dx, 

de  duit  d.uTde  e  du{  du,  du<  _ 

dt  dii  dx;  crt  dx <  T  uk  dx;  dii  dx j  u  k 


(6) 


(7) 


where  t/T  =  .  c„,  <r*,  <r„  cu  and  c2,  are  empirically  determined  constants.  The  first 

terms  on  the  right  hand  side  in  equations  (6)  and  (7)  are  the  diffusion  terms,  the  second 
terms  are  the  production  terms  and  the  third  terms  are  the  dissipation  terms. 

The  integral  formulation  of  the  incompressible  Navier-Stokes  equations  with  the  k—e 
turbulence  model  can  be  introduced  in  accordance  with  (3).  One  additional  term  occurs 
though,  a  volume  integral  containing  the  production  and  the  dissipation  terms[3]. 


NUMERICAL  METHOD 


Spatial  Discretization 


The  centered  finite  volume  method  is  adopted  here  for  solving  the  governing  equations 
(3),  the  same  method  used  for  the  incompressible  Navier-Stokes  equations  [4]  and  the 
Euler  equations  [5].  The  same  method  has  been  applied  to  the  incompressible  Navier- 
Stokes  equations  with  the  k  —  e  turbulence  model.  A  short  description  of  the  method 
will  be  given  below. 

Let  the  computational  domain  Q  be  divided  into  a  number  of  quadrilateral  subdo¬ 
mains  (lij  which  form  a  structured  grid  with  m  x  n  cells.  The  solution  to  the  volume 
integral  in  the  governing  equations  is  then  approximated  in  the  following  way  : 


L  fr-* 


dq, 


(8) 


where  volij  is  the  volume  of  cell  (i  j). 

The  surface  integral  in  equation  (3)  is  approximated  by  the  sum  over  all  cell  lattices 
in  the  quadrilateral  of  the  averaged  value  of  H  at  the  lattice  times  the  surface  vector  S: 


i  \l=l  /  j 


0) 


where  S|  is  the  outward  pointing  surface  vector  at  cell  lattice  l  and  where  m  is  the 
averaging  operator. 

The  flux  tensor  H  is  readily  available  in  cell  f except  for  the  gradients  of  the 
velocity  components.  Following  the  definitions  of  the  conservative  variables  as  cell 
averages,  the  gradients  in  cell  Q axe  defined  by: 


(grad<t>)n. .  = 


_  Jh„,  grad<t>dV  _  fgn.  .  4>dS 


fm,dV 


voli. 


=^(£*■4  <10> 


107 


J 


where  <j>  =  u,v  (or  w  if  three  dimensions). 

The  approximations  (8),  (9)  and  (10)  finally  lead  to  the  semi-discretized  formulation 


d| 

dt 


(ii) 


This  equation  will  be  referred  to  as  the  interior  scheme.  A  corresponding  interior 
scheme  is  obtained  for  the  incompressible  Navier- Stokes  equations  with  the  k  —  e  turbu¬ 
lence  model,  but  we  will  restrict  ourselves  for  the  time  being  to  talk  about  the  laminar 
equations. 


Boundary  Conditions 

At  a  solid  wall  the  no-slip  condition  for  the  velocity  is  used.  The  wall  pressure  is  obtained 
by  asstuning  the  boundary  layer  approximation  to  hold  on  the  solid  wall  dp/dn\v  —  0. 

It  is  physically  meaningless  to  integrate  the  k  —  e  equations  up  to  the  wall  since  the 
standard  high  Reynolds  number  model  is  not  valid  in  the  vicinity  of  the  wall.  In  order 
to  avoid  modifications  to  the  model,  a  fictitious  boundary  is  generally  located  inside 
the  flow  at  a  distance  yv  from  the  wall.  Then  universal  laws  are  used  to  describe  the 
behaviour  of  the  fluid  at  this  boundary.  This  so-called  wall-function  approach  can  be 
obtained  by  assuming  the  near-wall  region  to  be  in  local  energy  equilibrium,  so  that 
the  velocity  profile  is  logarithmic  and  the  turbulent  shear  stress  is  constant.  For  a  more 
detailed  description  of  the  wall-function  approach,  see  the  article  by  Chieng  et  a J.  [6] 
and  also  [3]. 


Numerical  Damping 

Using  the  interior  scheme  (11)  and  the  boundary  conditions  described  in  the  previous 
section,  the  physical  flux  over  each  cell  has  now  been  determined.  The  physical  difference 
operator  F^  thus  reads: 


V€M**  \l=l  / 


(12) 


The  central  differences  in  (12)  give  rise  to  oscillations  and  that  is  why  some  numerical 
damping  have  to  be  added  to  the  scheme  in  order  to  damp  the  short  wavelengths.  The 
damping  must  then  be  of  higher  order  than  (12).  Thus,  the  toted  difference  operator 
F  consists  of  the  physical  part  and  the  numerical  part  Fn.  In  interior  cells  the 
numerical  damping  is  defined  by  a  fourth  order  difference  operator,  and  the  semi-discrete 
approximation  of  the  incompressible  Navier-Stokes  equations  can  be  written: 


j? 


dt 


=  1W&)  +  &(&#)  .  £.(&)  =  -m'  + 


(13) 


where  equivalent  for  Sj$j.  T  =  e^IMAG/At  with  e<  a  constant 

in  the  range  0.005  to  0.01,  IMAG  being  the  maximum  CFL  number  used  and  At  the 
time  step.  Near  boundaries  Fn  is  defined  by  non-centered  differences  [7]  [4]  to  ensure 
the  dissipative  property  of  damping. 
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Time  Integration 


The  method  to  integrate  ordinary  differential  equations  like  (12)  is,  in  this  paper  an 
explicit  one  step,  four  stage,  first  order  accurate  Runge-Kutta  algorithm.  It  has  earlier 
been  shown  that  this  algorithm  is  superior  to  the  standard  three  stage,  second  order 
Runge  Kutta  scheme  [4].  For  a  general  system 


f-*® 

this  scheme  is  defined  as 

£+i  =  qn  +  j  A tF(qn ) 

9n +i  =  ?»  +  Yg  AtF(^+l) 

Cj  =  9n  +  ^At/(Cl) 

?n+i  =  +  AtF(gJi)) 

and  allows  a  CFL  limit  of  3  and  the  stability  region  is  shown  in  Fig.  1. 


(14) 

(15) 


Stability  Analysis 


A  scalar  model  equation  is  used  to  study  the  stability  of  the  semi-discretized  incom¬ 
pressible  Navier- Stokes  equations  (11) [4]: 


§* +  Alff  +  =  VlW  +  +  *0  +  eiS*  +  ei0 


(16) 


Equation  (16)  is  derived  from  the  differential  form  of  the  incompressible  Navier- 
Stokes  equations  written  in  curvilinear  coordinates  £  and  rj  by  linearizing  the  momentum 
equation  and  from  the  differential  form  of  the  fourth  order  damping  term  [8].  The  1st 
derivatives  are  due  to  the  convective  terms,  the  2nd  derivatives  to  the  viscous  terms 
and  the  4th  derivatives  to  the  numerical  damping.  They  are  discretized  by  second- 
order  central  differences,  which  are  equivalent  to  the  finite  volume  approximation  on  an 
equidistant  Cartesian  grid: 

f|..  =  ^M«d  +  0(A£*)  ,  ^  -S^W^W  +  ^At*)  (17) 

=  ,  0.j.  =  ^i(^),^+°( at*)  (is) 

mir^iK6“‘M4+0{he'A''1)'  (19) 


The  fourth  derivatives  are  discretized  according  to  (13).  The  semi-discrete  approxi¬ 
mation  of  (16)  is  then  obtained  : 


I +  +  ■ 


a?  '  An* 


(20) 
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The  stability  region  of  the  Runge-Kutta  scheme  applied  to  the  test  equation 

dq 

<2l> 

is  given  by 

ls(AAt)|  <  1  (22) 

(Fig.  1)  where  g(z),  z  =  AA t  is  the  growth  factor. 

A  Fourier  analysis  is  used  to  investigate  the  stability  of  the  scheme  (20)  by  setting 

q  =  q(t,ku  kt )«**«*">  (23) 

where  k\  =  2ir/ \\  and  fcj  =  2ir/\t  Eire  the  wave  numbers,  Ai  and  A2  the  wavelengths 
Eind  i  =  \/—l.  The  stability  condition  (22)  is  then  satisfied  if: 

0  >  JfelAAO  >  >  REAL  (24) 

and 

|/m(AAt)(  <  At[^  +  <  I  MAG  (25) 

where  Re  smd  Im  denote  the  real  and  imaginary  part  of  a  complex  number.  REAL 
and  IMAG  are  choosen  such  that  all  complex  numbers  with  REAL  <  Re(z)  <  0  smd 
|/m(z)|  <  IMAG  lie  inside  the  stability  region  of  scheme  (14). 

To  be  able  to  choose  a  stable  time  step  for  the  present  method,  the  coefficients  in 
the  model  equation  must  be  related  to  the  incompressible  Navier-Stokes  equations.  The 
coefficients  |At|  and  |Aj|  are  choosen  equal  to  the  maximum  eigenvalues  for  the  Jacobian 
matrices  for  the  Euler  equations  in  (-  and  q-directions  [4],  By  using  the  relation  between 
metric  expressions  in  £-  and  rj-  coordinates  and  the  geometric  quantities  in  the  finite- 
volume  technique  [9],  the  following  relation  is  obtained: 

=  [U  +  (U*  +  c*  (26) 

where  S’  =  (| \SIX\  +  \SJX\)*  +  (\SIY |  +  |SJF j)*  ,  U  =  \u  ■  S*J|  +Ju  ■  S J|.  SJ  and 

SJ  are  the  arithmetic  average  surface  vectors  in  I  and  J  direction.  SI  =  (SIX,  SIY) 
etc. 

The  coefficients  tq,  i/2  and  v3  in  (16)  are  derived  by  the  viscous  part  of  the  linearized 
momentum  equation.  Again  using  the  relation  between  metric  expressions  Eind  the 
geometric  quEintitie3  in  the  finite-volume  technique  leads  to: 


ig  SI  SI 
A£J  V  volt/ 


%  g  \SI-SJj 

AfAr,  ~  voli/ 


v3  sj-Sj 

Aq*  ~  V  voli / 


where  v  =  fi/po-  The  coefficients  «i  Eind  e3  are  choosen  according  to  (13) 

_fi_  *  _r  _!*_  _  _r 

A  r  A  *  A  A  ~~  L  « 


This  leads  to  the  following  relation  for  the  local  time  step  in  two  dimensions: 
a  4  —  \n _ _ 


At  =  min[IMAG 


U  +  iU'  +  ctS*)* 


| REAL  -  32e</iV/AG| — = — 3 - = - *—] 

v[SI  ■  SI  +  2|57  •  SJ\  +  SJ  ■  SJ] 
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The  condition  for  the  local  time  step  in  three  dimensions  is  derived  analogously.  Cor¬ 
responding  stability  analysis  can  be  made  for  the  incompresible  Navier-Stokes  equations 
with  the  k  —  e  turbulence  model  in  a  similar  manner [3]. 


RESULTS 


Laminar  flow 

Results  have  been  obtained  for  internal  laminar  flow,  Re=50,  2:3  expansion,  over  a 
backward  facing  step,  the  problem  of  a  1984  GAMM  workshop[10].  A  parabolic  shape  of 
the  velocity  on  the  inflow  boundary  was  given  and  the  pressure  is  extrapolated  upstream. 
The  derivative  of  the  flow  variables  in  the  streamwise  direction  is  supposed  to  be  zero 
at  the  outflow. 

The  point  of  reattachment  can  be  seen  in  the  streamline  plot  (Fig.  2)  and  the  wall 
shear  stress  plot  (Fig.  3).  It  was  calculated  to  2.83  step  heights.  The  experiments 
state  3.0  for  the  point  of  reattachment,  though  most  of  the  participants  of  the  workshop 
managed  to  predict  the  reattachment  point  between  2.7  and  2.9.  The  agreement  between 
numerical  results  and  experimental  data  is  quite  satisfying  in  the  wall  shear  stress  plot. 
The  evolution  of  the  maximum  velocity  (the  maximum  velocity  along  the  y-axis  in  x- 
direction,  Fig.  4)  also  shows  a  good  agreement  between  numerical  and  experimental 
data. 


Turbulent  flow 

Flow  over  a  two-dimensional  backward  facing  step  was  modeled  using  the  fc— e  turbulence 
model.  The  calculations  simulated  the  experiments  by  Westphal  et  a 1.  [11]  in  which 
the  Reynolds  number  Re  based  on  the  step  height  reaches  42.000,  the  expansion  ratio 
is  3:5. 

In  the  inflow  cross-section  the  one-seventh  power-law  profile  is  assumed  for  the  non- 
dimensional  velocity  u  while  k  and  e  axe  given  fully  turbulent  profiles[3].  The  u-velocity 
is  set  to  zero  and  the  pressure  is  extrapolated  upstream.  At  the  outflow  cross-section  it 
was  assumed  that  the  derivative  of  the  flow  variable  is  zero  in  the  streamwise  direction. 
In  the  wall  region  the  standard  wall  function  approach  was  used. 

Numerical  predictions  were  obtained  for  a  121  x  41.  Results  me  presented  at  dif¬ 
ferent  locations  at  constant  x  (streamwise  coordinate),  *  =  4,8,12  and  20  step  heights 
downstream  the  step.  The  simulated  profiles  for  the  u-velocity  and  k  are  compared  to 
experimental  data  [11]  in  Fig.  5  and  Fig.  6  at  x  =  4  and  20.  The  velocity  profiles  are  in 
good  agreement  close  to  the  step  but  the  discrepancies  become  more  prominent  as  the 
outflow  section  is  approached.  A  similar  behaviour  can  be  seen  for  the  ^-variable.  The 
discrepancies  also  tend  to  become  graeter  near  the  upper  wadi  and  outflow  where  the 
simulations  fail  to  the  predict  the  second  peak.  Except  for  this  the  locations  for  local 
maxima  and  minima  are  well  predicted. 

The  simulation  lead  to  an  underprediction  of  the  reattachment  length.  In  this  case 
the  reattachment  length  was  calculated  to  6.5  step  heights  while  the  experimental  reat¬ 
tachment  length  was  about  7.3.  This  underprediction  has  been  -eported  also  by  others 
and  in  a  paper  by  Autret  et  a J.  [12],  the  numerical  estimate  for  the  reattachment  length 
was  5.22  for  the  same  problem. 

Autret  et  a i.  used  a  very  coarse  grid  (28  x  44  nodes  for  a  finite  element  solution)  which 
might  explain  their  bad  estimate  for  the  reattachment  length.  The  mesh  resolution  is 
obviously  important,  thus  a  mesh  of  121  x  41  was  choosen  which  was  the  largest  possible 
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mesh  in  the  y-direction  in  order  to  satisfy  the  boundary  condition  (11).  However,  (11) 
can  never  be  satisfied  in  the  vicinity  of  the  reattachment  point  and  that  is  why  the  wall 
function  approach  is  bad  in  this  area.  In  Fig.  7  two  solutions  for  different  mesh  sizes  are 
shown,  121  x  41  and  101  x  25.  The  u-profiles  are  compared  at  x  =  8, 20.  As  indicated, 
the  agreement  between  numerical  results  and  experiments  is  better  for  the  finer  mesh. 
The  reattachment  length  was  calculated  to  6.0  for  the  coarser  mesh.  On  an  even  coarser 
mesh,  61  x  21,  no  converged  solution  was  obtained. 


CONCLUSIONS 

An  explicit  central  finite-volume  Runge-Kutta  method  for  the  incompressible  Navier- 
Stokes  equation  has  been  developed.  The  standard  k  —  e  turbulence  model  has  also  been 
included.  The  code  is  simple  and  an  extension  to  three  dimensions  is  straight  forward. 
The  numerical  simulations  have  proven  to  be  in  good  agreement  with  other  numerical 
results  and  with  experiment  ad  data  for  laminar  flow.  For  turbulent  flow  the  agreement 
between  numerical  data  and  experimental  data  is  acceptable  for  a  separated  now,  but 
the  numerical  solution  seems  to  be  mesh  dependent. 
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Figure  1:  Stability  region  for  the  four  Figure  2:  Streamline  pattern.  Re  *  50 

stage,  first  order  Runge- 
Kutta  scheme,  CFL  =  3 
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Figure  3:  Wail  shear  stress  distribution 
compared  to  experiments, 

Re  =  50 


Figure  4:  Evolution  of  maximum  velocity 
compared  to  experiments, 
Re  *  50  and  Re  s  150, 
expansion  2  :  3  and  1 :  2 
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ON  THE  FINITE  VELOCITY  OF  WAVE  MOTION  MODELLED 
BY  NONLINEAR  EVOLUTION  EQUATIONS 
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SUMMARY 


The  problem  of  finite  velocity  in  wave  motion  modelled  by  not  strictly  hyperbolic 
systems  is  discussed.  The  main  idea  is  to  establish  associated  systems  by  a  certain 
perturbation  scheme  permitting  to  determine  eigenvalues  which  serve  as  a  basis 
for  a  moving  frame.  Such  a  procedure  leads  to  the  construction  of  evolution 
equations  describing  single  waves  with  a  certain  accuracy.  The  final  wave  velocity 
is  then  determined  from  the  evolution  equation  relative  to  the  moving  frame.  This 
scheme  is  used  for  several  nonlinear,  weakly  dispersive  and/or  dissipative  systems. 
A  model  example  of  a  solitary  wave  gives  the  explicit  values  of  all  the  velocities 
under  consideration. 


1.  INTRODUCTION 


Hyperbolic  equations  and  waves  have  been  cornerstones  of  physics  for  a  long 
time  and  they  extend  over  most  fields  of  contemporary  physics.  Waves  are  used 
as  carriers  not  merely  of  energy  but  also  of  information.  Every  disturbance  in 
the  real  physical  world  propagates  with  a  finite  velocity,  which,  generally  speaking, 
should  be  easily  related  to  the  governing  equations.  The  real  physical  model, 
however,  is  so  complicated  that  waves  are  not  necessarily  governed  by  strictly 
hyperbolic  equations  since  various  asymptotic  methods  have  been  used  for  deriving 
the  governing  equations  from  conservation  laws.  Nevertheless,  every  mathematical 
model  should  be  traced  back  to  initial  hyperbolic  equations  as  complicated  as 
they  could  be  and  every  wave  motion  should  be  related  to  finite  velocities.  The 
main  problem  here  is  the  following:  how  to  determine  these  finite  velocities  if 
the  initial  system  governing  certain  wave  motion  is  not  hyperbolic. 

There  are  several  characteristic  features  which  should  be  taken  Into  account. 
Variation  of  wave  velocities  with  wave  numbers  and  also  with  amplitudes  is 
often  of  importance  since  most  read  processes  are  dispersive  and  nonlinear.  The 
nonlinearity  plays  a  crucial  role  in  wave  motion  being  responsible  for  discontinuities, 
solitary  waves.  Interaction,  etc.,  including  chaotic  motion  which  is  intensively 
studied  in  contemporary  physics.  The  complications  in  an  analysis  are  also  related 
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to  the  possible  existence  of  many  waves  in  a  real  process,  which  becomes  even 
more  essential  in  nonlinear  systems.  Here  considerable  sucess  has  been  obtained 
by  introducing  the  notion  of  evolution  equations  governing  just  one  single  wave. 
The  celebrated  Korteweg-de  Vries.  Schrddinger.  Burgers,  etc.  equations  have 
been  the  milestones  in  the  contemporary  mathematical  physics.  Very  few  evolution 
equations  are  hyperbolic  except  some  single  cases  but  as  a  rule  they  have  been 
obtained  in  a  moving  frame,  i.  e.  a  certain  velocity  is  already  taken  into  account. 
The  final  velocity,  however,  may  differ  from  this  basic  velocity  and  the  question 
about  the  finite  velocity  remains  with  Its  utmost  Importance.  Here  one  cannot 
also  forget  the  dissipative  systems  with  source  terms  which  may  govern  certain 
progressive  waves  with  finite  velocities. 

The  need  for  an  explicit  theory  explaining  from  one  hand  the  correspondence  of 
Initial  multi- wave  systems  to  one- wave  evolution  equations  and  from  the  other 
hand  the  relationship  between  eigenvalues,  phase  and/or  group  velocities,  and 
the  final  wave  velocity  (elgenveiocity  )  is  obvious.  This  report  does  not  pretend 
to  present  a  full  theory  rather  than  to  outline  some  examples  which  could  be 
used  as  model  problems  In  a  general  theory. 

In  Section  2  the  main  mathematical  models  used  in  describing  wave  motion  are 
presented.  Section  3  deals  with  a  typical  example  of  a  perturbed  system  for  which 
the  eigenvalues,  phase,  group,  and  wave  velocities  are  all  explicitly  determined.  This 
example  concerning  the  celebrated  solitary  wave  serve  as  a  model  while  the  cases 
analysed  In  Section  4  do  not  permit  exact  determination  of  wave  velocity,  in 
Section  5  a  system  with  a  source  is  discussed.  Finally,  in  Section  6  some 
conclusions  are  presented  Including  the  list  of  the  possible  stages  in  the  analysis. 


2.  PRELIMINARY 


In  this  Section  several  basic  systems  of  equations  and  evolution  equations  used  for 
describing  wave  motion  are  presented. 

Hyperbolic  systems.  The  system 

U  t  +  A  ,  *  C  U  =  0  ,  (2.1a) 

1  I 

Aj  »  A,(x,,t.U  ).  C  =  C  <xrt  )  ,  x,  *  Rn.  (2.1b) 

where  U  is  an  n-eiement  vector,  is  strictly  hyperbolic  In  Rn  If  the  eigenvalues  A'^ 
of  Aj,  satisfying  the  determinant  (Aj  —  A^  1  )  =  0  are  all  real  and  the 

corresponding  left  eigenvectors  1^0  satisfying  A}  »  Aj  l®  ,  l»  1,  2 . n 

are  linearly  independent  [l,  2],  Here  and  further,  the  summation  convention  over 
repeated  indices  is  used  and  the  subscripts  denote  the  differentiation. 

Perturbed  hyperbolic  systems.  In  this  case  a  system  may  also  contain  the  higher 
derivatives  modelling  weak  dispersive,  dissipative  e.  a.  effects  [  1.  3-S  ] 

U  *  A.  0,  *  e  T  £  fi  (  H6  -f-  +  K?  -A-  )  ]  U  +  CU  *  0  .  (2.2) 

1  x)  L@»l  1*  >  Xj  J 


1t6 


t~  r 


where  e  is  a  small  parameter.  Existence  of  such  a  parameter  enables  us  to  use 
certain  asymptotics  In  form  of  system  (2.1)  called  an  associated  system  [3].  The 
eigenvalues  of  this  system  determine  the  velocities  as  well  as  the  number  of 
waves  used  further  for  constructing  higher  asymptotics. 

There  is  an  interesting  subcase  of  (2.2)  which  leads  to  wave  hierarchies  [1.4].  In 
this  case  the  operators  In  parenthesis  describe  also  a  wave  motion.  As  an 
example  for  n=  1,  j  =  1,  =  x  it  may  read 

Ut*c,ux*£  (Utt  -  c  \  Uxx)  =  0  ,  (2.3) 

where  Cj  and  cn  are  constants. 

Dispersive  systems.  These  systems  are  characterized  by  the  form  of  the  solution 

u,(Xj,  t)  =  a  exp  (  IkjXj  -  iot)  .  (2.4) 

where  k.  are  the  wave  numbers  and  u  is  the  frequency.  The  system  itself  may  be 
of  the  form  (2.2)  or  also  of  the  form  [4] 

[£,  L  1  ] 3 * c a ■ 0 •  l2S’ 

Perturbed  dispersive  systems.  In  this  case  the  elementary  solutions  (2.4)  with 
kj «  const.,  o=  const,  do  not  exist  but  the  periodicity  in  8  =  kjXj  -  ut  holds 
with  kj  /  const.,  w  *  const.  [4]  and  the  dispersion  relation  depends  upon  the 
amplitude.  The  system  may  be  either  of  form  (2.2)  or  of  form  (2.5)  usually 
having  a  small  parameter  which  emphasizes  weak  nonlinearity  and  weak 
dispersion. 

Evolution  equation.  As  mentioned  in  the  Introduction,  the  evolution  equations  are 
single— wave  equations  written  in  the  most  cases  in  the  moving  frame  [1,  3.  5], 
For  a  certain  Uj  =  u  e  U  a  typical  evolution  equation  reads 

[uT  *  F  ( u,  u?,  u^,  u^,  ...)]?  =  G  (u)  .  (2.6) 

where  5«5<c,t-Xj)  is  the  phase  variable  (moving  frame)  and  t  =  t  (t) 
(or  t  *  t  (xj))  is  the  variable  characterizing  propagation.  The  operator  F(u,  u^, ... ) 
does  not  contain  the  derivatives  with  respect  to  t.  The  velocity  c ,  used  for  the 
moving  frame  may  be:  (1)  the  eigenvalue  (characteristic  speed  [6])  from  a 
corresponding  associated  hyperbolic  system  [3,  5];  (ii)  phase  velocity  for 
dispersive  systems  [4,  S]  ;  (111)  group  velocity  for  strongly  dispersive  systems  [5]. 
If  G  (u)  *  0  then  under  certain  conditions  at  infinity  (2.6)  yields 

+  F(u5,  u^,  u^?,  ...)  -  0  ,  (2.7) 

which  is  the  most  common  form  of  evolutions  equations  [1.  3-5.  7],  The  formal 
procedures  of  derivation  of  evolution  equations  are  given  elsewhere  [1,  3,  5,  7]. 
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3.  A  PERTURBED  DISPERSIVE  SYSTEM  -  A  MODEL  EXAMPLE 


The  moving  frame  used  for  deriving  evolution  equations  needs  a  finite  velocity  to 
start  with  but  the  final  wave  velocity  (signal  velocity)  may  be  different.  Further  a 
specific  example  is  considered  which  is  solved  explicitly  in  order  to  demonstrate 
the  possible  differences  in  velocities. 

Let  us  consider  the  one-dimensional  (x,  =  x)  wave  motion  in  a  nonlinear  medium 
with  microstructure.  The  governing  equation  is  usually  written  in  terms  of  the 
longitudinal  displacement  U, 

c0  (  1  +  m  Ul  x  )  Uj  xx+  c0  Ut  4x  -  Ul  tt=  0  ,  (3.1) 

where  ~  (X+  2  p)  p^1  ;  X,  p  are  Lam&  parameters,  p0  is  the  density,  m  and  lQ 
are  the  nonlinear  and  scale  parameters,  respectively,  the  latter  characterizing  the 
microstructure  [3].  The  deformation  is  small  but  finite  and  there  are  two  small 
parameters  in  this  problem:  (1)  the  maximum  deformation  and  (ii)  the  scale 
parameter.  Using  the  matrix  notation  as  in  Section  2,  (3.1)  yields 


Ut+  AUX  ♦  Iq  BU3x  =  0  . 


(3.2  a) 


u  = 

«i.t 

U1 

0  —  Cq  (l  +  mu2) 

«».* 

U2 

- 1  0 

.  (3.2  b) 


It  is  easily  seen  that  according  to  Section  2  system  (3.2)  belongs  to  perturbed 
dispersive  systems  with  weak  nonlinearity.  The  corresponding  linear  associated 
system 


ut+  AoUx=  0  • 


gives  the  eigenvalues  X(1)  =  c0  ,  X(2)  =  -cQ  as  characteristic  speeds.  According 
to  a  well-established  procedure  [3,  S]  the  ray  coordinates  (moving  frame) 

5  =  cQt  -  x  ,  i  =  £x  (3.4) 

are  introduced.  Then  together  with  a  series  expansion  the  following  evolution 
equation  describing  the  wave  motion  to  the  right  is  obtained 


-JUj  m 
dx  2  ecr 


1  *0  0  U1 

2  6  Tip 


Here  ut  actually  denotes  u1Q  ,  1.  e.  the  first  term  in  the  respective  expansion  of 
3  (see  [3]).  In  the  dimensionless  form  (3.5)  yields 


dv  dv  d  V 

—  ♦  sign  I  m  I  v  —  ♦  v  — — • 

do  dC  d$v 


(3.6  a) 
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v  =  u,  a 


1  “o 


r  .  L 

0  "  2  TTc 


-  e,-1 


s  =  't' 


(3.6b) 


and  the  small  parameter  e  is  related  to  the  Initial  amplitude  a0  through  the 
relation 


s  =  Iml  a0CQ*  (3.6c) 

Here  tc  denotes  the  characteristic  wave  length. 

Assuming  m  >  0  without  any  loss  of  generality  the  model  Korteweg-  de  Vries 
(KdV)  equation 


iv  +yi>v  =() 

00  di;  0  C 


(3.7) 


is  obtained.  The  KdV  equation  possesses  the  soliton-type  solutions  which  are  of 
the  form  [8,  9] 

v  =  a  sech"  [  (  jjrj-  ®  )]  .  (3.8) 

i.  e.  this  solution  propagates  relative  to  the  moving  frame  with  a  velocity  ^ 
which  according  to  Bhatnagar  is  called  eigenvelocity  [  10  ]  and  according  to  Drazin  - 
wave  velocity  [9],  The  phase  and  group  velocities,  determined  from  the  corres¬ 
ponding  linearized  system 


V\>u*+*oBU3x=0 

(3.9) 

are  following 

cPh=  co~ lrco*ok  ’ 

(3.10  a) 

3  |2  ,2 

cgr  "  C0~  2  C0*0  k  ’ 

(3.10  b) 

corresponding  to  the  solution  with  a  phase  ©  =  kx  -  ut.  It 
result  cannot  be  directly  derived  from  the  linearized  form 
equation  (3.5).  Here  the  phase 

is  clear  that  this 
of  the  evolution 

0,  =  —  k„^  *  (d^T 

(3.11) 

must  be  used  resulting  in 

c;h*?Mo* 

(3.12a) 

c*  =  3k  2/2r1 

Cgr  2  ' 

(3.12b) 

It  is  easily  verified  that  the  expressions  (3.10)  and  (3.12)  are  Identical  provided 
(3.9)  and  (3.11)  are  taken  into  account  [111.  Now  It  is  clear  that  the  real  finite 
velocity  of  a  solitary  wave  in  a  nonlinear  dispersive  system  (3.2)  is  neither  the 
characteristic  speed  c0  =  X(1  *  nor  the  phase  (group)  velocity  but  completely 
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different  depending  on  the  balance  of  nonlinear  and  dispersive  effects.  This  is 
certainly  a  limit  case  and  the  solution  to  (3.7)  may  also  be  obtained  in  the  form 
of  cnoidal  waves  with  another  limit  case  being  the  usai  sinusoidal  wavetrain  for 
which  (3.10)  holds  [12]. 

If  the  wave  motion  is  perturbed  in  such  a  way  that  the  evolution  equation  (3.7) 
has  also  a  r.h.s..  then  the  wave  speed  is  influenced  again.  In  order  to  demonstrate 
this  effect  let  us  present  (3.7)  in  its  normalized  form 

VT-6VVX+  Vxxx  =  0. 

v  =  -  7- V  ,  X  =  v'3  r  ,  T  =  o 
6 

Then  the  solution  (3.8)  takes  the  form 

V  =  -  2x2  sech2[x(X  -  4x2T)]  ,  (3.14) 

where  x  is  the  eigenvalue  from  the  corresponding  Schrodinger  equation  for  the 
potential  [9.  10].  The  wave  velocity  is  equal  to  4x2.  If  a  source -like  term  is 
included  to  (3.13)  describing  the  energy  influx  [13.  14]  then  the  governing  equation 
reads 


(3.13  a) 
(3.13  b) 


VT  -  6WX  +  Vxxx  =  t)R(V)  .  (3.15) 

where  r]  is  a  certain  new  small  parameter  and  R(V)  —  a  smooth  function.  According 
to  Lamb  [14].  a  sollton-type  excitation  is  perturbed  and  the  eigenvalue  x  to  (3.15) 
is  governed  by  the  equation 

00 

*T  =  f  dz  R(vs)  sech2 z  .  (3.16) 

-cc 

where  z  is  the  phase  function  and  Va  —  the  initial  soliton— type  excitation.  Suppose 
R(V)  =  -  bV3  ,  b  =  const.  Then 


It  is  obvious  that  in  this  case  the  eigenvalue  x  is  decreasing  in  the  course  of  T 
growing  and  the  corresponding  wave  speed  is  also  decreasing. 

Finally,  let  us  remark  that  this  is  a  model  example  -  on  the  basis  of  the  charac¬ 
teristic  speed  cQ  =  X(1  *the  wave  velocity  is  explicitly  determined  being  dependent 
on  the  amplitude.  However,  this  result  is  correct  only  for  a  solitary  wave,  formed 
as  a  result  of  balance  between  nonlinear  and  dispersive  effects.  With  nonlinear 
effects  decreasing,  the  corresponding  cnoidal  waves  are  in  effect  with  a  limiting 
case  of  a  sinusoidal  wavetrain.  For  this  limit  the  usual  notions  of  phase  and 
group  velocities  hold  but  k,  u,  and  k^,  obtained  from  the  initial  system 
and  the  evolution  equation,  respectively,  should  be  clearly  distinguished. 
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4.  PERTURBED  HYPERBOLIC  SYSTEMS 


4.1.  Thermoelastic  medium. 

The  classical  theory  of  thermoelasticity  is  based  on  Fourier's  law  of  heat  conduc¬ 
tion  which  leads  to  the  paradox  of  infinite  thermal  wave  velocities  in  the  dynamic 
theory  of  heat  conducting  continuous  media  [IS].  There  has  been  a  long  discussion 
about  the  proper  form  of  governing  equations  for  modified  thermoelasticity  in 
order  to  remove  this  paradox  [16].  This  problem  is  not  yet  solved  and  in  this  paper 
only  the  mathematical  questions  are  discussed  while  the  physical  considerations 
about  the  validity  of  one  or  another  model  need  to  be  analysed  separately. 

The  rate-type  law  of  heat  conduction  in  one-dimensional  approximation  ( x,  =  x) 
leads  to  the  linear  system  (2.1a)  with 


U|.t 

0 

*7 

'co 

O 

Q. 

X 

0 

0 

Ul.x 

-1 

0 

0 

0 

0 

0 

.  A  = 

xT0 

-  J_ 

t  cu  = 

PoCE 

0 

0 

PocE 

0 

k  n 

_Q. 

Q 

0 

0 

u 

■  To 

0 

!  4.1) 


where  0  is  the  dimensionless  temperature,  Q  is  the  heat  flux,  =  ( >  +  2p)  p0*  , 
k  =  ( 3  X  ♦  2 n )  <*T  ;  p 0  ,T0  are  the  initial  density  and  temperature,  respectively,  c£ 
is  the  specific  heat.  kQ  is  the  thermal  conductivity  and  tQ  is  the  relaxation  time 
of  the  heat  flux  [3]. 

The  dimensionless  relative  to  cQ  velocities  -  the  eigenvalues  of  the  matrix  A  are 
determined  by  the  formulae 

XU>.<2>=  ±(M_  N)i  x<3>.(4>  ,  +  (m+N)‘  .  (4.2a) 

1 

M  =4[  1  +  (ud5rr‘  ♦  e]3  ,  (4.2b) 

N  =  ^[  1  ♦  (fc>d8p)'2  +  e2  -  2(<jder)"1  +  2e  ♦  2e(wd3r)'1  ]"  .  <4.2c) 


where  the  dimensionless  parameters  are  determined  by  the  expressions 
e  =  x2T0[(  > .  +  2(i)p0cEr'  .  (4.3a) 

f>r*c0T0L-‘  .  (4.3b) 

ud  =  Lp0cEc0k0  .  (4.3c) 


where  L  is  a  scale  parameter.  The  parameter  e  is  the  standard  coupling  parameter, 
the  relaxation  parameter  gpwas  introduced  by  Lord  and  Shulman  [17],  and  the 
diffusion  parameter  ud  by  Johnson  [18].  The  phase  velocity  c,  for  sinusoidal 
waves  is  easily  determined  in  terms  of  a  dimensionless  frequency  x  *  wufi1  where 
u.  is  the  characteristic  frequency  [15] 

«.=  co  Po  CE  ko  •  <4  4) 
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The  phase  velocity  depends  upon  the  relaxation  time  i,-  through  a  parameter 
n„  =  t0  <i).  .  The  plot  of  ct  c^1  over  x  is  shown  in  Fig.  1  [3]  where  the  curve  for 
n„=  0  is  found  by  Chadwick  [15]. 


Figure  1 


The  evolution  equation  for  v  =  ut  a^1  (see  Section  3)  using  again  the  dimensionless 
variables  takes  the  form  of  the  Burgers'  equation  [3] 


fo*  slgnlm+el  =  r"‘ 


where  the  nonlinearity  is  also  taken  into  account.  The  parameter  T  is  known  as 
the  acoustic  Reynolds  number.  As  it  is  known,  the  Burgers'  equation  allows  the 
Taylor  shock  profile  [19],  the  velocity  of  which  depends  upon  the  amplitude 


v  =  \  <  vi*  v2)  , 


(4.6) 


where  vt,  v0  are  the  amplitudes  before  and  after  the  shock,  respectively. 


Consequently,  in  the  case  of  thermoelastic  waves  the  eigenvalues  (4.2  a)  determine 
the  velocities  which  differ  from  the  phase  velocities  (see  Fig.  1).  The  moving 
frame  for  the  evolution  equation  (4.5)  is  given  by  C  =  C[(  1  +  e)1/z  t  -  x]  and  the 
possible  shock  wave  velocity  (4.6)  is  determined  relative  to  this  velocity.  A 
stable  solitary  wave  as  shown  in  Section  3  is  not  possible. 

4.2.  Relaxing  medium. 

According  to  the  standard  viscoelastic  body  [20]  the  governing  equation  belongs 
to  the  type  (2.3)  [3] 

c0  (  1  ♦  x)Ut  xx-  Ul  tt+  s,Cq  TqIIj  xxt  + 

♦  t0[  c"  (1  ♦  mUliX  )  Ul  xx  -  Ul  tt]  t  =  0  ,  (4.7) 

where  ,  t0  are  material  parameters.  The  linearized  dispersion  relation  is 
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(4.8) 
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«  =  1  c»  ko  (  1  ♦  -1 


e,  u*  t; 


2t1 


1  +  u2t2 


+  i 


_eLura_  J 


where  ce  is  the  equilibrium  velocity  determined  by 


.'i 


c~  *  (X  +  2p)  p0‘ 


The  real  part  of  the  expression  (4.8)  versus  wt0  is  plotted  in  Fig.  2  and  it  is 
easily  seen  that  for  high-frequency  processes  the  equilibrium  velocity  ce  does 
not  correspond  to  the  real  velocity.  In  this  case  the  instantaneous  velocity  c, 
must  be  introduced 

c2  =  (1  +  ej)(>  +  2 p)pQl  »  c2  .  (4.10) 

The  evolution  equations  may  be  constructed  on  the  basis  of  both  velocities  [3] 
with  suitable  approximations  for  low-  and  high-frequency  processes.  However, 
there  is  no  distinct  estimation  for  a  real  velocity  c  between  the  equilibrium 
(minimum)  and  instantaneous  (maximum)  velocities. 


i 


123 


f 


S.  THE  SYSTEM  WITH  SOURCE  TERMS 

There  has  been  a  considerable  interest  to  dissipative  systems  with  source  terms 
which  also  may  lead  to  wave-type  solutions  [21,  22].  Here  the  governing  system 
is  of  diffusion  type  and  the  progressive  wave  corresponds  to  a  certain  closed 
orbit  in  the  phase  space.  Since  the  finite  velocity  is  not  known  beforehand  and  a 
wave  at  the  absence  of  a  source  is  also  absent,  ali  the  methods  known  in  wave 
theory  fail  in  analysis.  The  wave  profile  is  usually  determined  from  the  corres¬ 
ponding  ODE  [21,  22].  The  problems  of  convergence  may  be  serious  [23]  preventing 
to  calculate  the  wave  profile  over  all  the  needed  space. 

Since  the  evolution  equations  have  proved  to  be  an  excellent  tool  for  describing 
the  wave  motion  in  complicated  media,  then  a  natural  question  arises  about  the 
possibility  to  model  wave  motion  with  source  like  terms  by  such  systems  which 
permit  the  construction  of  evolution  equations.  In  this  case  the  problem  of  real 
velocities  may  be  solved  by  the  most  convenient  approach  presented  in  this 
paper  (see  Section  3).  If  this  is  not  possible  in  a  straightforward  way  then  the 
problem  is  still  simplified  both  in  mathematical  and  physical  senses. 

Let  us  consider  the  nerve  pulse  propagation  as  an  example.  Instead  of  a  usual 
diffusion-type  model  [21.  22]  we  start  from  the  corresponding  perturbed  hyper¬ 
bolic  model  [24.  25] 

0  mt  m2 1 

.  H  * 

m3  0  m4ia 

where  ia  is  axon  current  per  unit  length,  v  is  potential  difference  (voltage) 
across  membrane;  I  is  ion  current  density,  m,  ,  i  =  1,  2,  3,  4  are  the  constants. 
The  ion  current  is  taken  according  to  FitzHugh-Nagumo  model  [26] 

I  =  Kj  v  +  K3  v3  ♦  R  .  Kj  0  .  K3  0  .  (5.2) 

and  the  recovery  variable  R  is  governed  by  its  own  equation 


U  =  !  ,  A,  - 

II. 


(5.1a) 

(5.1b) 


Rt  =  q0  +  q,) .  q, ,  q0  -  const.  (5.3) 

The  telegraph  equations  (5.1)  give  the  eigenvelocity  X^*  ^  =  *  (mjm3)^  =*  c0 
but  every  wave  with  I  =  0  will  be  heavily  damped.  The  source  term  I/O  leads  to 
a  progressive  wave  with  the  velocity  which  differs  from  c0  .  The  evolution 
equation,  written  in  the  moving  frame  5  =  cQt  -  Xj  in  terms  of  z  =  v  ♦  q, 
takes  the  form 


+  u  (b0-  bjZ  ♦  b2z2)  *  b3z  =  0. 


where  u.  b0.  b,.  b,,.  b3  are  positive  constants  [27],  The  full  analysis  of  the 
corresponding  ODE 


z"  *  ii(b0-  b,z  ♦  b2z2)z‘  ♦  b30'1  z  ■  0, 


(5.S) 
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where  (...)'  =  .  r)  =  xt  +  ©5  is  given  elsewhere  [27].  The  final  velocity  of  a 

constant  profile  is  given  by  the  expression 

c  =  0co  (6  -  l)"1  ,  9  ■  1  ,  (S.6) 

but  the  procedure  for  determining  0  is  not  known.  Nevertheless,  the  convergence 
of  a  solution  is  not  a  problem  here  while  the  numerical  calculations  are  stable 
for  every  0  giving  c  c0  .  In  some  sense,  the  problem  is  similar  to  that  of  a 
relaxing  medium  (see  Section  4.2). 


DISCUSSION 

The  examples  given  above  reflect  several  faces  of  the  problem  of  wave  velocities. 
A  possible  way  to  deal  with  not  strictly  hyperbolic  nonlinear  systems  some  of 
which  are  listed  in  Section  2.  is  the  transformation  to  single-wave  equations,  i.  e. 
to  evolution  equations.  Such  an  approach  goes  through  the  following  steps: 

(i)  the  analysis  of  the  associated  systems  in  order  to  establish  the  eigenvalues, 
phase  and/or  group  velocities; 

(ii)  the  construction  of  nonlinear  evolution  equations  using  the  velocities  deter¬ 
mined  from  the  corresponding  associated  system  for  determining  the  moving 
frame: 

(iiilthe  analysis  of  evolution  equations  in  order  to  establish  the  final  wave 
velocity.  Here  the  corresponding  ordinary  differential  equations  may  also  be 
needed  for  determination  of  stable  trajectories  in  the  phase  space. 

A  model  example  of  a  solitary  wave  is  presented  in  Section  3  where  all  the 
velocities  are  explicitly  determined.  Other  examples  demonstrate  in  one  way  or 
another  the  possible  shortcomings  of  the  theory  which  does  not  permit  to 
establish  the  exact  velocities  except  the  limit  estimations.  The  evolution  equations, 
however,  seem  to  be  the  best  tools  in  handling  of  finite  velocities  especially  for 
typical  nonlinear  systems  in  contemporary  mathematical  physics. 
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HYPERBOLIC  SCHEMES  FOR 
MULTI-COMPONENT  EULER  EQUATIONS 

G.  Fernandez  ,  B.  Larrouturou 
INRIA,  Sophia  Antipolis,  06560  Valbonne,  FRANCE 


INTRODUCTION 

Our  purpose  is  to  build  efficient  conservative  schemes  for  the  computation  of  multi¬ 
species  (possibly  reactive)  flows.  On  this  way  we  consider  simplified  models  in  which 
the  governing  equations  include  Euler’s  hyperbolic  terms  for  severed  species.  Even  in 
the  case  where  the  different  species  have  different  molecular  weights  and  specific  heat 
ratios,  the  model  is  shown  to  remain  hyperbolic.  We  present  several  numerical  results 
obtained  by  extending  to  this  multi-component  Euler  system  the  classical  flux-splitting 
scheme  of  Roe  [5]. 


MULTI-COMPONENT  EULER  EQUATIONS 

For  the  sake  of  simplicity,  we  consider  in  a  first  step  the  one-dimensional  flow  of  a 
mixture  of  only  two  species  Et  and  E2,  and  we  neglect  any  reactive  or  diffusive  effect. 
We  therefore  consider  the  following  “multi-component  Euler  equations”: 


with: 


W,  +  F.  =  0, 


F  = 


'  pu  \ 
pu2  +  p 
u(E  +  p) 

<  puY  ) 


(1) 

(2) 


The  notations  for  the  density  p,  velocity  u,  pressure  p  and  total  energy  per  unit 
volume  E  are  classical;  moreover,  Y  is  the  mass  fraction  of  the  first  component  Ei 
[that  is,  pY  (resp:  p(  1  —  Y))  is  the  separate  density  of  Ei  (resp:  E2)].  To  close  the 
system  (1),  we  need  to  express  the  pressure  as  a  function  of  the  dependent  variables 
W,.  We  classically  assume  that  the  mixture  is  locally  at  thermal  equilibrium,  which 
means  that  the  temperature  field  is  the  same  for  both  species,  and  that  the  species  Ei 
and  E2  behave  as  perfect  gases.  Using  Mayer’s  relation  we  can  write: 

Pi  =  PKjj’T  =  (7t  ~  1  )pYiCviT  ,  *=1,2. 

In  these  relations,  pi,  Mi,  7,  and  COT  are  respectively  the  partial  pressure,  the  molecular 
weight,  the  specific  heat  ratio  and  the  specific  heat  at  constant  volume  of  species  Et; 
moreover,  Ft  is  the  universal  gas  constant,  and  Y\  =  Y ,  Y2  =  1  —  Y.  On  the  other 
hand,  the  total  specific  energy  E  is  given  by: 

E  =  ^(py,c„T  +  ipyi«2) . 

i  1 
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Using  now  Dalton’s  law  p  =  £, p,,  we  obtain: 


P  =  (7-  i)(£-  2^)  *  (3) 

where  7,  the  local  specific  heat  ratio  of  the  mixture,  is  given  by: 

_  Y,CV ,7i  +  Y2Cv2 72  W4g.l7l  +  (Wi  -  W4)Cv272 

7_  +  y2cv2  w<cv1  +  (m  -  '  {  > 

Thus  7  =  l(W)  is  an  homogeneous  function  of  degree  0,  and  the  flux  vector  F  — 
F(W)  is  homogeneous  of  degree  1,  as  in  the  single  component  case: 

7 (rW)  =  7 (W)  ,  F(rW)  =  rF(W)  for  r  >  0  .  (5) 

Setting  F(W)  =  F(W,  7(VT)),  we  can  write  the  Jacobian  matrix  as: 

a(w)=*L  =  2L  +  ?Z+l 

K  1  dW  dW  d~,  dW  ’ 

that  is  (only  the  terms  appearing  in  bold  are  new  compared  to  the  single-component 
case): 


A(W)  = 


(7-3)t  +  X 


(3  -  7 )u  7  -  1  Z 


-uH  +  (7  -  1)—  +  uX  H  -  (7  -  l)u2  7 u  uZ 


E  p 

where  H  =  - - —  is  the  enthalpy  per  unit  mass,  and  where  we  have  set: 

P 

X  _  P  #7  _  p  97 

7 - 1  avn  ’  7-1  ' 

The  developed  expression  of  Z  will  be  useful  in  the  sequel;  we  have: 

z  _  P  C..iC,„2(7i  -  72)  _  CvlCrtlfl  ~  72 )T 

7  -  1  p[YCvl  +  (1  -  Y)Cvi]2  YCvl  +  (1  -  V)Cv2  ’ 


A  remarkable  result  is  that  the  matrices  A  and  7-777  have  the  same  real  eigenvalues. 

oW 

The  eigenvalues  of  A(W)  are  indeed  the  roots  of  the  polynomial: 

V(\)  =  (A  -  u)2[(A  -  u)2  -  ^  -  (X  +  YZ)\  ; 

P 
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but  the  homogeneity  (5)  of  7  implies: 


1 


x+r*-7f£T){w'£k+w'm)’‘,‘' 

and  the  eigenvalues  of  A  are: 

Xi  ~  u  ,  A2  =  u  +  c  ,  A3  =  u  -  c  ,  A4  =  u  , 


where  the  sound  speed  c  still  has  the  classical  expression: 


with  the  local  value  (4)  of  7.  The  corresponding  eigenvectors 


1  1 

1  ( 

f  1  \ 

(  1  ^ 

f°\ 

u 

<y 

& 

11 

u  +  c 

,  e3  = 

u  -  c 

.  e4  = 

0 

--X 

H  +  uc 

H-uc 

X 

\ 2  0  I 

1  ' 

\  Y  J 

\  Y  ) 

\y) 

are  linearly  independant,  which  shows  that  the  system  (l)-(4)  is  hyperbolic  (although 
non  strictly  hyperbolic  since  Aj  =  A4). 

There  is  no  difficulty  in  checking  that  these  results  also  hold  in  severed  space  di¬ 
mensions  or  if  the  number  of  species  is  greater  than  two. 


NUMERICAL  APPROACH 


Following  previous  studies  on  the  numerical  simulation  of  perfect  gas  flow  or  reactive 
gas  flow,  we  use  for  the  approximation  of  system  (1)  a  finite-volume  approach,  which,  in 
multidimensional  situations,  may  operate  on  an  unstructured  finite-element  mesh  (see 
[2],  [3]).  Our  goal  is  therefore  to  investigate  how  the  classical  flux-splitting  hyperbolic 
schemes  perform  when  extended  to  the  full  system  (1)  with  the  species  equation  added. 

To  present  the  numerical  method,  we  describe  its  explicit  first-order  accurate  form, 
which  we  write  as: 


-h?  ,  -n 

At  Ax 


(6) 


with: 

*7+1/2  =  *(W7,»7+i). 


(7) 


All  numerical  results  presented  below  have  been  obtained  using  the  following  numerical 
flux  function  $  based  on  Roe’s  average  [5]: 


W,  WR)  =  F{W^^F.^1  +  I  j  A{W)  I  (WL  -  WR)  ,  (8) 

where  VV  =  W(Wi,,WR)  is  defined  by  the  density  p,  the  velocity  u,  the  enthalpy  H 
and  the  mass  fraction  Y  given  by  the  relations: 

-  _  Plyfpj  +  PR-JpR  .  _  Ujy/PL  +  URy/pR  .  . 

P  s/pi+sfpi  ’  U  s[pi+yfn  ’ 
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£  _  Hiy/pL  +  Huy/pR  _  Yiy/pj  +  Yr^/pr 
yfpi+ y[PR  ’  y/pL+y/PR 

An  interesting  question  now  is  to  know  whether  the  fundamental  property  of  Roe's 
scheme  still  holds  for  the  mixture,  that  is  if: 

F(Wl)  -  F(WR)  =  A{W){Wl  -  WR)  .  (11) 

The  answer  is  yes  in  the  case  where  both  species  have  the  same  specific  heat  ratio,  that 
is  if  71  =  72  =  7(VF)  for  all  W.  In  fact,  checking  the  property  (11)  in  this  particular 
case  almost  amounts  to  checking  it  in  the  single  component  case,  since  we  then  have 
X  =  Z  =  0;  this  is  easily  done  using  the  following  arithmetic  rules,  for  any  variable  U : 


AUV  =  IJ_AV  +VAU  ,  pU  =  pU  , 


where: 


AU  =  UR-UL  V  =  Ul^+  kfly/Afl  _  ^lyfpR  +  Uri/pI 

y/pL  +  y/PR  ’  yffL  +  y/pR 

In  the  case  where  7X  i=  72,  the  property  (11)  no  longer  holds  just  as  it  is.  To  recover 
this  property,  we  have  to  slightly  modify  the  flux  function  (8)  and  use  instead  of  A{W) 
a  modified  matrix  A  «  A(W);  more  precisely,  the  property: 

F(W'l)  -  F(Wr)  =  A{Wu  -  WR) 
holds  for  all  Wi,  WR  if  we  define  A  as: 


a2 

(7-3)y  +  A 


(3  —  y)u  7-1  Z 


—uH  +  (7  —  l)-y  +  uX  -  (7  -  l)u2  7 u  uZ 


where  H,  Y  are  still  given  by  (9)-(10),  and  where: 


7  =  7  (W)  = 


Y-nCvl  +  (1  -  Y)-,2Cv2 
Y  Cvi  +  (1  -  Y)Cv2 


■  _  CV\CV 2(71  —  7z)T 
“  YCvl  +  (1  -  Y)CV 2 


,  X  =  -YZ  , 


rf,  _  TLy/pL  +  Tfly/pj 


*  T(W)  . 


We  refer  the  reader  to  [1]  for  the  details  of  the  derivation  of  (12)-(15). 
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NUMERICAL  RESULTS 


We  first  consider  a  Riemann  problem  for  system  (1),  namely  Sod’s  shock  tube 
problem  (6}  with  two  different  components  on  both  sides  of  the  discontinuity  at  t  =  0, 
with  =  72  =  1.4.  The  exact  solution  of  this  problem  consists  of  the  classical  known 
solution  of  Sod’s  problem  for  the  hydrodynamical  variables  p,  u  and  p,  with  a  jump  of 
the  mass  fraction  located  at  each  time  at  the  contact  discontinuity. 

In  Figure  1,  we  compare  the  results  obtained  using  the  scheme  (6)-(8)  with  those 
obtained  using  the  usual  Roe’s  scheme  for  the  classical  Euler  equations  pt  +  {pu)x  =  0, 
( pu)t  +  ( pu 2  +p)i  =  0,  Bt  +  [u{E+p)]x  =  0,  combined  with  a  donor-cell  approximation 
of  the  species  equation  (pY)t+(puY)x  =  0  (in  the  sequel,  this  second  scheme  is  referred 
to  as  the  “donor-cell  scheme”).  Incidentally,  it  is  easy  to  check  that,  in  this  particular 
case  where  71  =  72,  the  numerical  values  of  the  hydrodynamical  variables  obtained 
with  both  schemes  are  exactly  identical;  they  are  shown  in  Figure  l.a/.  In  Figure  l.b /, 
we  show  the  species  profiles  Y(x)  obtained  with  both  schemes  in  an  experiment  where 
the  species  Ej  is  initially  on  the  left  side  of  the  discontinuity  (i.e.  Y(x,t  =  0)  =  1  for 
x  <  0.5,  0  for  x  >  0.5);  on  the  opposite,  the  species  profile  of  Figure  l.c/  correspond  to 
the  initial  condition  Y(x,t  =  0)  =  0  for  x  <  0.5,  1  for  a:  >  0.5.  For  both  experiments, 
the  results  obtained  with  the  scheme  (6)-(8)  are  much  better  than  those  obtained 
with  the  “donor-cell  scheme”.  In  case  b /  the  differences  between  the  two  schemes 
disappear  when  time  increases.  Such  is  not  the  case  for  the  second  experiment  c/ 
where  the  observed  kink  for  the  “donor-cell  scheme”  remains  as  long  as  we  pursue  the 
computation.  Moreover,  when  the  grid  point  number  is  increased,  this  kink  becomes 
thinner  and  thinner  but  keeps  the  same  amplitude. 

Another  remark  on  these  results  concerns  the  comparisons  of  both  experiments  b/ 
and  c/.  For  sake  of  clarity,  let  Yb(x,t)  and  Yc(x,  t)  denote  the  exact  solutions  of  the 
Riemann  problems  b /  and  c/.  It  is  clear  that  these  exact  solutions  satisfy  the  relation: 

Yb(x,t)  +  Yc(x,t)  =  1.  (16) 

But  the  analogous  relation  does  not  hold  for  the  numerical  solution;  in  other  words, 
(Vb)"  +  {Yc)j  1,  which  means  that  calling  or  E2  the  gaseous  species  which  is 
initially  in  the  left  compartment  of  the  shock  tube  has  an  influence  on  the  numerical 
results  !  This  surprising  fact  comes  from  the  conservative  formulation  in  which  the 

mass  fraction  is  obtained  as  a  nonlinear  function  of  the  dependent  variables:  Y  =  — . 

In  practice,  this  difference  between  experiments  b/  and  c/  is  very  small  when  the 
scheme  (6)-(8)  is  used,  but  it  appears  to  be  important  for  the  “donor-cell  scheme”. 

This  nonlinear  character  of  the  scheme  also  has  the  drawback  that  the  inequalities 
0  <  Y  <1,  which  are  required  from  a  physical  point  of  view,  do  not  necessarily  hold 
for  the  numerical  solution  (again,  this  drawback  is  more  important  for  the  “donor-cell 
scheme”).  In  fact,  the  only  way  of  guaranteeing  the  discrete  maximum  principle  for 
the  mass  fraction  would  be  to  use  a  non-conservative  formulation  (i.e.  to  solve  the 
equation  pYt  +  puYx  =  0),  which  would  have  several  other  disadvantages  for  the  shock 
problem  considered  here. 
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a/  Hydrodynamical  variables : 
-  Density 


-  Pressure 

-  Velocity 

b/  &  c/  Mass  fraction  obtained  with  : 
-  Scheme  (6)— (8) 

-  Donor-cell 


Figure  1:  Density,  pressure,  velocity  and  mass  fraction  profiles  for  a  two-compo¬ 
nent  shock  tube. 


Next,  we  address  a  case  where  the  species  Si  and  £2  have  not  the  same  specific 
heat  ratio:  71  =  1.2,  72  =  1.4.  The  results  are  less  satisfactory.  When  we  use  the 
scheme  (6)-(7)  with  the  flux  function: 


*{wL,wR)  =  +  + I 1 A  |  (wL  -  Wl 


). 


[with  A  given  by  (12)-(15)],  we  obtain  the  results  shown  on  Figure  2. a/,  where  one  can 
observe  a  small  but  non  physical  pressure  jump  at  the  contact  discontinuity.  Almost 
identical  results  are  obtained  with  the  flux  function  (8).  Lastly,  when  we  use  the  flux 
function  (8)  while  neglecting  the  terms  X  and  Z  in  the  Jacobian  A{W),  we  obtain  the 
results  presented  on  Figure  2.b/,  which  are  worse  than  the  preceding  ones.  This  shows 

that  neglecting  the  derivatives  of  7  in  the  dissipative  term  i  |  A(W)  |  (Wc  -  WR) 
negatively  affects  the  numerical  results. 
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Figure  2:  Pressure,  velocity  and  specific  heat  ratio  profiles  for  a  two-component 
shock  tube  with  a  non  constant  7. 


A  different  physical  problem  is  addressed  in  Figure  3:  we  now  consider  the  propa¬ 
gation  of  a  planar  premixed  flame  with  one-step  chemistry.  In  this  case,  diffusive  and 
reactive  terms  are  added  to  the  energy  and  species  equations,  and  system  (1)  becomes: 


Wt  +  Fx  = 


(  0  \ 
d2T  ^  £ 

DtW+QApY  “rt-Rf) 

d2Y  £ 

V  DyJ^~ApY  exp^^ 


Here,  Dr  and  Dy  are  the  thermal  and  molecular  diffusion  coefficients,  Q  is  the  heat 
released  by  the  chemical  reaction,  £  is  the  activation  energy  of  the  reaction,  and 
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pY  exp(-^p=)  is  the  reaction  rate  (see  e.g.  [4]). 

7vi 


The  results  of  several  numerical  experiments  are  shown  on  Figure  3,  where  we 
compare  the  results  obtained  with  three  different  schemes:  the  scheme  (6)-(8),  the 
“donor-cell  scheme”,  and  a  “centered  scheme”  in  which  the  usual  Roe’s  scheme  for  the 
Euler  equations  is  combined  with  a  centered  approximation  of  the  species  equation. 
We  also  use  two  different  computational  grids,  a  coarse  mesh  of  61  equally  spaced 
nodes  in  the  interval  [0,1],  and  a  fine  uniform  mesh  of  401  nodes.  The  error  in  the 
flame  location  which  is  observed  when  the  “centered”  and  “donor-cell”  schemes  are 
used  on  the  coarse  grid  is  considerably  reduced  when  the  “global  flux-splitting”  (6)-(8) 
is  employed. 


Lastly,  we  show  in  Figure  4  the  two-dimensional  interaction  of  two  supersonic 
gaseous  jets;  the  impinging  jets  are  made  up  of  two  different  species,  with  different 
molecular  weights  and  different  specific  heat  ratios.  The  system  of  governing  equa¬ 
tions  is  simply  the  two-dimensional  analogue  of  (l)-(4),  with  no  diffusive  and  reactive 
terms.  Although  the  diffusive  effect  of  the  scheme  (6)-(8)  clearly  appears  when  ob¬ 
serving  the  mass  fraction  contours  (obtained  on  a  uniform  non  adaptive  mesh),  the 
scheme  behaves  in  a  very  promising  fashion.  In  particular,  we  want  to  emphasize  here 
that  no  acceptable  result  can  be  obtained  for  this  experiment  with  the  “donor-cell 
scheme”  (that  is,  as  above,  with  a  donor-cell  approximation  of  the  mass  fraction  equa- 
tion  coupled  to  the  usual  Roe’s  scheme  for  the  Euler  equations):  indeed,  the  maximum 
value  of  the  mass  fraction  Y  rapidly  increases  above  1  and  even  exceeds  1 .5  when  the 
“donor-cell”  calculation  proceeds,  while  the  mass  fraction  remains  in  the  interval  [0,1] 
(with  an  error  of  the  order  of  10~2)  when  the  scheme  (6)-(8)  is  used. 
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Figure  4:  Gaseous  jets  interaction:  velocity  field  and  mass  fraction  contours. 


CONCLUSION 

We  have  presented  several  numerical  experiments  which  show  that,  for  the  simula¬ 
tion  of  (possibly  reactive)  multi-component  inviscid  flows,  the  results  of  calculations  in 
which  the  usual  Euler  terms  and  the  added  continuity  equations  are  treated  separately 
can  be  substantially  improved  by  using  a  global  flux-splitting  approach,  in  which  one 
of  the  classical  upwind  schemes  developed  in  these  last  years  for  the  Euler  equations 
is  globally  applied  to  the  whole  system  of  conservation  laws,  as  in  the  scheme  (6)-(8). 
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ABSTRACT 


Two  solution  methods  for  the  solution  of  the  equations 

for  incompressible,  two  phase  flow  in  a  porous  medium  were  employed  together 
with  multigrid  solvers.  The  IMPES  method  is  implicit  in  pressure  and  explicit  in 
saturation.  The  simultaneous  solution  (SS)  method  is  a  linearized  fully  implicit 
method.  Both  methods  relied  on  special  interpolation  operators  for  multigrid 
transfers  based  on  the  discretized  differential  equation.  This  provided  a  method 
of  overcoming  the  difficulties  associated  with  the  discontinuous  coefficients.  The 
application  to  the  SS  method  was  completely  new  and  showed  the  usual  increase 
of  efficiency  associated  with  multigrid  methods. 


1.  INTRODUCTION 


For  flow  in  a  porous  medium  Darcy  discovered  that  a  good  method  to  use  to  calculate 
the  superficial  velocity  was  to  regard  the  pressure  gradient  as  the  driving  force  and 
take  the  properties  of  the  medium  as  transmission  factors.  The  velocity,  of  course, 
was  inversely  proportional  to  the  viscosity  and  the  pressure  could  be  due  to  gravity 
effects.  For  each  phase  t,  then,  we  have  the  velocity 

ve  =  -—(VPe+p<g)  (1) 

where  p  is  the  viscosity,  K  is  the  permeability,  P  is  the  pressure,  p  is  the  density,  and 
g  is  the  gravity  vector. 

The  volumetric  fraction  (saturation)  of  phase  ( is  denoted  by  St,  so  that  V  St  =  1. 
It  was  discovered  that  for  multiphase  flow  the  permeability  tensor  could  be  more 

Part  of  the  Brazilian-German  Cooperation  in  the  Field  of  Informatics  in  the  Area  of  Computational 
Mathematics;  P.  1.  Paes-Leme,  Brazilian  Project  Leader  of  0RES1M  in  Rio  de  Janeiro,  Brazil. 
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accurately  split  into  two  parts,  so  that  Kt  —  kriK,  where  is  a  scalar  depending  on 
the  saturations  and  K  is  a  tensor  depending  on  the  spatially  varying  structure  of  the 
medium.  The  mass  conservation  is  represented  by  the  continuity  equation 


d{4>ptSi) 


=  -V  ■  (ptvt)  -  qt 


where  qt  is  a  production  (sink)  term  depending  on  time  and  location  and  <f>  is  porosity 
(fraction  void  space). 

In  order  to  solve  the  equations  boundary  and  initial  conditions  must  be  specified 
together  with  the  parameters  in  the  equation.  Usually  the  boundary  conditions  are  no¬ 
flow  Neumann  type  conditions.  For  constant  temperature,  the  following  are  specified: 
<p(P,X),  p/(Pi ),  pi(Pi),  and  kr/(Si, . . . ,  Sn).  Another  relationship  is  then  needed  in 
order  to  close  ihe  set  of  equations.  This  is  usually  taken  to  be  the  capillary  pressure 
function  Pc  defined  to  be  the  difference  in  pressure  between  a  wetting  and  a  non¬ 
wetting  phase,  and  is  usually  considered  an  empirical  function  of  the  saturations. 

The  Darcy’s  law  equation  can  be  combined  with  the  continuity  equation  to  elimi¬ 
nate  the  velocity  and  gives 


d(4>piSt) 

dt 


=  -v- 


.ptKtK 


(VPt  +  pig)}  -  qt. 


The  unknowns  are  then  the  Pi  and  5/.  For  incompressible  flow  pt  and  <j>  are  constant 
and  this  becomes 

<t>^=V-{—(VPi  +  Pig)}-Qi  (4) 

dt 

where  Qt  =  qt/ pt.  In  order  to  eliminate  the  saturations  we  can  sum  the  above  equa¬ 
tions  to  give 

v  -D— (Vfl  +  P*)]  -Qt  =  0  (5) 

i  Pt 

where  Qt  is  the  total  production.  This  is  an  elliptic  equation  and  demonstrates  why 
one  might  expect  multigrid  methods  to  work. 

Unfortunately,  there  is  a  strong  hyperbolic  part  to  this  set  of  equations  resulting 
from  the  mass  conservation  requirement.  In  order  to  demonstrate  this  suppose  there 
are  just  two  phases,  o  and  w,  where  w  is  the  wetting  phase.  Then  the  capillary  pressure 
Pc  =  P0  —  Pw.  If  the  capillary  pressure  is  taken  to  be  zero,  then  Pa  =  Pw  =  P.  If  the 
flow  is  horizontal,  then  pig  =  0.  We  now  have 

„(  =  -^VP 
Pt 


for  each  phase  i,  and 


Let  vt  =  v„  +  vw  and 


krwPo 

vw  =  - - Vo 

KroPw 
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for  £  =  o  or  w.  Then  v/  —  fivt  and  the  equation  for  phase  t  becomes 


If  we  look  at  the  places  where  there  is  no  source  or  sink  term,  then  Qi  ~  0.  Expanding 
the  right  side,  we  get 

,  dSi  ,  _  , 

=  ~/,V  ■  v,  -  v,  ■  Vft. 

For  incompressible  flow  this  becomes 


A9S‘  U  C7  C 


which  has  the  form  of  a  first  order  hyperbolic  equation.  The  discontinuities  in  the  ini¬ 
tial  conditions  are  then  propagated.  This  is  why  one  might  expect  muitigrid  methods 
not  to  work  so  well.  T.  F.  Russel,  J.  Douglas,  and  R.  E.  Ewing,  among  others,  have 
used  properties  of  characteristics  in  solution  methods  designed  to  take  advantage  of 
the  hyperbolic  nature  of  the  equations  describing  some  kinds  oil  reservoir  simulation 
problems. 

The  discontinuities  in  the  solution  are  not  the  only  problems.  There  are  large 
discontinuities  in  the  coefficients  as  well.  K  can  have  discontinuous  jumps  of  several 
orders  of  magnitude  due  to  changes  in  the  medium’s  geological  features.  These  are 
aggravated  by  large  discontinuous  changes  in  krt  as  a  result  of  the  sudden  changes  in 
the  saturations.  These  difficulties  give  rise  to  special  discretization  problems  as  well 
as  difficulties  with  the  grid  transfer  operators  required  with  multigrid  methods. 


2.  EQUATIONS  SOLVED 

The  equations  we  solve  are  those  for  incompressible  two  phase  flow  in  two  dimensions. 
We  use  two  general  techniques,  both  using  multigrid,  one  called  1MPES  (implicit  pres¬ 
sure,  explicit  saturation)  and  the  other  called  the  simultaneous  solution  (SS)  method. 
The  general  equations  for  both  methods  are 

&  =  V-l—(VPw  +  M)]-Qm  (6) 

at 

~4>~  =  V.\^(Vp.  +  pag)}~Q0.  (7) 

oi  Ho 

For  the  IMPES  method  we  add  the  two  above  equations  to  obtain  a  “pressure  equa¬ 
tion,”  as  follows, 

V  •  [(A0  +  Au,)VP0  —  A WVPC  -  (A ,p0  -f  Awpu,)<7]  =  Q„  +  Qw  (8) 

where  A<  =  kriK / fit  for  f  =  o  or  u>.  This  equation  is  elliptic.  The  solution  method 
proceeds  as  follows:  All  saturation  related  terms  are  taken  at  the  old  time  level  and 
equation  (8)  is  solved  for  P„  at  the  new  time.  Once  P„  is  known,  equation  (7)  is  then 
solved  explicitly  for  the  new  saturation  S„..  From  this  Pc  is  known  and  the  process  is 
started  again. 
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The  problem  is  discretized  by  the  standard  finite  difference  method  with  reflection 
boundary  conditions.  The  space  discretization  is  carried  out  as  follows:  For 


we  approximate  by 


Phi  ~  P, 


>  Ar._i  1 


defined  as  A(AAP).  This  produces  a  five  point  discretization  pattern  which  we  use 
on  grids  which  are  uniform  in  each  direction.  The  A,  changes  with  P, ,  which  changes 
with  time,  where 

kr  is  taken  upstream,  while  K  is  the  harmonic  mean,  p  is  taken  to  be  constant.  The 
standard  multigrid  method  will  fail  because  of  the  large  jump  discontinuities  in  the 
coefficients  A*.  The  difference  operator  itself  is  used  for  the  interpolation  operator 
as  originally  proposed  by  Alcouffe,  Brandt,  Dendy,  and  Painter  [1].  This  then  more 
closely  follows  the  continuity  of  the  \(VP/  terms  rather  than  attempting  to  interpolate 
the  discontinuous  VPt  terms.  The  IMPES  method  has  the  advantage  for  multigrid 
methods  that  the  implicit  part  of  the  procedure  is  an  elliptic  equation.  This  is  partic¬ 
ularly  well  suited  to  multigrid  solution  techniques.  Because  of  the  explicit  treatment 
of  saturation,  however,  the  following  restriction  on  the  size  of  the  time  step,  as  was 
shown  by  Aziz  and  Settari  [2],  is  imposed  for  stability: 

AxAy^i  .  if®-  +  jp- 
At  <  mm - -r - —  man  ° . 

1  *'&  +  K,£  <*.  \P!\ 

If  the  mesh  sizes  are  very  small  or  P'c  is  very  large,  then  the  sizes  of  the  time  steps 
required  for  stability  are  unacceptably  small.  In  this  case  the  simultaneous  solution 
method  preferable. 

The  system  we  use  in  the  simultaneous  solution  method  is  symmetric.  The  equa¬ 
tions  (6)  and  (7)  are  transformed  into 

V-[A  0(VP0  +  p0g)}  =  -4>S'J^-^)  +  QB  (9) 

8P  BP 

V  •  [A .(VP.  +  Pwg))  =  ^(-^f  -  )  +  <?„•  (10) 

by  taking  S'w  =  dSu,/dPc,  on  the  assumption  that  PC(SW)  is  invertible  and  exists. 
The  discretization  of  the  spatial  derivatives  is  carried  out  the  same  as  for  the  IMPES 
method  to  produce  a  five  point  pattern.  The  discretization  of  the  time  derivative  is 
produced  as  follows: 

Pci,n+l  —  Pci  n  A  „ 

Ti  -  A, Pc 


Weighting  by  8  in  time  taken  for  space  derivatives  gives 

0S'A,Pc  =  0[A(AAP)]n+]  +  (1  -  0)|A(AAP)]„ 


According  to  the  stability  analysis  we  performed,  this  is  stable  for  values  of  6  greater 
than  a  half  and  unstable  foT  values  of  6  less  than  a  half,  •with  conditional  stability  at 
the  value  of  one  half.  Although  the  possibility  of  using  this  time  weighting  parameter, 
S.  was  programmed  as  an  option,  it  has  so  far  not  been  used. 

The  equations  are  linearized  by  taking  A  and  S'u.  at  the  old  time,  except  for  non¬ 
linear  PC(SW )  where  an  iterative  approximation  to  S'w  at  the  new  time  is  made  (see 
[2,9] ).  The  fully  implicit  case  takes  A  and  S'w  at  new  times,  but  then  this  is  nonlinear. 
There  is  also  an  unsymmelric  form  given  by 

V-[A0(VP0  +  M)]  =  -^f  £?» 


V  •  [A„(VP0  -  pysw  +  pwg) 3  -  4>-~  +  Q„, 

but,  generally,  unsymmetric  sets  of  equations  are  not  as  well  handled  by  multigrid 
methods.  For  this  reason,  we  chose  to  tackle  the  symmetric  form  first. 

The  equations  are  solved  simultaneously  for  P0  and  Pw.  The  new  saturations  are 
then  found  by  SW(PC)-  The  finite  difference  discretization  of  the  system  leads  to  a 
symmetric,  block-pentadiagonal  system  where  the  blocks  Me  2x2  submatrices.  The 
off-diagonal  blocks  are  diagonal  matrices.  The  discretization  is  backward  in  time 
with  explicit  mobilities  A„  and  A„.  Again  the  difficulties  in  a  multigrid  scheme  are 
the  discontinuities  in  the  coefficients  A/.  We  use  a  generalization  of  the  interpolation 
procedure  we  use  for  the  1MPES  method  applied  to  systems,  which  was  originally 
proposed  by  Dendy  [8]. 


3.  SOLUTION  BY  A  MULTIGRID  METHOD 


Simulation  of  large  reservoirs  by  the  methods  described  above  requires  the  solution  of 
very  large  sets  of  linear  equations.  The  number  of  unknowns  may  run  up  to  several 
thousands.  If  direct  methods  are  used  for  the  solution  of  such  systems,  the  amount  of 
work  increases  as  the  square  of  the  number  of  unknowns.  In  terms  of  computer  work 
and  storage,  it  is  generally  much  more  economical  to  use  a  fast  iterative  method. 

Very  rapid  convergence  is  provided  by  multigrid  methods.  These  are  ‘asymptoti¬ 
cally  optimal’  iterative  methods,  i.  e.,  the  computational  work  required  for  achieving 
a  fixed  accuracy  is  proportional  to  the  number  of  discrete  unknowns.  The  multigrid 
methods  work  in  the  following  way:  It  is  well  known  that  relaxation  methods  axe  very 
efficient  at  the  elimination  of  high  frequency  errors  which  have  a  wavelength  of  the 
order  of  a  grid  spacing  but  are  very  inefficient  at  the  elimination  of  long  wavelength 
errors.  This  fact  is  exploited  in  multigrid  methods.  By  the  application  of  a  suitable 
relaxation  method  approximations  with  smooth  errors  are  obtained  very  efficiently. 
Such  smooth  errors  can  be  accurately  represented  on  a  coarser  grid.  Thus,  corrections 
of  approximations  with  smooth  errors  can  be  calculated  efficiently  on  this  coarser  grid. 
This  basic  idea  is  employed  on  coarser  and  coarser  grids.  Finally  we  arrive  at  a  very 
coarse  grid,  on  which  a  linear  system  of  equations  can  easily  be  solved.  Having  found 
a  sufficiently  good  correction  on  a  coarser  grid,  we  return  to  the  next  finer  grid  by 
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interpolating  this  correction  and  adding  it  to  the  fine  grid  approximation.  This  is 
continued  back  to  the  finest  grid. 

Let  a  sequence  of  grids  Gk  (k  =  l(l)M)  be  defined  with  h\  >  h2  >  ...  >  hm, 
where  hk  is  the  mesh  size  of  Gk.  Let  LM  be  a  finite  difference  approximation  to  the 
differentia]  operator  L  on  GM  and  let  Lk  be  an  approximation  to  LM  on  Gk  for  k  <  M . 
By  Xk  we  denote  the  linear  space  of  real  valued  grid  functions  defined  on  Gk: 

A"  :  Gk  -  R. 

Obviously  Xk  =  RA*,  where  is  the  number  of  grid  points  of  Gk.  By 

Ik~:  :  Xk  -»  A'*'1 
we  denote  a  restriction  operator  and  by 

7*_j  :  A”*-1  —  Xk 

an  interpolation  operator.  For  convenience  we  introduce  the  notation 

uk:=  S°k(uk,LkJk) 

to  denote  that  it*  is  the  result  of  o  relaxation  steps  applied  to  Lkuk  =  fk  starting  with 
uk  as  first  approximation,  where  it*.  uk,  /*  €  Xk.  Similarly  we  denote  by 

in*  :  =  MGl(uk,Lk,fk) 

so  that  in*  is  the  result  of  7  successive  applications  of  the  following  algorithm  MGk 
to  L*tt*  =  /*  starting  with  it*  as  first  approximation: 

Algorithm  MGk : 

Step  1:  If  k  >  1  go  to  step  2,  else  solve  exactly 


"•L. 

II 

r— < 

IS 

(11) 

MGi  :  = 

(12) 

Step  2:  (Smoothing) 

«*:=  Sl'(uk,LkJk) 

(13) 

Step  S:  (Transfer  to  the  next  coarser  grid) 

f-1  :  =  It'  It  -  £*«*], 

(14) 

v*-1  :  =  0. 

(15) 

Step  4- 

1-*-1  :  =  MGl_l{vk-\Lk-\fk-1), 

(16) 

Step  5:  (Transfer  to  the  next  finer  gTid) 

in*  :  =  it*  +  /£_,  vk-\ 

(17) 
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Step  6:  (Smoothing) 


(18) 

(19) 


**:  =  S?{wk,Lk,fk), 

MG i,  :  =  wk. 

The  multigrid  method  consists  of  the  following  iteration: 

Initialize:  u(0)  €  XM ,  (20) 

a(j+j ) .  _  MGm(uu\LmJm).  (21) 

7  in  step  4  is  either  equal  to  1  or  2.  With  7  =  1  ve  obtain  a  V-CycJe  and  with 
7  =  2  a  W-Cycle.  If  the  coefficients  of  the  differential  operator  Z  are  continuous,  it 
is  usually  very  efficient  to  use  bilinear  interpolation  for  /£_,  and  the  transpose  of  this 
interpolation  operator  for  the  restriction  l£~ 1 .  Moreover,  in  this  case  very  good  results 
are  generally  obtained  if  Lk  for  A:  <  M  is  the  same  finite  difference  approximation  of 
Z  on  G'fc  as  LM  on  GM . 

If  we  solve  the  oil  reservoir  differential  equations  by  the  multigrid  method,  we 
have  the  difficulty  that  the  transmissibilities  may  have  large  jump  discontinuities  of 
several  orders  in  magnitude.  Discontinuities  in  permeablity  occur  between  different 
layers  having  different  geological  structures.  Furthermore  the  relative  permeabilities 
are  dependent  on  the  saturations,  which  have  discontinuities  at  the  oil-water-interface. 
As  noted  by  Alcouffe  et  al.  (see  |lj)  the  multigrid  method  exhibits  poor  convergence 
for  problems  with  large  discontinuities  if  the  bilinear  interpolation  is  used.  If  the 
coefficients  of  the  differential  equations  jump  by  orders  of  magnitude,  the  use  of  a 
more  appropriate  interpolation  is  necessary  to  achieve  the  usual  multigrid  efficiency. 
The  interpolation  operator  should  mimic  the  properties  of  the  difference  operator. 
Consequently,  the  difference  operator  itself  was  used  for  the  interpolation  operator 
7*_j  (see  [1,3, 4, 6]).  Moreover,  it  must  be  guaranteed  that  the  difference  equations  on 
the  next  coarser  grid  approximate  those  on  the  given  grid.  To  achieve  this  we  defined 
the  coarse  grid  difference  operator  Z*_1  by  the  Galerkin  approach 

I*-1  =  l£-1lklt.i  (k  =  M(~  1)2).  (22) 

Z*-1  (k  —  M(— 1)2)  are  nine  point  operators,  although  LM  is  a  five  point  operator. 

The  interpolation  operator  used  for  the  solution  of  the  IMPES  pressure  equation 
is  defined  in  the  following  way.  Let  Lk  be  defined  at  point  (*,  ,  y;  )  £  Gk  by 


Lii  uo 

= 

wf-  u-i 

4 

4 

NWk: 

uk  ■ 

4 

1 .  . 

4 

4 

4 

uk 

4 

4 

*1+1  J+l* 

Suppose  (Zi+Uyj)  €  Gk\Gk  1  and  (*,-, yy),(z.-+2,ji>-)  €  GknGk~\  where  k  =  .¥(-1)2. 
On  Gk~i  the  latter  two  grid  points  are  denoted  bv  (*/,y.j),(*j+i>j/j)  respectively. 
Form  Wk+1J  =  SW*,j  4  Wk+lJ  4  NWk+lj,  Ck+lj  ~  4  C?+Ij-  4  Nk+iJ,  Ek+iJ  = 

S Ek+ , a  4  Ek+ij  4  NEi+ij.  Then  for  horizontal  lines  embedded  in  the  coarse  grid  the 
interpolation  /*_,  is  given  by 

(24) 
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A  similar  formula  is  used  for  the  interpolation  on  vertical  lines  embedded  in  the  coarse 
grid.  At  fine  grid  points  which  do  not  lie  on  coarse  grid  lines  [for  example  (xt+I ,  y)+I )] 
the  interpolation  formula  is  found  by  solving  the  equation 

’'i+i.j+i  =  0  (25) 

for  uf+i  J+] .  This  interpolation  approximates  the  continuity  of  (A„  +  A w)Vp0  over  the 
entire  domain  (see  [1]).  The  restriction  operator  j£-1  is  defined  by  the  transpose  of 
the  interpolation  operator 

Ik'1  =  (tf-,)T-  (26) 

For  relaxation  we  used  the  point,  the  line,  or  the  alternating  line  Gauss  Seidel  method. 

In  the  simultaneous  solution  method  a  system  of  two  differential  equations  is  to 
be  solved  numerically.  Here  again  we  have  the  difficulty  of  jump  discontinuities  in 
the  coefficients  of  the  differential  equations.  Therefore,  we  implement  a  multigrid 
method  which  is  a  generalization  of  the  method  used  for  IMPES  (see  [8]),  in  which  the 
differential  operator  is  used  as  the  basis  for  the  interpolation.  This  tends  to  follow  the 
continuity  of  Aj  Vp;  rather  than  trying  to  follow  Vpt  (which  can  be  discontinuous  here) 
as  in  the  usual  schemes.  Interpolation  and  coarse  grid  matrices  are  calculated  in  the 
same  manner  as  for  the  IMPES-method.  In  doing  this  we  replace  scalar  operations 
by  matrix  operations,  so  that,  for  example,  the  division  by  •  in  equation  (24)  is 
replaced  by  the  matrix  inversion  [C*  j -]_1.  Relaxation  is  done  by  the  collective  point, 
line,  or  alternating  line  Gauss  Seidel  method. 


4.  RESULTS 

We  tested  the  multigrid  method  described  above  for  the  following  situation.  The 
reservoir  was  represented  by  a  horizontal  square.  Initially  the  entire  reservoir  was 
(almost)  saturated  with  oil.  Water  was  injected  in  one  corner  and  oil  was  produced  in 
the  opposite  corner  of  the  square.  We  assumed  no  flow  Neumann  boundary  conditions 
and  considered  the  following  cases: 

1)  Isotropic  case,  i.  e.  Kx  =  Ky,  where  Kx,  Kv  are  the  permeabilities  in  z-  and 
{/-direction  respectively. 

2)  Anisotropic  case  with  Km  ~  10s  Kv. 

3)  Anisotropic  case  with  jump  discontinuities.  There  were  three  subregions  with  dif¬ 
ferent  permeabilities  A'*,  Kv.  In  the  first  subregion  we  assumed  Kx  =  10s  Kv,  in  the 
second  Kx  =  Ky  and  in  the  third  Kv  =  102  Kx. 

In  case  1)  the  point  Gauss  Seidel  method  was  a  very  good  smoother.  In  the  second 
case  it  was  necessary  to  use  the  line  Gauss  Seidel  relaxation,  whereas  in  the  third  case 
only  the  alternating  line  Gauss  Seidel  was  a  good  smoothing  procedure.  The  capillary 
pressure  was  assumed  to  be  a  linear  function  of  saturation.  The  values  of  the  capillary 
pressure  were  assumed  to  be  rather  small,  they  ranged  only  between  0.0  and  0.1.  The 
relative  permeabilities  were  approximated  by  piecewise  linear  functions. 

In  all  these  cases  the  multigrid  method  described  above  exhibited  the  usual  multi- 
grid  efficiency.  If  the  IMPES-method  was  used,  for  a  grid  with  65  x  65  =  4225  grid 
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points  for  example  execution  times  between  3.5  and  7.0  seconds  were  necessary  on  the 
IBM  3090  computer,  to  make  the  residuals  smaller  than  10-1°.  For  the  simultaneous 
solution  method  we  found  frequently  that  the  same  number  of  cycles  and  about  the 
same  number  of  relaxations  were  necessary  to  achieve  a  certain  accuracy  as  for  IM- 
PES.  The  execution  times  of  the  simultaneous  solution  method  were  of  course  larger 
than  for  IMPES  because  we  had  to  solve  a  system  of  two  differential  equations  instead 
of  a  single  equation.  On  the  average  they  were  between  1.4  and  1.5  times  as  large  as 
for  IMPES. 

If  the  derivative  of  the  capillary  pressure  function  is  very  small,  then  the  discrete 
system  of  the  simultaneous  solution  method  becomes  nearly  singular  (see  [2]).  In  this 
case  we  sometimes  observed  divergence  of  the  multigrid  method  after  it  had  converged 
very  well  for  a  large  number  of  time  steps.  When  this  happened,  it  was  always  possible 
to  obtain  convergence  by  choosing  the  coarsest  grid  sufficiently  fine.  So  far  we  haven’t 
observed  any  loss  of  efficiency  in  this  case.  The  execution  times  were  about  the  same. 


5.  CONCLUSIONS 


We  have  programmed  the  IMPES  method  of  solution  for  two  phase  incompressible 
flow  using  a  multigrid  solver  originally  proposed  by  Alcouffe,  et  al  [1].  This  method 
avoids  problems  which  arise  in  usual  multigrid  techniques  due  to  discontinuities  of 
the  coefficients.  The  discretized  operator  equation  itself  is  taken  as  the  basis  for  the 
interpolation  operator,  and,  thus,  the  coarse  grid  operator,  by  means  of  the  Galerkin 
approximation.  The  efficiencies  we  have  achieved  are  typical  for  those  found  when  the 
multigrid  method  is  used. 

We  then  programmed  the  simultaneous  solution  method  (linearized  fully  implicit 
method),  which  included  the  time  discretized  terms.  We  used  a  generalization  of  the 
multigrid  method  used  in  the  IMPES  case  for  systems  of  equations  [8).  The  inclusion, 
however,  of  the  mass  conservation  terms  in  the  system  made  the  system  much  more 
hyperbolic.  As  a  result,  although  the  method  worked  well,  one  had  to  take  care  not  to 
choose  the  coarsest  grid  too  coarse.  If  it  was  chosen  too  coarse,  then  the  equations  were 
dominated  by  the  mass  conservation  part  of  the  equations,  rather  than  the  diffusion 
transport  part.  This  restriction  caused,  however,  no  practical  limitations  to  the  use 
of  the  method.  Generally,  it  was  sufficient  to  have  at  least  several  interior  point  on 
the  coarsest  grid.  With  this  slight  caution,  this  form  of  the  equations  was  solved  as 
efficiently  as  is  usually  the  case  for  multigrid  methods. 
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Summary 

Riemann’s  initial  value  problem  has  been  studied  in  our  paper  [9]  for  a  rather  broad 
class  of  such  hyperbolic  systems  with  which  rotational  symmetry  creates  a  specific  kind 
of  degeneracy:  under  natural  genericity  assumptions  it  is  found  to  have  a  unique  stable 
centered  solution.  This  result,  which  holds  locally  near  degenerate  points  in  state  space, 
applies  to  important  examples  from  continuum  mechanics.  In  sec.3  of  the  present  report 
we  will  see  that  in  all  these  cases  the  pattern  of  the  degenerate  transverse  waves  is 
isomorphic  to  that  of  a  rather  simple  standard  model.  In  sec.4  important  qualitative 
features  of  the  wave  pattern  in  the  general  case  are  observed  by  means  of  simple  explicit 
calculations  on  the  model.  Sec.l  introduces  to  the  situation  by  reviewing  previous 
results  for  reference  and  sec.2  discusses  the  concept  of  stability  that  we  use. 

1.  Rotationally  degenerate  systems 

We  consider  hyperbolic  systems 

«<(£,*)  + (/(«(£, <)))«=  0,  (£,t)G2Rx2R+,  (1.1) 

of  conservation  laws:  the  flux  function  /  :  U  — »  2R"  is  a  smooth  map  defined  on  an 
open  state  space  U  C  Rn,  and  its  Jacobian  Df(u)  is  U-diagonalizable  at  any  u  £  U. 
We  restrict  our  search  for  solutions  to  those  of  the  Riemann  problem,  i.e.  (1.1)  together 
with  initial  data  of  the  special  form 

u(C,°)={“'  (1.2) 

Def.  1.1.  For  m,k,n  =  m  +  k  £  N  we  decompose  u  G  lRn  as  u  =  (r, y)  with 
x  £  Mm,y  G  2R*  and  define  for  any  (proper  or  improper)  rotation  O  G  O (m)  ,the 
orthogonal  group  on  JRm ,  0  £  O(n)  by  0(x,  y)  =  (Ox,  y).A  hyperbolic  system  given  by 
/:{/—►  JRn  is  rotationally  symmetric  (to  degree  m  ;  with  respect  to  x)  if 

foO  =  Oof  for  any  0  G  O(m).  (1.3) 

We  call  the  set  C  =  {(x,  y)  £  U;  x  =  0}  the  center  of  /. 
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Clearly,  (1.3)  presupposes  0(m)U  =  U,  i.e.  rotational  symmetry  of  U,  and  implies 
that  the  notion  of  solution  is  invariant:  With  u  any  solution  of  (1.1),  also  0  o  u  is  a 
solution. 

For  m  >  2  the  hyperbolicity  of  any  such  system  is  always  non-strict  at  its  center:  (1.3) 
implies 

Df  o  O  DO  =  DO  Df  ,  (1.4) 

especially  at  the  center 

Df\C  =  DO  D  f\C  DOT  ,  (1.5) 

and  with  respect  to  the  modes  (=(eigenvalue,eigenspace)-pairs  (A,  R)  of  Df)  this  yields 
the  rotational  invariance 

R\C  =  DO  R\C  ,  (1.6) 

so  that  there  exists  at  least  one  eigenvalue  A  of  multiplicity  m  at  C.  Generically  (in 

a  geometric  sense;  gasdynamics  with  its  additional  Galilean  invariance  is  a  prominent 
counterexample),  A  splits  into  two  different  eigenvalues  (branches  over  U):  a  simple  one 
and  another  one  that  is  (m  —  l)-fold  and  linearly  degenerate.  The  latter  corresponds 
to  rotations  in  state  space:  its  eigenspace  bundle  R  has  (m  —  l)-spheres  as  integral 
manifolds.  We  are  especially  interested  in  the  degenerate  situation  near  C. 

Obviously,  any  rotationally  symmetric  hyperbolic  system  /  is  of  the  form 

f(x,y)  =  (X(x,y),Y(x,y))vrith  (1.7) 

X(x,y)  =  *(|x(,y)x,r(x,y)  =  K(|x|,y),  (1.8) 

where  X  :  1R  x  ]Rk  — ►  ]R,Y  :  1R  x  ]Rk  — *  ]Rk  are  smooth  maps  and  even  in  the  first 
argument. 

Def  1.2.  To  /  we  define  the  corresponding  radial  system  f  and  the  corresponding 
central  system  f  by 

f(x,y)  =  (X(x,y)x,Y(x,y))  on  U  =  {(x,y)  £  R  x  Rk;xSm~1  x  {y}  c  U),  (1.9) 
f(y)  =  ^(0,2/)  on  U  =  {y  €  JR*;(0,y)  €  U).  (1.10) 

We  fix  «o  6  C  and  denote  by  «o,tio  the  corresponding  points  in  U ,  U.  If  /  is  strictly 
hyperbolic,  then  Df  has  exactly  k  eigenvalues  A  whose  restrictions  A  1C  to  the  center 
C  =  {(x,  y)  6t/;i  =  0}  of  /  are  also  eigenvalues  of  Df  =  D(f\C),  and  there  is  exactly 
one  further  eigenvalue  A  whose  corresponding  eigenspace  R  is  transverse  to  C  at  C.  For 
reasons  of  symmetry,  R\C  =  lRx{0}  and  A  is  even  with  respect  to  x;  so  (d/dx)X(u0)  =  0, 
i.e.  A  cannot  be  genuinely  nonlinear  at  C.  Nothing,  however,  generally  prevents  A  from 
being  genuinely  nonlinear  outside  C\  e.g.  it  is  locally  if  (<92/<9x2)A(ti0)  ^  0.  This 
motivates  the  following 

Genericity  assumptions.  We  consider  a  rotationally  symmetric  system  which  fulfils 

/  is  strictly  hyperbolic  at  &o>  (1.11) 

A  fulfils  (P/dx^Xiuo)  ^  0,  (1.12) 

any  other  eigenvalue  of  Df  is  either  g.  nl.  or  1.  dg.  (1-13) 


The  following  is  the  main  result  of  [9]. 

Theorem  1.1.  Let  /  be  a  hyperbolic  system  that  is  rotationally  symmetric  and  u0 
a  state  in  its  center  C .  Assume  (1.11), (1.12), (1.13)  hold.  Then  locally  near  uq  the 
Riemann  problem  has  a  unique  stable  solution,  which  depends  continuously  on  the 
data.  (See  below  for  the  meaning  of  ’’stable  solution  of  a  Riemann  problem”.) 

A  major  motivation  of  our  study  of  rotationally  symmetric  systems  is  that  important 
systems  of  continuum  mechanics  are  rotationally  symmetric  or  have  rotationally  sym¬ 
metric  systems  associated  to  them.  We  mention  a  general  result,  which  has  been  proved 
in  [9]  as  a  consequence  of  theorem  1.1. 

Theorem  1.2.  Assume  /  :  U  — >  JRn  is  the  flux  function  of  a  hyperbolic  system,  and 
the  eigenvalues  of  Df  are  all  positive.  Then  the  system 


ut(£>*)-vf(£.f)  =  0 

v«(f,t)-(/(u(£,t)))*  =  0 


(1.14) 


of  p.d.e.  is  hyperbolic. 

If  /  is  rotationally  symmetric  (see(1.3))  and  fulfils  the  genericity  assumptions  ((1.11)  to 
(1.13))  at  a  point  uo  €  C,  then  locally  near  (uo,Vo)  (, where  vq  6  JRn  is  arbitrary,)  the 
Riemann  problem  of  (1.14)  has  a  unique  stable  solution,  which  depends  continuously 
on  the  data. 

Magnetohydrodynamic  plane  waves  and  elastic  plane  waves  in  isotropic  bodies  are  gov¬ 
erned  by  systems  of  the  form  (1.14).  It  is  isotropy  which  induces  rotational  symmetry 
of  the  corresponding  /  in  either  case;  so  this  symmetry  is  present  in  magnetohydro¬ 
dynamics,  and  it  is  present  in  elasticity  if  the  material  is  isotropic.  In  realistic  cases 
assumptions  (1.11)  to  (1.13)  are  satisfied  for  these  physical  systems,  and  in  contrast  to 
gasdynamics,  the  geometrically  generic  form  of  rotational  degeneracy  is  realized.  Theo¬ 
rem  1.2  seems  to  give  the  first  rigorous  results  on  existence  and  uniqueness  of  solutions 
to  the  Riemann  problem  of  these  systems  near  degenerate  states.  Note  also,  for  com¬ 
parison,  that  another  well-known  system  of  the  form  (1.14)  with  rotationally  symmetric 
/,  that  of  the  elastic  string  (see  [4],  where  its  Riemann  problem  began  to  be  studied) 
has  C  =  0  and  so  lacks  a  central  degeneracy. 

For  further  details  and  proofs  we  refer  the  reader  to  [9]. 


2.  Stable  solutions  of  Riemann  problems 

In  this  section  we  define  and  interpret  the  concept  of  stable  solutions.  From  the  outset 
we  assume  centeredness  and  a  minimum  amount  of  regularity: 

Def.  2.1.  A  solution  (of  the  Riemann  problem  (1.1), (1.2))  is  a  piecewise  smooth 
function  u  €  £^(111,1 7)  that  solves  weakly  the  equation 

-su'(s)  +  (/  o  u)'(s)  =  0,  s  e  JR  (2.1) 


and  has 


lim  u(s)  =  uj,  lim  u(s)  =  ur. 

a— ♦  — oo  j—*oo 


Equip  the  set  of  all  solutions  with  the  £joc -topology. 


(2.2) 
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A  solution  may  contain  discontinuities  where  u  =  u(s— )  and  ti+  =  u(s+)  disagree. 

Def.  2.2.  A  discontinuity  is  said  to  be  linearly  stable  if  it  fulfils  the  Rankine-Hugoniot 
conditions 


f(u+)-f(u~)  =  s(u+-u  ) 


(2.3) 


and,  with 


R  ( u,s )  —  ker(Df(u)  -  A),  R+(u,s)  =  ker(Df(u)  -  A),  (2.4) 

a<«  A>« 

also 

R+(u-,s)  +  fZ~(u+,s)  C  R_(u~,.s)  ®  R+(u+,s)  ®  JR(u+  —  u~).  (LS) 

Def.  2.3.  A  solution  of  a  Riemann  problem  is  called  linearly  stable  if  all  its  discontinu¬ 
ities  axe;  it  is  called  a  stable  solution  if  it  is  the  £loc  -limit  of  linearly  stable  solutions. 

In  order  to  motivate  condition  (LS)  we  look  at  the  solution 

*{“G  e>»*.  (2'5) 

of  (1.1.), (1.2)  corresponding  to  u~,u+  which  fulfil  the  RH  conditions.  The  next  argu¬ 
ments  follow  [5],  pp.  25-27.  We  assume  that  to  slightly  perturbed  initial  data  °u  there 
is  a  solution  u  of  similar  structure  as  Uo:  smooth  outside  a  smooth  curve,  along  which 
the  RH  conditions  axe  satisfied: 

u«(4,o+(/(u(£,t))){  =  o ,  e/c (*), 

-('W(ur(<)  -  U '(*))  +  (/(ur(t))~  /(u'(<)))=  0  ( (,0enxl4  (2.6) 

u((,0)=°u(()  ,  C(0)  =  o 

where  ur/'(t)  =  u(((t)  ±  0,  t);  we  further  assume  that  u  depends  smoothly  on  °u  in 
the  way  that  there  are  families  ue  depending  smoothly  on  a  real  parameter  e  point¬ 
ing  in  appropriately  arbitrary  ’’directions”  °w  =  (^(°ue))e=o-  If  C«  parametrize  the 
corresponding  discontinuity  curves,  the  transformation 

Q  Q 

Ue(£,t)  =  Ue(£  -  C<r(*M).W  =  =  (^Ce)e=0  (2.7) 

yields  the  linearized  problem 

w«(G<)  +  ( A(u ±)  -  s/)we(G<)  =  0  ,  ±(  >  0  (2.8.1) 
— <7 '(t)(u+  -  u~)  +  (A(u+)  -  s/)w(0+,<)  -  (A(u~)  -  sJ)w(0— ,t)  =  0  (2.8.2) 

w(£,0)  =°  w(0  ,  a(0)  =  0.  (2.8.3) 

Let  C® o  consist  of  all  functions  €  C°°(2R,  ]Rn)  whose  support  is  compact  and  does  not 
contain  0. 

Lemma  2.1.  The  linearized  problem  has  a  unique  solution  for  any  °w  e  CSS  if  and 
only  if  (LS)  holds. 
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Proof.  Decompose  any  solution 


w(f,<)  =  X! w*  (£>*)’'*  ’  >  °>  (2.9) 

fc  =  l 

where  {rjjT },  {r£ }  axe  complete  sets  of  eigenvectors  at  the  left  and  at  the  right  hand 
state,  respectively: 

Dfiu^rf  =  \frf  ;  (2.10) 

(2.8.1)  decomposes  into  the  characteristic  equations 

(|+(A‘  -s)^)wt(£’*)  =  0  -  ±e>°-  (2-ii) 

Now  (2.8.2)  is  the  linear  algebraic  system 

n  n 

-^f)(U+-O  +  X>+(0,<)(A+  -s)r+-  £>*(0,f)(A*  -a)rj  =  0  (2.12) 

*=1  i=l 

of  equations  between  the  quantities  —  a'(t),w±(0,  t).  Depending  on  whether  the  corre¬ 
sponding  characteristics  impinge  or  do  not  impinge  on  the  boundary  f  =  0,  the  w^(0,  t) 
axe  determined  by  the  initial  values  (2.8.3)  or  should  be,  as  should  be  — cr'(t),  by  (2.12). 
The  wellposedness  of  (2.12)  in  this  sense  is  however  equivalent  to  (LS). 


3.  The  tandard  model 

For  any  m  £  IN  the  system 

u<(£,0  +  (/m(u(£,t)))j  =0  ,  ( z,t)emxm+ , 

of  p.d.e.  with  the  flux  function 

,  /m(u)  =  |u|2u 


is  hyperbolic:  the  Jacobian 


Dfm(u)  =  |u|  2/m  +  uuT 


has  a  radial  mode  (Ar,  RT)\ 

Ar(u)  =  3|u|2  ,  Rr(u)  =  Ru 
and, for  m  >  2,  an  azimuthal  mode  (A“,  Ra): 

A«(u)  =  |u|2  ,  R‘(u)  =  u±. 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 
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It  is  rotationally  symmetric  to  (maximal)  degree  m:  def.  1.1  applies  with  k  =  0  and 

foO  =  Oof  ,  0  e  O(m).  (3.6) 

It  fulfils  the  genericity  assumptions  (1.11)  to  (1.13):  since  the  corresponding  radial 
system  has  the  flux  function 

}  =  fx:lR^lR  ,  /(*)  =  x3  ,  (3.7) 

(1.11)  and  (1.13)  are  trivial;  (1.12)  follows  from 

A(x)  =  f'(x)  =  3x2  .  (3.8) 

The  center  of  this  system  in  the  sense  of  def.  1.1  is  the  origin  {0}  C  lRm. 

Certainly  we  do  not  need  theorem  1.1  and  the  rather  complicated  arguments  used  in 
its  proof  in  order  to  treat  the  Riemann  problem  of  this  simple  system.  The  aim  of 
this  paper  is  to  point  out  important  qualitative  features  of  the  degenerate  part  of  the 
wave  pattern  in  the  general  case,  that  is  the  pattern  of  transverse  waves:  In  the  general 
situation  defined  by  the  genericity  assumptions  (1.11)  to  (1.13),  there  is  an  interval  Iq,  a 
neighborhood  of  A(iio),  such  that  elementary  waves  (RH  discontinuities  as  well  as  simple 
waves)  moving  at  speeds  s  €  Jo  oscillate  nearly  orthogonal  to  C  ("transverse”),  whereas 
waves  of  speeds  s  £  Iq  oscillate  nearly  parallel  to  C  ("almost  central”).  The  almost 
central  waves  can  be  considered  as  perturbations  of  waves  of  /,  and  so  their  pattern 
is  the  usual  one  of  a  system  with  eigenvalues  either  g.nl.  or  l.dg.  (see  [1]).  Different 
phenomena  appear  with  the  transverse  waves,  and  it  is  to  observe  these  that  we  look  at 
the  above  simple  system.  It  is  a  fairly  true  model  of  the  general  case  in  the  following 
precise  sense: 

Lemma  3.1.  For  an  arbitrary  hyperbolic  system  with  a  generic  rotational  degeneracy, 
project  (locally  near  C)  all  pairs  of  states  (u~,it+)  that  can  be  joined  by  transverse 
waves  on  their  x-component  (the  component  with  respect  to  which  the  flux  function 
is  symmetric)  to  get  pairs  (x~,x+)  and  interpret  x_,x+  as  points  in  the  state  space 
of  the  standard  model  fm  of  same  degree  m  of  symmetry.  This  yields  a  true  picture 
in  the  sense  that  these  (x~,x+)  also  correspond  to  (locally  all)  elementary  waves  to 
/m,  which  moreover  are  "of  the  same  kind”:  the  speeds  of  these  waves  are  in  the  same 
order  with  respect  to  the  characteristic  speeds  of  the  model  as  their  preimages  are  with 
respect  to  the  transverse  characteristic  speeds  of  the  original  system.  Also  (in)stability 
of  discontinuities  is  carried  over  properly. 

On  purpose  we  avoid  formulae  here  and  will  not  give  a  technical  proof  of  this  lemma. 
A  look  at  the  parametrization  of  transverse  waves  introduced  in  tb  proof  of  theorem 
1.1  in  [9]  brings  the  above  statement  immediately  to  the  (inner  mind’s)  eye,  since  this 
projection  is  the  key  idea  of  that  proof. 

Also  by  the  isomorphisms  (constructed  in  [9])  between  solutions  (of  positive  or 
negative  speed)  of  (1-14)  and  solutions  of  the  original  system  with  flux  function  /,  it 
is  clear  at  once  that  the  wave  pattern  of  the  standard  model  produces  a  true  picture 
also  of  that  of  any  system  of  form  (1.14)  with  rotationally  symmetric  /;  note  that  this 
applies  to  the  said  physical  examples  ! 
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We  begin  our  study  of  the  standard  model  by  surveying  its  elementary  waves: 

Property  3.1.  To  any  point  u~  6  JRm\{0}  the  following  (stable  or  unstable)  elementary 
waves  are  possible: 

(i)  u~  can  be  joined  by  a  simple  wave  to  any  state  u+  =  ftu~  with  ft  >  1; 

(ii)  u~  can  be  joined  by  a  RH  discontinuity  to  any  state  u+  with  |u+|  =  |u"|; 

(iii)  u~  can  be  joined  by  a  RH  discontinuity  to  any  state  u+  =  ftu~  with  ft  £  M. 

The  simple  waves  (i)  belong  to  the  fast  mode  Ar,  the  discontinuities  (ii)  are  contact 
discontinuities  of  the  slow  mode  A“  (for  m  >  2):  there  will  be  no  doubt  that  these 
waves  should  be  admitted  The  discontinuities  (iii),  just  all  other  solutions  of  the  RH 
conditions 

(|u-|2-s)u-=(|u+|2-s)u+,  (3.9) 

cannot  be  generally  assigned  to  any  of  the  both  modes  and  must  be  checked  for  admis¬ 
sibility,  which  clearly  depends  on  the  criterion  one  applies.  Before  we  compare  different 
criteria,  we  distinguish  a  special  solution. 

Def  3.1.  The  standard  solution  to  the  Riemann  problem  of  the  standard  model  is 
constructed  as  follows: 

If  m  =  1  (, which  yields  the  cubic  standard  example  of  a  nonconvex  scalar  law),  take  the 
usual  solution  by  one  simple  wave,  one  shock  or  one  mixed  wave  (:the  type  introduced 
by  Liu  in  [3]  consisting  of  a  shock  and  an  adjacent  simple  wave). 

If  m  >  2,  proceed  like  this:  To  given  ui,  uT  €  JRm  \  {0}  find  a  unique  intermediate  state 
um  as  that  point  in  state  space  where  the  sphere  |u;|5m_I  and  the  ray  JR+ur  intersect, 
uj  can  be  joined  to  um  by  a  slow  contact  discontinuity,  and  unless  already  um  =  ur,  um 
can  be  joined  to  ur  by  a  shock  or  a  fast  simple  wave,  depending  on  whether  0  <  ft  <  1 
or  1  <  ft  in  um  =  ftuT.  If  uj  =  0  or  ur  =  0  there  is  a  unique  fast  simple  wave  or  shock 
connecting  the  both  initial  states. 


*  € 


It  is  easy  to  see  that  this  procedure  leads  to  a  unique  solution  and  that  admitting 
more  discontinuities  than  those  used  in  it  leads  to  nonuniqueness.  Except  for  a  certain 
geometric  intuition,  however,  up  to  now  the  procedure  lacks  any  justification. 
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4.  The  wave  pattern 


We  discuss  the  wave  pattern  of  the  standard  model;  this  cam  be  done  by  very  simple 
calculations.  By  lemma  3.1  we  are  sure  that  interesting  phenomena  we  observe  in  this 
way  also  appear  with  any  other  system  exhibiting  a  generic  rotational  degeneracy.  We 
compare  different  admissibility  criteria,  discuss  the  question  of  embedding  systems  into 
each  other  and  that  of  the  so-called  anomalous  shocks,  and  point  out  a  continuous 
version  of  lability  of  intermediate  states  in  solutions. 

Property  4.1.  A  discontinuity  with  left  hand  state  u~  ^  0  and  right  hand  state 
u+  =  fiu~  is  admissible 

(a)  in  the  sense  of  Lax’s  shock  inequalities  (:”SI”): 
if  m  =  1:  exactly  for  px  e  (— 1), 

if  m  =  2:  exactly  for  pi  6  (— 1,  —  |)  U  (0, 1), 
if  m  >  2:  exactly  for  pi  €  (0, 1); 

(b)  in  the  sense  of  Liu’s  condition  (E):  (for  any  m:)  exactly  for  px  €  [—  1); 

(c)  in  the  sense  of  criterion  (LS)  of  linear  stability: 
if  m  =  1:  exactly  for  /ig(- 1), 

if  m  >  2:  exactly  for  fi  6  (0, 1). 

Proof.  The  shock  speed 

s(p)  =  |u_|2(l  + (4.1) 

must  be  compared  with  the  characteristic  speeds  Xr(u~)  =  3|u~|2,  Ar(u+)  =  3/j2|u_|2, 
and,  for  m  >  2,  A “(u_)  —  |u~|2,  A“(u+)  =  px2\u~\2. 


If  m  =  1,  the  (SI)  require  Ar(u~)  >  s  >  Ar(tt+);  if  m  >  2,  they  mean 


either  A“(u  )  <  s  and  Ar(«-)  >  s  >  Ar(u+) 
or  A“(u~)  >  s  >  A°(u+)  and  s  <  Ar(u+). 


(4.2) 


Liu’s  condition  (E)  means  (here)  that 
5(a0  5:  •s(A)  f°r  all  A  between  px  and  1. 
In  checking  criterion  (LS)  observe  that 
R *  =  fl±(u,s)  are  for 
s  <  A“(u)  :  R-=$,R+  =  1 Rm, 

s  =  A°(u) :  R~  =  0,  R+  --  IRu, 

A “(«)<s  <  Ar(u)  :R~  =ix-L,  R+  =lRu, 
s  =  Ar(u)  :  R~  =u±,  R+  =0, 

3  >  Ar(u)  :  R-  =  Rm,R+  =  0. 

In  the  following  comparison  of  (SI), 
(E),  (LS)  with  regard  to  the  question 
of  uniqueness  of  solutions,  we  consider 
also  limiting  cases  as  admissible,  since 
certainly  the  set  of  admissible  solu¬ 
tions  should  be  £loc  -closed. 
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Property  4.2.  If  m  =  1,  (SI),(E),(LS)  effect  the  same  selection  of  admissible  disconti¬ 
nuities;  it  leads  to  the  unique  standard  solution  (see  def.  3.1). 

If  m  =  2,  (LS)  is  the  most  restrictive  criterion  and  leads  to  the  unique  standard  solution; 
(E)  as  well  as  (SI)  admit  more  discontinuities,  each  in  a  different  way,  but  both  leading 
to  nonuniqueness. 

If  m  >  2,  (LS)  and  (SI)  lead  to  the  same  selection  of  discontinuities  and  to  the  unique 
standard  solution;  (E)  admits  more  discontinuities  and  thus  ”  causes”  nonuniqueness. 

This  follows  from  property  4.1.  The  difference  between  (LS)  and  (SI)  in  the  case  m  =  2 
is  worth  an  extra  notice: 

Property  4.3.  With  degree  m  =  2  of  symmetry  there  are  shocks  that  correspond 
to  the  linearly  degenerate  (!)  slow  mode  in  the  sense  that  (SI)  axe  fulfilled  with  the 
characteristics  of  this  mode  impinging  on  the  shock  on  both  sides.  These  shocks  are, 
however,  not  linearly  stable.  (In  the  above  notation,  these  shocks  axe  given  by  values 

^  e  (-!,-§).) 

An  old  and  famous  example  are  the  magnetohydrodynamic  so-called  intermediate  shocks 
(more  precisely:  one  species  of  them),  about  whose  stability  there  was  an  interesting 
discussion  about  thirty  years  ago  (,  see  [2]).  In  1980,  Keyfitz  and  Kranzer  encountered 
such  ’’anomalous  entropy  shocks”  in  their  well-known  treatment  [4]  of  the  Riemann 
problem  of  the  elastic  string. 

A  comment  might  be  in  order  about  what  we  do  not  intend  to  say  here.  Lax  and  Liu 
designed  their  conditions  for  situations  with  separate  eigenvalues,  in  which  they  are 
well-known  to  be  very  fruitful  and  have  good  justifications.  In  the  situation  that  Lax 
originally  considered  in  his  famous  paper  [1],  the  local  Riemann  problem  for  a  strictly 
hyperbolic  system  with  each  eigenvalue  either  g.nl.  or  l.dg.,  the  (SI)  are  equivalent 
to  linear  stability  e.g.  in  the  sense  of  (LS).  On  the  other  hand  linear  stability  as  an 
admissibility  criterion  does  not  lead  to  uniqueness  even  in  the  simple  case  of  a  nonconvex 
scalar  law  with  several  inflection  points,  which  is  treated  perfectly  well  by  condition  (E). 
Finally,  in  our  situation,  (E)  and  (SI)  together  are  equivalent  to  (LS)  for  any  m. 

We  now  turn  to  the  question  of  embedding  systems  into  each  other.  For  the  standard 
model  of  degree  m  any  linear  subspace  L  C  2Rm  of  dimension  m  <  m  is  an  invariant 
submanifold  in  the  sense  of  [6].  The  restriction  fm  |  L  has  just  fm  as  a  coordinate 
representation,  so  the  standard  model  of  degree  m  might  be  called  a  subsystem  of  that 
of  degree  m.  This  must,  however,  be  handled  with  care: 

Property  4.4.  The  criterion  (LS)  may  make  a  different  choice  when  applied  to  a  sub¬ 
system  as  when  used  with  the  system  itself.  Here  this  is  the  case  for  the  subsystem  given 
by  /  =  fi  of  the  system  given  by  fm ,  m  >  2:  whereas  (LS)  allows  discontinuities  across 
the  origin  and,  as  a  consequence,  Liu  type  mixed  waves  for  f\ ,  the  same  discontinuities 
and  waves  are  forbidden  as  such  of  fm,m  >  2. 

This  is  an  analogue  on  the  level  of  dependent  variables  of  the  known  fact  that  stability 
of  a  multidimensional  planar  shock  front  with  respect  to  perturbations  that  are  one¬ 
dimensional  (in  the  independent  space  variable)  is  rather  different  from  stability  with 
respect  to  perturbations  that  are  themselves  multidimensional. 
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Finally  we  look  at  a  phenomenon  of  structural  lability. 

Property  4.5.  The  standard  solution  depends  continuously  on  the  data.  This  is, 
however,  not  true  for  the  intermediate  state  um:  there  are  initial  value  pairs  (ui,ur) 
such  that  arbitrary  small  changes  of  them  draw  um  near  any  point  of  a  whole  (m  —  1)- 
sphere. 

Continuous  dependence  of  the  solution  as  well  as  of  the  intermediate  state  on  the  initial 
data  is  of  course  no  question  as  long  as  ur  ^  0,  since  the  speeds  of  the  elementary  waves 
and  also  the  state  um  are  continuous  functions  of  («/,ur),  then.  In  the  neighborhood 
of  the  origin,  small  changes  of  ur  can  go  hand  in  hand  with  large  changes  in  its  polar 
angle,  which  determines  the  polar  angle  of  um;  so  um  may  jump  anywhere  near  the 
sphere  of  radius  |«;|  around  the  origin.  In  the  limit  case  ur  =  0  the  intermediate 
state  is  undetermined:  any  um  on  the  said  sphere  can  be  reached  from  uj  by  a  contact 
discontinuity;  since,  however,  in  this  case  the  ’’shock”  joining  um  to  ur  has  speed  equal 
to  that  of  the  contact  discontinuity,  um  will  not  appear  in  the  solution.  If  uT  —*  0,  the 
width  of  the  sector  in  (if,  t)-space  (the  length  of  the  s-interval)  on  which  u  =  urn  shrinks 
to  zero,  so  that  continuous  dependence  of  the  solution  is  maintained. 

Similar  things  were  found  in  [4], [7]:  with  systems  considered  in  these  papers  intermediate 
states  may  jump  near  neighborhoods  of  usually  two  discrete  points  in  state  space.  In 
distinguishing  by  the  type  of  the  manifold  near  whose  arbitrary  points  the  state  may 
jump,  one  might  call  this  a  discrete  version  and  the  phenomenon  described  above  a 
continuous  version  of  lability  of  intermediate  states. 
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SUMMARY 

A  numerical  method  for  Riemann  problems  for  a  class  of  equations 
(system  of  conservation  laws)  is  presented.  Stability  and  conver¬ 
gence  in  a  case  of  three-phase  flow  in  porous  media  is  shown  and 
the  application  to  general  Cauchy  problems  is  discussed. 


INTRODUCTION 


Based  upon  ideas  presented  by  Dafermos  Ill,  a  numerical  method  for 
one-dimensional,  scalar  conservation  laws  : 


ut  +  f(u)x  =  0  with  u(x,0>  -  u q ( x )  (1) 

was  developed  by  H. Holden,  L. Holden  and  Haegh-Krohn  [2l.  The  algo¬ 
rithm  is  tracing  envelopes  of  the  flow-function  f.  By  approximating 
f  by  a  piecewise  linear  function  and  ug(x)  by  a  piecewise  constant 
function  one  obtains  a  solution  consisting  of  shocks  only,  finitely 
many  at  any  time  and  a  finite  number  of  shock  collisions  as  t  ■*  •». 
Hence,  this  method  is  different  from  the  usual  methods  of  finite 
differences,  first  presented  by  Lax  [31.  If  f  actually  is  piecewise 
linear  and  uo  is  piecewise  constant,  the  solution  is  exact,  else 
one  has  good  error  estimates  (e.g.  Lucier  [4]).  Existence  and 
uniqueness  for  (1)  are  well  known  (e.g.  Oleinik  [5]).  For  a  2x2 
system  with  some  restrictions  of  f,  Isaacson  and  Temple  [6 1  have 
shown  uniqueness  of  a  weak  solution  for  a  global  problem.  As  an 
approach  to  a  system  of  conservation  laws  L. Holden  and  Heegh-Krohn 
have  studied  Riemann  problems  for  a  specific  class  of  equations  : 


U£  +  * i Iul» • .^i ^x  “0  i  »  1 ,  .  •  •  , N 


u0(x)  -  u ( x , 0 ) 


u_  if  x  <  0 

u+  if  x  >  0. 


(2) 


The  results  are  presented  in  a  preprint  1 7  J  in  which  their  proofs 
suggest  a  numerical  method  for  the  problem  (2). 


THE  NUMERICAL  METHOD 


The  algorithm  works  inductively,  so  assume  that 


ut  +  f  ( u )  x 


0  ,  u( x ,  0  ) 


u_  if  x  <  0 
u+  if  x  >  0 


(3) 
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is  solved,  u  may  be  either  a  vector  or  a  scalar.  Different  kinds  of 
assumptions  on  f  may  be  made,  see  {7  l  for  more  details,  here  we 
assume  that  f  is  continuous  and  piecewise  linear.  Let  U3  m  u_,  u2 , 
U3,  .  .  ,  un  “  u+  be  the  constant  states  that  make  up  the  solution 
and  slf  s 2 <  .  .  .  ,.  sn-l  the  corresponding  shock  speeds. 


X 


Fig.  1  The  solution  of 


+  f  (u ) , 


0. 


Consider  the  next  equation  : 


+  g (u, v) 3 


v(x, 0 ) 


v_  if  x  <  0 
v+  if  x  >  0 


(4) 


v  is  a  scalar  variable.  We  know  that  passing  from  g(u^,  )  to 

g(“i+l,  ),  that  is,  passing  from  an  area  in  the  x-t  plane  of  u  * 
to  an  area  of  u  «  ui+l'  we  have  a  shock  of  speed  33.  On  the  other 
hand,  within  each  area  u  is  constant,  so  there  we  have  a  scalar 
problem  with  a  restriction  of  the  permitted  shock  speeds  : 
si-l  *  8  <  8i*  Hence,  the  sequence  of  u-values  induces  a  sequence 

of  g-functions  to  be  considered)  let  g^  denote  glu^,  ).  To  help  us 
explicitely  constructing  the  solution  we  define  two  kinds  of  sets: 

is  the  set  of  v-values  where  we  may  land  after  having  made  a 
jump  from  gi  +  1  to  g^,  and  »i  +  i,out  is  the  oet  of  Points  from 
where  this  jump  may  originate.  Hence,  Hi>in  and  H^+lf0ut  are  the 
permitted  values  to  the  left  and  to  the  right  (respectively)  of  the 
Ui/Ui+J  shock.  We  start  out  on  the  function  gj  at  the  point  v»v_. 
We  then  find  the  set  of  points  on  gj  from  where  we  may  jump  to 
gi<v_)  with  speed  less  than  or  equal  to  sj .  By  a  jump  we  mean  to 
find  a  path  along  the  upper/lower  convex  envelope  ( 2 1 .  These  are 
the  points  that  we  may  invoke  where  u"u1#  and  so  make  up 
Next  we  consider  g2  and  find  the  points  upon  it  from  where  we  may 
jump  with  speed  S3  and  land  on  g^  at  a  point  of  This  points 

make  up  H2j0ut.  ®2,out  is  contained  in  H2,in  (if  we  lta?  jump  from 
a  point,  we  may  of  course  come  there  first).  In  addition  we  know 
that  we  may  move  along  g2  with  speed  between  S3  and  83.  Therefore 
we  have  to  include  in  the  points  of  g2  from  where  we  may  jump 

to  H2  # out  with  such  speeds.  From  H2(3n  we  now  repeat  the  process 
for  g3  as  we  did  with  g2  from  The  process  is  repeated  until 

Hn,0ut  i*  constructed.  We  are  now  prepared  to  trace  the  solution, 
and  start  out  in  the  point  gn(v+).  If  this  point  is  in  HnjOUt  we 
jump  across  to  gn-j..  Otherwise  we  first  have  to  jump  along  gn  with 
decreasing  speeds  larger  than  sn_3  until  we  reach  a  point  of 
Hn,out*  Then  pass  to  gn_i  (where  we  know  we  land  in  Hn_lf3n),  from 
where  we  may  have  to  jump  into  Hn_1|OUt  before  passing  to  g„_2  etc. 
In  this  way  we  construct  our  solution  path  all  way  down  to  gj(v_). 
As  shown  by  L. Holden  and  Heegh-Krohn  1 7 1 ,  the  solution  exists,  but 
is  not  generally  unique.  However,  the  set  of  initial  values  where 
we  do  not  have  uniqueness  is  finite,  and  in  the  case  of  two 
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equations  there  is  uniqueness.  That  will  be  the  kind  of  system  we 
will  examine  closer,  a  system  of  equations  modelling  a  case  of 
three-phase  flow  in  a  porous  medium. 


FLOW  EQUATIONS 


We  write  the  equations  : 

ut  +  f (u>x  ”  0  (5) 

vt  +  g(u, v )  x  =  0 

and  the  initial  states  (to  the  left  and  right  of  x»0  respectively) 
(u_,v_)  and  (u+,v+).  Interpretated  physically  u  denotes  gas-  and 
v  is  oil-saturation.  The  saturation  of  water  w  =  1  -  u  -  v.  The 

equations  describe  a  system  where  gas-flow  is  independent  of 
whether  it  takes  place  in  oil  or  water  environment,  whereas  the 
oil-flow  is  sensible  to  the  amount  of  both  water  and  gas  present. 
We  have  approximated  f  with  a  piecewise  linear  function.  (Usually  f 
is  determined  experimentally,  and  so  it  is  piecewise  linear  in  most 
applications.)  We  will  denote  the  approximation  f.  Furthermore  we 
assume  that  both  f(  )  and  g(u,  )  are  strictly  increasing,  con¬ 
tinuous  functions  with  at  most  one  point  of  inflection.  We  also 
assume  f(0)  «  0  and  g(u,0)  =  0  (no  substance  gives  no  flow)  and 

that  gu  <  0  (the  more  gas  present,  the  less  relative  amount  of  the 

flow  is  oil  flowing).  The  physical  situation  implies  that  g  is  not 

defined  for  negative  arguments  nor  for  arguments  so  that  u+v  >  1. 


EXISTENCE 

We  first  state  that  the  solution  exists,  that  is,  we  can  always 
find  the  H-sets  and  the  solution  always  remains  within  the  phase- 
space  OS  u  +  v  S  1. 

Lemma  1 . 

The  slope  of  the  line  connecting  two  g-functions  at  their  endpoints 
g^(l-u^)  and  gi+i(l-Ui+i)  equals  s^,  the  “i/ui+i  shock-speed. 

Proof : 

The  slope  of  the  line  is 

g(uj+l.  l~»l+i>  ~  l~uj) 

s  »  ~l  1-u^+i  5  -  (  1-ui  ) 

Now,  if  h  is  the  fractional  flow  function  of  water,  we  always  have 
f(u)  +  g(u,v)  +  h(u,v,w)  -  1  (all  that  flows  is  u,  v  and  w).  If 

v  »  1  -  u,  w  »  0,  and  so  h  -  0.  Hence  g(u,  1-u)  «  1  -  f(u),  and  : 

(  1  -  f  (Uj+i  )  )  -  (  1  -  f  (m  )  )  _  f  (aui  )  -  f  (m  )  „  s 

8  “  (1-  ui+1  )  -  (  1  -  uj  )  “  ui+1  -  uA  1 

This  lemma  guarantees  we  do  not  pass  out  of  the  phase-space  at 
u+v-1.  It  also  implies  that  if  v-l-Ui  6  Hi  (in  or  out),  then  1-Uj  « 
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Hj  for  all  j.  The  same  Is  true  for  v»0,  since  all  g-functions 
coincide  here.  To  show  that  the  H-sets  are  non-empty,  observe  that 
v_  6  Hjtin  (by  construction).  If  -  {v_)  then  (by  Lemma  1)  the 

line  through  v_  with  slope  s^  will  cut  g2-  This  cutting  point  will 
be  in  H2,out*  Then,  by  induction  no  H  is  empty.  On  the  other  hand, 
if  H3/in  consists  of  more  than  one  point,  at  least  one  of  the  two 
points  0  and  1-ui  is  in  it,  and  again  no  a  is  empty.  Hence  : 

Theorem  1 . 

The  solution  of  the  Riemann  problem  (5)  exists  and  is  well-defined 
inside  the  phase-space  0  S  u  +  v  S  1. 


THE  H-SETS 


For  the  S-shaped  functions  that  we  will  be  interested  in,  there 
basically  three  kinds  of  H-sets. 

1)  A  cutting  H-set.  A  H-set  including  one  point  of  g 

where  gv  is  greater  than  s  (fig. 3a). 

2)  An  upper-touching  H  .  A  H-set  including  all  v  > 

where  g(u,v')v  -  s  (fig. 3b). 

3)  A  lower-touching  H  .  As  for  2),  but  for  v  smaller 

than  some  v’  (fig.  3c). 


are 


Fig.  2  The  three  kinds  of  H-sets. 


I 


If  Hjl  ”  (0,1-u^)  we  may  name  it  both  upper-  and  lower-touching. 
(These  names  are  motivated  by  the  properties  of  the  so  called  h- 
functions  of  17],  our  H-sets  are  the  intervals  where  h  *  g.)  We 
define  the  points  that  determine  the  H-s  in  the  following  way: 

A  H-set  consists  of  at  most  three  parts,  two  intervals  and  possibly 
one  single  point,  for  each  index  "i,xx"  we  call  the  right  point  of 
the  left  part  vi|XXfi  ,  the  middle  point  (cutting  point)  v^iXXiC 
and  the  lefthand  point  of  the  tfight  part  VifXX#r.  The  v3  or  vr 
("i,xx"  is  omitted  when  no  confusion  is  possible)  is  called  the 
touching  point  if  H  is  touching  and  gv(vx)  or  gv(vr)  equals  the 
corresponding  s.  Denoting  the  u-solution  sequence  ui  »  u_,  U2»  u3, 
.  .  ,  un  "  u+,  we  order  the  H-sets  : 

Hl,in  »  H2,out  •  H2,in  *  H3,out  ,  •  .  •  ,  Rn.out' 

With  respect  to  this  order  we  have  the  following  useful  property  : 

Lemma  2 . 

Except  for  the  first  H-set  we  may  divide  the  sequence  into  two 
parts  (possibly  one  is  empty).  The  first  part  consists  of  cutting, 
the  latter  part  consists  of  only  upper  or  lower-touching  sets. 
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Proof  ; 


Assume  that  ul  <  u2  <  .  .  <  un  .  Then  >  9i+\-  Assume  that  is 
upper-toucing .  We  will  prove  that  the  next  H  is  upper  touching.  If 
Hi  is  an  "out"  set,  we  construct  Hitin  by  adding  the  interval  (v*, 
vi,out,r)  where  gi.(v')v  “  S£.  (Or  v 1  -  0  if  the  slope  of  g^  is 
always  smaller.)  In  addition  we  include  the  interval  (VijOUtfi  , 
v**)  where  v’’  is  the  point  where  the  line  through  v'  with  slope  s^ 
cuts  g^.  Then,  Hi#in  is  upper  touching.  If  Hj  is  an  "in"  set, 
Hi+l,out  is  constructed  by  tracing  gi+j,  from  the  right  until  9i+i,v 
«  3^  (touching  point),  then  including  the  part  to  the  left  of  the 
point  where  the  line  through  this  point  with  slope  Bi  cuts  9i+i-  So 
Hi+l,out  wi11  he  upper  touching  also  in  this  case.  A  lower  touching 
or  a  cutting  H  may  induce  a  cutting  or  an  upper  touching  H  in  the 
next  step.  The  case  of  a  decreasing  u-sequence  is  treated  symmetri¬ 
cally,  upper  should  be  substituted  with  lower,  right  with  left  and 
vice  versa.  # 

By  simple  use  of  Lemma  2  we  find  the  following  monotonity  property 
of  the  solution  (see  Gimse  (8)). 

Theorem  2  : 

There  is  a  value  s0«  so  that  both  :  v(s),  for  s  <  s0 

and  v(s),  for  s  >  s0  are  monotone  functions.  tt 

The  following  lemma  determines  how  H^n  is  related  to  Hout  : 

Lemma  3 : 

If  the  points  are  defined  : 

vi,in,l  *  vi,out,l  and  vi,in,r  *  vi,out,r* 

Proof ; 

Since  we  have  a  finite  number  of  u-shocks,  there  is  only  a  finite 
number  of  shock  speeds  to  consider.  Hence,  there  is  some  minimum 
difference  6sm^n  »  min(8i-Si_i)  >  0.  Consider  the  following  figure 


Here  s^  «  h/x  and  Si-i  ”  h/(x  +  6x^  (the  H-sets  are  assumed 
cutting,  if  one  (or  both)  are  touching  ,  the  upper  line  is  higher 
above,  and  so  6x  will  be  even  greater).  Thereby  6sm^„  * 

(  h  6x  /  x(x+6x)  )  S  (  h  6x  /  x2  )  ,  which  gives:  6x  *  ®8min  *2/h. 
Since  g^  is  increasing,  6x  S  vi» in' l_vi,out, 1  *  argument  for  the 

upper  part  is  similar,  if  H£  is  upper  touching,  vi(in>r  is  the 
point  where  gv  •  s^  and  where  gv  “  Sf-it  vi,out,r  is  greater  .  # 

Before  investigating  continuity  and  stability  properties  we  make 
the  following  observations  concerning  jumps  between  the  H-sets.  (We 
assume  that  the  u-sequence  is  increasing,  the  case  of  a  decreasing 
sequence  is  treated  symmetrically.  ) 

1)  The  points  of  the  right  part  of  Hi,out  is  mapped  continuously 
onto  the  right  part  of  Hi_i,in  <  say  (v",  l-«i-i>>« 

2)  Either  :  The  middle  point  of  HljOUt  is  mapped  into  the  middle 

point  of  Hi-!,!,,. 
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Or  :  Thera  is  an  interval  (v1,  vi(OUt>i>  that  is  mapped  con- 
tinously  onto  the  interval  (vi-i,in,r  «  v'') 

3)  The  rest  of  is  mapped  continuously  onto  (0, 

4)  The  rightmost  part  of  the  left  and  the  leftmost  part  of  the 
right  part  of  H^(^n  is  mapped  into  the  middle  or  touching  point 
of  Hi,out* 


CONTINUITY  AND  STABILITY 


With  respect  to  v+  and  v_ . 

Consider  two  values  v+  and  v+ • .  We  will  demonstrate  that  if  v+ '  is 
close  to  v+,  the  solution  paths  are  close  (L^-close).  Assume  the 
last  Hout  is  upper-touching.  (The  case  of  Hout  lower-touching 
(decreasing  u-sequence)  is  treated  symmetrically.)  If  both  v+  and 
v+*  are  outside  Hout>  we  have  to  jump  into  the  touching  point,  and 
so  their  paths  coincide  from  there.  Next,  if  v+  is  on  Hout,  but  v+ ’ 
is  not,  they  move  closer  if  v+  is  in  the  upper  part,  while  they  are 
separated  if  v  +  is  in  the  lower  part.  In  the  latter  case,  v+  • 
passes  to  the  touching  point.  This  situation  is  however  equivialent 
to  the  case  of  v+ '  in  the  rightmost  point  of  the  lower  part  of 
Hout*  The  only  difference  in  the  solution  path  is  the  jump  up  to 
the  touching  point  and  down.  Observe  that  the  speed  of  these  two 
jumps  are  close,  and  that  the  difference  tends  to  zero  as  v+ '  -  v+. 
It  remains  to  consider  the  case  when  both  v+  and  v+ '  is  on  Hout  (or 
have  come  there  by  jumping  as  above).  If  the  two  points  pass  to  the 
same  part  of  the  next  Hin,  (and  if  gvv  is  not  zero  in  some  inter¬ 
val),  it  is  obvious  that  the  mapping  is  continuous  with  respect  to 
the  distance  between  the  v-values  (the  observations  above).  Then 
assume  the  two  points  do  not  pass  to  the  same  part  of  Hin.  The 
leftmost  point  then  end  in  the  lower  part  of  H^n ,  while  the  right 
point  goes  to  the  upper  part.  However,  by  Lemma  2,  the  leftmost 
point,  if  it  was  sufficiently  close  to  the  other,  cannot  be  on  the 
next  Hout.  (If  Hout  is  cutting,  nor  can  the  right  point.)  Thus, 
the  leftmost  point  have  to  pass  to  the  upper  part  (with  speed 
between  the  incoming  and  the  outgoing)  and  so  will  come  closer  to 
the  right  point.  Finally,  assume  that  we  start  out  on  a  cutting 
Hout»  I£  both  v+'  and  v+  are  on  Hout,  we  pass  continuously  over  as 
above.  If  none  of  them  are,  both  jump  into  the  cutting  point,  from 
where  the  paths  are  identical.  If  one  is  and  the  other  is  not  part 
of  Hout,  the  latter  jumps  into  the  cutting  point,  from  where  it 
continues  back  to  v_,  while  the  other  passes  over,  but  (by  Lemma  3) 
it  will  not  land  in  a  point  of  the  next  Hout.  Therefore,  in  the 
next  step  this  point  also  passes  into  the  secuence  of  cutting 
points.  Hence,  the  solutions,  as  curves  in  phase-space,  are  close 
in  the  two  cases  >  Single  shocks  are  not  necessarily  stable,  but 
rarefaction  waves  are. 

Remark  s  If  g  is  approximated  by  piecewise  linear  functions,  one 
may  have  an  interval  of  slope  equal  to  some  s^.  Thereby  the  jumps 
between  the  g’s  do  not  map  the  distance  from  v’  continuously  in  a 
small  neighbourhood  of  v'.  However,  as  the  approximation  is  done 
finer,  the  discontinuities  tend  to  zero. 

In  fig. 3  we  have  illustrated  the  construction  of  the  solution  in  a 
simple  case  of  three  different  u-values  (uj  <  U2  <  U3). 
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Fig.  3  An  example  of  H-sets  and  solution  paths. 


He  now  turn  our  attention  to  the  problem  of  variation  of  v_.  For 
any  value  v_  *  in  a  small  neighbourhood  of  v_ ,  let  H*  be  the  H-sets 
constructed  from  v_'. 

Lemma  4  : 

If  Hj'  and  Hj  are  both  touching,  then  Hj  -  H^  '  for  all  iij. 

Proof ; 

The  slope  at  the  touching  point  is  the  same  (independent  of  v_), 
hence  the  touching  points  are  equal,  and  so  the  entire  sets.# 

We  turn  to  the  case  of  two  cutting  H-sets,  We  have  : 

Lemma  5  : 

The  perpendicular  distance  between  the  two  parallell  lines  through 
the  cutting  points  is  less  than  the  distance  |v_  -  v_'|  . 

Proof  ; 

The  lemma  trivially  holds  for  the  first  pair  of  H-sets.  Assume  it 
is  valid  for  index  j.  Since  g(u,  )  is  increasing,  the  upper  line 
intersects  with  g(uj,  )  above  and  to  the  right  of  the  intersection 
of  the  lower  line.  The  algorithm  tells  us  to  tilt  the  lines  a  bit 
more  (Sj_^  <  Sj),  and  so  the  perpendicular  distance  shrinks.  # 
Observe  that  this  lemma  is  also  valid  if  one  Hj  is  touching,  while 
the  other  is  still  cutting.  Then  assume  Hj'  is  touching  while  Hj  is 
cutting.  Since  gu  <  0,  we  know  that  the  perpendicular  distance 

between  the  lines  from  the  point  of  gj  with  slope  Sj  to  the  similar 
point  of  6,  is  greater  than  0.  If  |v_  -  v_'|  <  6  then  the 

perpendicular  distance  between  the  touching  line  of  H*  and  the 
cutting  line  of  H  is  also  <  6,  (by  Lemma  5),  and  so  the  next  H 

cannot  be  cutting.  Hence, 

Lemma  6  : 

If  Hj'  is  touching  and  Hj  is  cutting,  then  Hi'  -  Hi  for  i  >  j 
provided  v- ■  is  sufficiently  close  to  v- .  # 
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Me  are  now  prepared  to  trace  the  solutions.  As  long  as  we  have 
touching  functions  there  are  no  problems,  the  firBt  step  where  we 
have  to  differ,  is  when  reaching  a  point  on  some  R'  but  not  on  the 
corresponding  H  (or  vice  versa).  In  the  latter  case  we  proceed  to 
the  cutting  point,  while  in  the  first  case  we  jump  across.  However, 
by  Lemma  3,  we  will  have  to  enter  the  sequence  of  cutting  points  in 
the  next  step.  These  sequences  are  close  (Lemma  5),  and  so  are  the 
solutions . 

With  respect  to  all  initial  data. 

In  the  proceeding  sections  we  have  proved  stability  with  respect  to 
the  initial  values  v_  and  v+  independently.  It  is  easy  to  see  it  is 
not  necessary  for  one  of  the  initial  v-values  to  be  fixed  s  The 
solution  with  initial  values  (v_,v+)  is  close  both  to  the  solution 
of  (v_,v+*)  and  of  (v_',v+).  Hence,  (v-Sw.*.1)  which  is  close  to  any 
of  the  two,  is  close  to  the  solution  of  (v_,v+). 

Finally  it  remains  to  discuss  stability  with  respect  to  u_  and  u+. 
Consider  again  an  increasing  sequence  of  u-values,  (the  opposite  is 
treaded  symmetrically,  }  and  observe  that  the  solution  of  Uj.  + 
f(u)x  ■  0,  will  consist  of  at  most  one  rarefaction  wave  (  an 
approximated  rarefaction  wave  )  and  one  shock.  (This  is  due  to  the 
shape  of  f.)  Assume  it  starts  out  with  a  rarefaction  wave.  Then, 
by  taking  some  u_ 1  close  to  u_,  we  introduce  or  lose  one  (or  a  few) 
u-value(s).  The  remaining  u-values  of  the  approximated  wave  are  the 
same.  (Assume  u_ '  >  u- ,  else,  rename.)  If  H1(^n  is  upper  touch¬ 
ing,  so  is  all  H'.  If  is  lower-touching  or  cutting  we  know, 

by  the  continuity  of  g,  that  the  touching/cutting  point  of  the 
first  H'  is  close  to  the  corresponding  point  of  H.  Hence,  the 
situation  will  be  similar  to  the  problem  of  variation  of  v_.  On  the 
other  hand,  if  u+  is  varied  slightly,  the  last  g-function  will  be 
slightly  different  (again  by  continuity  of  g),  and  so  will  Hout. 
(If  there  is  no  distinct  shock  at  u+,  one  (or  a  few)  g(s)  may  be 
added  or  subtracted  at  the  end  of  the  sequence.)  ThuB  the  jump 
from  the  last  function  will  be  slightly  altered  only.  We  have: 

Theorem  3  : 

The  essential  structures  of  the  solution  of  the  initial  value 
problem  is  stable  with  respect  to  variation  of  the  initial  values. 
(  By  essential  structures  we  mean  rarefaction  waves,  approximated 
rarefaction  waves  or  ma^or  discontinuities.  The  structure  of  single 
peaks  are  not  necessarily  stable.)  # 

Corollary  . 

The  solution  (as  a  curve  in  phase-space)  depends  L^-continuously 
upon  the  initial  data.  # 

This  Corollary  is  weaker,  since  approximated  rarefaction  waves 
consist  of  single  points  in  phase-space. 


THE  APPROXIMATION 


Finally  we  investigate  the  correspondance  between  the  exact 
solution,  where  f  is  not  approximated,  and  the  numerical  solution 
where  it  is.  If  the  not-approximated  f  gives  a  discontinuity  in  u, 
so  does  the  approximated,  so  assume  that  u  is  continuous.  If  u  is 
constant,  we  solve  a  scalar  problem  exactly  (g  is  not  approxi¬ 
mated),  so  it  remains  to  consider  a  not-constant  u.  Then,  by 
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carrying  out  the  differentiation  of  vt  +  g(u,v)x  “  0  (e.g.  (7))  : 


The  algorithm  for  the  approximated  case  gives  us  a  sequence  of 
g-functions  (gij  “  g 


We  make  a  difference  approximation  to  s  at  g22  by  setting  : 


Then  put  these  approximations  into  the  expression  for  s: 

s  *  <932  -  912  +  923  ~  921>/<v3  “  vl>  . 

No«<  by  using  the  same  approximation  for  gu  and  gv  in  a  first 
order  Taylor's  formula  (expanded  for  the  point  g22)  we  * 

9i j  85  922+I  <932-912 )/<u3‘ul>  J ■ ( uA -u2 ) +  1  ( g23 "921 > / < v3 -Vj )  ) • (Vj-v2 )  . 
We  solve  for  s3  *  < 922 “9ll ) / ( v2 * v3 )  and  s2  »  < 93 3 "9 2 2 ) / < v3 “ v2 >  ! 

sx  «  <<932  -  912>*<V3  "  v1)/(2(v2  -  vx))  +  g23  -  g21  ) 

s2  *  l<932  *  912>'<V3  *  v1)/(2(v3  -  v2))  +  g23  -  g21  1  . 

Where  we  have  assumed  :  Ui  +  3  -  u ^  -  6u  for  all  i  (uniform 
approximation )  . 

Hence  s  s3  S  s  S  s2,  or  s3  *  s  *  s2,  and  s3  -*  s2  when  6u  ■+  0. 
Furthermore,  we  know  that  a  difference  approximation  will  con¬ 
verge,  so  our  approximated  s  will  tend  to  the  exact  s  value.  Thus, 
Theorem  4  : 

The  solution  when  f  is  approximated  by  a  piecewise  linear  function 
will  converge  to  the  exact  solution  as  the  approximation  converges. 


APPLICATIONS 


We  close  this  paper  with  some  remarks  on  applications.  In  general 
Cauchy  problems  we  may  approximate  the  initial  value  function  by  a 
piecewise  constant  function  to  obtain  a  finite  number  of  Riemann 
problems.  These  may  be  solved  as  above.  We  may  apply  the  results  of 
(2)  to  the  (scalar)  gas-flow  equation.  They  proved  that  when  a 
finite  number  of  Riemann  problems  are  considered,  there  is  only  a 
finite  number  of  shock  colli-sions,  and  so  the  method  solves  the 
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problem  in  a  finite  number  of  steps.  In  our  case,  in  a  bounded 
spatial  area,  we  will  find  a  single,  constant  u-value  after  some 
time  (since  all  speeds  are  greater  that  zero,  all  shocks  will  move 
out  of  our  area  of  interest).  Then  our  second  equation  is  scaler, 
and  we  may  apply  [2)'s  argument  once  more.  In  [8)  some  examples  of 
such  problems  are  shown,  also  with  some  comparison  to  upwind 
schemes.  Also  note  that  our  model,  when  applicable,  gives  no 
problems  with  elliptic  regions  ((9), (10)  )  nor  unbounded  variation 
(e.g.  (111).  The  second  important  application  of  the  ideas  pre¬ 

sented  here,  is  the  problem  of  discontinuities  (e.g.  in  geological 
datas  in  oil  reservoir  simulation).  Such  differences  give  rise  to 
one  flow  f-nction  in  one  region  and  a  different  flow  function  in 
the  neighbouring  region.  By  assuming  a  shock  of  zero  speed  at  the 
discontinuity  we  may  solve  the  problem  by  making  a  jump  from  the 
one  to  the  other  as  we  do  between  different  g-functions.  Alterna¬ 
tively  we  may  add  an  equation  with  a  zero  flow  function  : 
u0,t  “  0  ,  with  appropriate  initial  conditions. 
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ABSTRACT 

Arguments  are  advanced  that  physically  meaningful 
nonunique  solutions  to  Riemann  problems  can  occur.  The  impli¬ 
cations  of  this  point  of  view  for  both  theory  and  computation  are 
developed,  as  part  of  a  review  of  recent  progress  concerting  the 
interaction  of  nonlinear  waves  and  the  front  tracking  method  for 
computation. 


I.  Computations 

We  emphasize  the  possibility  of  nonuniqueness  for  solutions  of  Riemann 
problems.  The  implications  of  nonuniqueness  for  computational  science  are 
clear:  there  is  a  decisive  advantage  for  computational  methods  which  allow 
explicit  choice  under  user  control  among  possible  nonunique  solutions.  The 
case  of  flames  and  reactive  fluid  flow  is  a  well  explored  test  case.  Either  it  is 
necessary  to  use  exceedingly  fine  computational  scales,  to  resolve  the  chemistry 
and  internal  fluid  layers  fully  (which  would  normally  be  prohibitive  in  a  large 
scale  computation)  so  that  the  flame  speed  is  determined  correctly  as  a  conse¬ 
quence  of  the  computation,  or  it  is  necessary  to  add  the  flame  speed  or  some 
equivalent  information  explicitly  to  the  computational  algorithm.  Although 
front  tracking  is  not  the  only  way  to  do  this,  it  has  been  recognized  as  a 
promising  vehicle  to  achieve  the  second  of  these  possibilities.  The  second 
route,  because  it  does  not  require  the  full  resolution  of  internal  layers,  allows 
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enhanced  resolution  in  the  computation.  To  the  author’s  knowledge,  the 
second  route  is  the  dominant  one  for  the  large  scale  computation  of  reactive 
fluids,  especially  in  the  case  of  flames  and  detonation  waves. 

Enhanced  resolution  in  fluid  computations  is  a  problem  of  major  impor¬ 
tance.  Front  tracking  is  an  adaptive  computational  method  which  is  especially 
oriented  to  fluid  discontinuities.  For  problems  with  significant  discontinuities, 
such  as  shock  waves  and  fluid  interfaces,  it  has  yielded  enhanced  resolution  by 
factors  typically  in  the  range  of  3  to  5  per  linear  dimension  (27  to  125  per 
space  time  grid  block  in  two  spatial  dimensions)  and  occasionally  up  to  50  per 
linear  dimension  (1.25x10s  per  space  time  grid  block)  [10].  One  could  expect 
further  advantages  in  the  more  complex  cases  involving  nonunique  Riemann 
solutions,  such  as  reactive  flow,  where  the  full  resolution  of  a  complex  internal 
structure  can  be  avoided  by  the  use  of  front  tracking. 

Front  tracking  is  based  on  marker  particles,  which  locate  a  discontinuity 
surface  sharply,  without  numerical  smearing.  The  particles  are  propagated  by 
a  fluid  velocity,  characteristic  velocity  or  shock  speed  velocity,  and  thus 
represent  Lagrangian  or  characteristic  particles  embedded  in  an  Eulerian  com¬ 
putation. 

Front  tracking  is  also  based  on  mathematical  theory,  and  necessity  being 
the  mother  of  invention,  it  has  motivated  some  of  the  recent  developments  in 
the  theory  of  hyperbolic  wave  interactions  (Riemann  problems),  as  is  discussed 
in  the  next  section. 


II.  Mathematical  Theory 


n.l.  The  Isolated  Umbilic  Point.  We  study  the  hyperbolic  conservation 
law 

U,  +  V-F(U)  =  0  .  (2.1) 

Let 

a-w  e-2> 

be  the  Jacobian  matrix  and 

Xi  s  •••  <  X„  (2.3) 
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its  eigenvalues,  assumed  to  be  real  but  not  necessarily  distinct.  Let 
r\,  •  •  •  ,  r„  be  the  corresponding  right  eigenvectors.  Points  £/0  with  non  dis¬ 
tinct  X’s,  i.e.  \t(Uo)  =  X/  +  i(l/0),  are  called  umbilic  points. 

Let  the  solution  values  U(x,t)  lie  in  a  state  space  S : 

U(x,t)  €  S  C  R”  .  (2.4) 

Then  the  hyperbolic  wave  structure  of  (2.1)  defines  a  geometry  on  S  and 
umbilic  points  are  generically  singular  points  in  this  geometry  as  we  now 
explain.  Let  £  =  x/t.  Then  U  =  £/(£)  =  U(x/t)  is  a  solution  of  (2.1)  provided 

(€/  -  A)t/{  =  0  ,  (2.5) 

or  in  other  words  £  =  X((i/)  and  up  to  a  scalar  factor  t/j  =  rt(U).  These  solu¬ 
tions,  called  rarefaction  waves,  define  coordinate  lines  on  S,  one  for  each  i, 
1  s  /  <  n,  For  distinct  eigenvalues  Xj,  standard  perturbation  theory  for 
matrices  is  available,  and  yields  a  regular  geometrj  defined  by  the  rarefaction 
wave  curves.  However  for  degenerate  eigenvalues,  matrix  perturbation  theory 
involves  fractional  powers  and  the  singular  wave  geometry  at  umbilic  points 
reflects  this  fact.  The  singular  geometry  of  the  wave  curves  associated  with 
umbilic  points  U  €  S  gives  rise  to  striking  and  novel  phenomena  for  the 
interaction  of  nonlinear  hyperbolic  waves.  A  survey  of  this  work,  due  to  E. 
Gomes,  H.  Holden,  Eli  Isaacson,  D.  Marchesin,  P.  Paes-Leme,  F.  Palmeira, 
B.  Plohr,  D.  Schaeffer,  M.  Shearer  and  B.  Temple,  is  contained  in  [12].  An 
essential  tool  in  the  development  of  this  theory  was  the  development  of  a  com¬ 
putational  code  for  the  numerical  solution  of  such  Riemann  problems  by  Mar¬ 
chesin,  Plohr  and  co-workers. 

H.2.  Entropy  Conditions.  Shock  waves  are  jump  discontinuous  weak 
solutions  of  (2.1),  characterized  by  the  relations 

s[U]  =  [F]  ,  (2.6) 

where 

[17]  =  U  +  -  U  "  ,  [F]  =  F  +  -  F  "  (2.7) 

are  the  jumps  in  U  and  F  and  s  is  the  shock  speed.  These  weak  solutions  are 
nonunique,  and  supplementary  conditions,  known  as  entropy  conditions,  are 
imposed  to  reject  undesired  solutions  and  hence  to  yield  uniqueness  for  solu¬ 
tions  of  the  Riemann  problem. 
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The  Riemann  problem  is  the  Cauchy  problem  with  scale  invariant  data,  so 
that  in  one  space  dimension,  U(x,0)  =  UL  for  x  <  0,  l/(x,0)  =  UR  for  x  >  0. 
Gomes  [14]  has  observed  that  a  fundamental  entropy  condition  for  solutions 
of  the  Riemann  problem  fails.  She  obtained  this  result  in  the  process  of  com¬ 
pleting  the  solution  of  Riemann  problems  for  quadratic  flux  F  models. 

The  Lax  entropy  condition  counts  the  number  of  characteristics  which 
enter  the  shock  wave;  it  is  required  that  for  one  family  (i),  the  characteristics 
enter  the  shock  wave  from  both  sides  while  for  all  other  families,  the  charac¬ 
teristics  cross.  Thus  they  enter  from  one  side  while  leaving  from  the  other. 
Such  shocks  are  clearly  associated  with  a  single  (i)  characteristic  family. 
Gomes  has  given  what  seems  to  be  the  first  example  of  a  system  (2.1)  with  a 
Lax  shock  which  fails  to  have  a  viscous  profile.  A  shock  has  a  viscous  profile 
if  it  is  the  limit  as  €  -  0  of  solutions  Ul  of  the  associated  parabolic  equation, 

Uf  +  V  F(f/«)  =  cA U*  ,  (2.8) 

see  also  [3].  A  second  fundamental  entropy  condition  is  shock  profilability,  as 
defined  above;  namely  U  =  linjf/*  .  Gomes  finds  profilable  shocks  which  are 

not  Lax  shocks  in  her  examples.  Thus  these  two  notions  are  properly  disjoint. 
She  shows  that  the  Riemann  problem  has  a  satisfactory  existence  theory,  when 
solved  in  the  class  of  profilable  shocks,  but  it  may  fail  to  have  solutions  in  the 
class  of  Lax  shocks.  Gomes’  examples  are  simple  mathematically  and  are 
motivated  by  three  phase  flow  in  oil  reservoirs,  so  they  cannot  be  rejected  on 
either  aesthetic  or  pragmatic  grounds. 

II. 3  A  New  Paradigm  For  Differential  Equations  of  Mathematical  Physics. 
The  ideas  of  Hadamard  hold  that  mathematical  equations  modeling  physics 
should  be  well  posed,  in  the  sense  that  the  solution  should  exist,  and  be 
uniquely  and  continuously  determined  by  the  data.  For  more  than  forty  years, 
examples  of  an  equation  of  state  with  nonunique  Riemann  solutions  were 
known.  See  [21]  for  example.  The  shocks  are  profilable  Lax  shocks  in  these 
examples.  The  equation  of  state  is  thermodynamically  consistent  but  appears 
to  be  pathological  and  perhaps  does  not  correspond  to  any  real  material.  For 
whatever  reason,  these  examples  have  been  somewhat  overlooked. 

The  Riemann  problem  associated  with  polymer  flood  of  oil  reservoirs  has 
a  line  of  umbilic  points.  An  entropy  condition  gives  a  unique  solution  of  this 
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Riemann  problem.  Eli  Isaacson  and  B.  Temple  have  analyzed  the  large  time 
asymptotics  for  solutions  with  fixed  left  and  right  states,  UL  and  Ug  [17].  The 
asymptotics  is  not  uniquely  determined  by  and  Ug.  There  is  a  one  parame¬ 
ter  family  of  asymptotics,  each  a  solution  of  the  same  UL  -  Ug  Riemann  prob¬ 
lem.  In  other  words  these  particular  non  unique  Riemann  solutions  are  physi¬ 
cally  meaningful  and  should  not  be  rejected.  In  forthcoming  work,  Eli  Isaac¬ 
son,  D.  Marchesin  and  B.  Plohr  [18]  have  shown  that  the  allowed  solutions  of 
a  Riemann  problem  may  depend  on  the  explicit  form  of  the  viscosity  matrix 
(taken  as  the  identity  in  (2.8)),  in  the  neighborhood  of  an  isolated  umbilic 
point. 

Brio  [1],  in  studying  Riemann  problems  for  MHD,  has  found  umbilic 
points  with  two  and  three  coinciding  eigenvalues.  Admissibility  of  shocks 
depends  on  the  form  of  the  viscosity  matrix  and  numerical  computation  shows 
that  the  nature  of  the  computationally  resolved  wave  patterns  depends  sensi¬ 
tively  on  the  choice  of  numerical  method.  Freistuhler  [5]  has  also  studied 
Riemann  problems  associated  with  MHD.  He  has  a  simple  model  with  an  iso¬ 
lated  umbilic  point  and  a  cubic  flux  function.  The  solution  has  a  very  dif¬ 
ferent  character  from  the  previously  studied  isolated  umbilic  point  with  a  qua¬ 
dratic  flux  function.  Again  most  commonly  used  entropy  conditions  give 
inconsistent  and  unsatisfactory  results.  He  also  has  an  example  of  nonunique¬ 
ness  of  solutions  of  the  Riemann  problem  for  shocks  with  viscous  profiles. 
Freistuhler  proposes  dynamical  linearized  stability  as  an  acceptable  entropy 
condition  in  his  model. 

Combustion  waves  also  depend  on  a  ratio  of  length  scales  to  set  the  speed 
and  hence  the  wave  structure  between  a  given  left  and  right  state.  Computa¬ 
tions  with  combustion  are  also  very  sensitive  to  numerical  methods  when  these 
internal  length  scales  are  not  fully  resolved  computationally. 

Physically  meaningful  nonunique  solutions  are  known  from  other  exam¬ 
ples.  Combustion  equations  with  unbumt  Ul  =  Ug  have  two  solutions,  one 
for  unburnt  U  =  UL  for  all  t  and  one  for  ignition  of  combustion  at 
x  =  0,  t  =  0.  Both  solutions  are  physically  meaningful. 

A  paradox  is  associated  with  shock  reflection  problems,  in  that  simple 
arguments  cannot  distinguish  between  two  possible  solution  geometries  (regu¬ 
lar  reflection  and  Mach  reflection).  Non  uniqueness  of  weak  solutions  for  the 
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Euler  equation  is  a  possible  resolution  of  this  paradox. 

The  Riemann  problem  for  steady  two  dimensional  flow  with  supersonic 
left  and  right  states  has  a  high  degree  on  nonuniqueness.  In  this  problem  there 
is  a  body  of  lore  for  selecting  the  "correct"  solution,  some  of  which  seems  to 
imply  a  further  specification  of  the  problem  physically,  such  as  the  existence  of 
boundary  layers. 

We  propose  a  new  paradigm  for  the  study  of  uniqueness  in  Riemann 
problems.  It  is  convenient  to  express  our  ideas  in  the  language  of  dynamical 
syste...  .  Nonuniqueness  corresponds  to  a  bifurcation.  A  mathematical  charac¬ 
terization  of  nonuniqueness  is  given  by  a  complete  unfolding  of  the  Riemann 
problem,  which  would  identify  the  multiplicity  and  or  dimensionality  of 
nonuniqueness.  Some  of  this  nonuniqueness  should  be  rejected  as  "universally 
unphysical",  and  then  canonical  forms  for  the  remaining  "possibly  physical" 
solutions  could  be  found. 

Next  standard  unfoldings  can  be  constructed,  and  mapped  onto  the  canoni¬ 
cal  forms  above.  The  viscosity  profile  criterium  has  been  described  above. 
Limits  of  smooth  Cauchy  data  approaching  jump  data  is  a  regularization 
related  to  both  the  combustion  and  the  polymer  nonuniqueness  examples  dis¬ 
cussed  above.  Most  systems  are  subsystems  or  asymptotic  limits  of  larger  sys¬ 
tems.  Enlarging  the  system  is  or  might  be  a  regularization  in  agreement  with 
fundamentally  correct  physics.  This  is  most  commonly  the  correct  regulariza¬ 
tion  for  equations  with  embedded  elliptic  regions.  Heterogeneous,  noisy  or 
stochastic  perturbations  to  the  data  or  the  equations  may  also  resolve  some 
examples  of  nonuniqueness. 

The  conservation  law  (2.1)  is  invariant  under  the  scale  transformation 
group 

x  -  ax  ,  t  -  at  ,  a  >  0  .  (2.9) 

It  is  a  general  feature  of  scale  invariant  problems  that  they  may  be  underspeci¬ 
fied,  and  hence  sitting  on  bifurcation  points.  Scale  invariant  problems  are 
characterized  by  the  setting  to  zero  of  all  length  scales.  There  is  no  reason  to 
require  that  the  unfolding  of  this  bifurcation  has  a  unique  physically  meaning¬ 
ful  branch.  For  example  if  the  physics  of  well  posed  problems  in  a  neighbor¬ 
hood  of  a  conservation  law  depends  in  an  essential  manner  on  two  length 
scales,  then  their  ratio  is  a  dimensionless  number,  which  must  be  specified  as 
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an  addition  to  the  conservation  law,  in  order  to  give  it  a  unique  physical  con¬ 
tent. 

H.4.  Wave  Structures  for  Real  Systems.  A  comprehensive  treatment  of 
the  wave  structures  implied  by  real  (as  opposed  to  ideal)  equations  of  state  has 
been  written  [21].  In  this  work,  the  older  theory  is  reworked  and  unified  and 
new  results  have  been  added.  A  presentation  of  the  equations  of  elastic  flow 
in  Eulerian  conservation  form  has  been  given  [22]  using  the  language  of 
modern  differential  geometry  [20].  Modeling  related  to  three  phase  Buckley- 
Leverett  equations  for  oil  reservoirs  was  mentioned  above  [15,16].  (See  Sec¬ 
tion  2.1.) 

H.5.  Two  Dimensional  Waves.  The  elementary  waves  are  the  building 
blocks  out  of  which  a  Riemann  solution  is  constructed.  The  Riemann  solution 
is  characterized  by  invariance  under  scale  transformations  (2.9),  while  the  ele¬ 
mentary  wave  is  invariant  under  an  additional  symmetry:  it  moves  at  a  constant 
velocity  with  fixed  form  as  a  traveling  wave.  The  elementary  waves  for  a 
polytropic  fluid  equation  of  state  were  classified  in  [8].  In  two  dimensions  the 
Riemann  solutions  will  in  general  have  an  infinite  number  of  pieces,  and  can¬ 
not  be  described  explicitly.  However  this  objection  does  not  apply  to  certain 
restricted  classes  of  two  dimensional  Riemann  problems  [19,27],  nor  does  it 
apply  to  the  approximate  solution  of  general  Riemann  problems.  A  very  suc¬ 
cessful  line  of  work  has  been  the  study  of  two  dimensional  (wave  front  curva¬ 
ture)  corrections  to  one  dimensional  wave  motion  for  reacting  fluids.  Let  D(k) 
denote  the  detonation  velocity  for  an  unsupported  wave,  as  a  function  of  cur¬ 
vature  k,  and  let  8D(k)  =  D(0)  —  D(k).  For  expanding  waves,  Bukiet,  Jones, 
Bdzil  and  Stewart  [2,26]  have  determined  8D  as  a  function  of  k  and  the  reac¬ 
tion  rate  8,  to  leading  order  in  k.  They  find 

8D  =  ci  k  ,  8  <  1 , 

8 D  =  c%  Kln(x)  +  C3  k  ,  8  =  1, 

l 

8£>  =  C4  ,  1  <  8  . 


The  coefficients  ci,  •  •  •  ,  depend  on  the  equation  of  state,  the  reaction  rate 
and  the  kinetics.  They  can  be  determined  analytically  in  simple  cases  and 
numerically  in  any  case. 
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III.  Applications 

Our  primary  applications  to  technology  have  been  to  the  modeling  of  oil 
reservoirs  [4,7,11]*  Those  to  science  have  concerned  chaotic  mixing  associated 
with  unstable  fluid  interfaces.  We  have  given  what  appears  to  be  the  first 
correct  computation  of  a  single  mode  Rayleigh-Taylor  finger  and  bubble,  both 
for  the  incompressible  [9]  and  compressible  [6]  cases,  for  general  values  of  the 
Atwood  number  A.  These  computations  were  compared  with  a  large  body  of 
experiments  for  a  range  of  values  of  A ,  and  to  theory  and  incompressible  com¬ 
putations  (for  A  =  1  only,  because  the  theory  and  prior  validation  of  computa¬ 
tion  was  available  in  this  case  only). 

However,  in  a  discovery  which  should  be  a  warning  to  chaos  workers  in 
other,  related,  problems,  we  found  [13]  by  analysis  of  experiments  of  Read 
[23]  that  the  single  mode  theory  is  irrelevant  to  chaotic  flow,  and  gives  a  termi¬ 
nal  bubble  velocity  which  is  incorrect  by  a  factor  of  two  or  more.  The  cause  of 
this  discrepancy  has  been  traced  to  bubble-bubble  nearest  neighbor  correla¬ 
tions. 

A  statistical  model  for  bubble  interactions  due  to  Sharp  and  Wheeler 
[24,25]  was  tested  and  found  [13]  to  give  agreement  with  experiment. 
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SUMMARY 

In  this  note  we  discuss  new,  simple  stability  criteria  for  a  wide 
class  of  finite  difference  approximations  for  initial-boundary  value 
problems  associated  with  the  hyperbolic  system  3u/3t  =  A3u/3x  +  Bu  +  f  in 
the  quarter  plane  x  >  0,  t  >  0.  With  these  criteria,  stability  is  easily 
achieved  for  a  multitude  of  examples  that  incorporate  and  generalize  most 
of  the  cases  studied  in  recent  literature. 


Consider  the  first  order  system  of  hyperbolic  partial  differential 
equations 


3u(x,t)/3t  =  A3u(x,t)/3x  +  Bu(x,t)  +  f(x,t),  x  >  0,  t  >  0,  (la) 

where  u(x,t)  =  (u^(x,t) . u^(x,t))'  is  the  unknown  vector  (prime 

denoting  the  transpose),  f(x,t)  =  (fi'Mx.t) . f(n)(x,t))'  is  a  given 

n-vector,  and  A  and  B  are  fixed  n  x  n  matrices  such  that  A  is  diagonal  of 
the  form 

A  =  diag(Ar,Alr) ,  A1  >  0,  A11  <  0,  (2) 

I  T  T 

with  A  and  A  of  orders  k  x  k  and  (n-k)  X  (n-k) ,  respectively. 

The  solution  of  (la)  is  uniquely  determined  if  we  prescribe  intial 
values 


u(x,0) ,  x  i  0 


(lb) 


and  boundary  conditions 

uU(0,t)  =  Su^O.t)  +  g(t),  t  >  0,  (lc) 

where  S  is  a  fixed  (n-k)  x  k  coupling  matrix,  g(t)  a  given  (n-k)-vector, 
and 

u'  =  (u(1) . u(k))'.  «II.(u(k+1) . u(n>)’  (3) 

a  partition  of  u  into  its  outflow  and  inflow  components,  respectively, 
corresponding  to  the  partition  of  A  in  (2). 
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Introducing  a  mesh  size  Ax  >  0,  At  >  0,such  that  X  ■  At/Ax  is  constant, 
and  using  the  notation  vyft)  =  v(vAx,t),  we  approximate  (la)  by  a  general, 
basic  difference  scheme  —  explicit  or  implicit,  dissipative  or  not,  two- 
levei  or  multilevel  —  of  the  form 

Atb  (t) ,  v  =  r.r+1 . 

v 

(4) 

=  -1 . s. 


are  polynomials  in  XA  and  AtB,  and 
its  derivatives. 

The  difference  equations  in  (4)  have  a  unique  solution  vu(t+At)  if  we 
provide  initial  values 


Q.jVylt+At)  =  £  QffVy (t-oAt )  + 


o=0 


Q  =  Y  A .  EJ ,  Ev  =  v  , ,  o 

a  jt-r  v  v+i 


where  the  n  x  n  coefficient  matrices  A, 
the  n-vectors  bu(t)  depend  on  f(x,t)  and 


vy((iAt),  (i  =  0 . s,  V  =  0,1,2 . 


(5) 


and  specify,  at  each  time  level  t  =  pAt,  u  =  s.s-i-1 .  boundary  values 

Vy(t+At),  v  *  0,...,r-l.  Such  boundary  values  are  determined  by  condi¬ 
tions  of  the  form 


v 


v 


(t+At) 


I  T(W)v  (t-oAt)  +  Atd  (t),  v  =  0, 

,r„  o  v'  v 


,  r-1 , 


(6a) 


m 

I 

j=0 


C(*V. 

30 


O  =  -1 . q, 


(V) 

where  the  n  x  n  matrices  Cja  depend  on  A,  AtB  and  S,  and  the  n-vectors 
du(t)  are  functions  of  f(x,t),  g(t)  and  their  derivatives. 


Our  intention  is  to  interpret  the  difficult  and  often  stubborn 
Gustafsson-Kreiss-Sundstrom  (GKS)  stability  criterion  in  [4]  in  order  to 
obtain  simple  and  convenient  stability  criteria  for  approximation  (4)-(6a). 
While  we  were  unable  to  meet  this  goal  for  general  boundary  conditions  of 
type  (6a),  we  managed  to  achieve  rather  satisfactory  results  under  the 
further  assumption  that,  in  accordance  with  the  partition  of  A  in  (2), 
the  are  t*ie  form 


where 


„(») 

“J  * 


II  rI  II(v) 

j  o  Cjo 

II  l(v)  „II  II(v) 


io 


30 


,11 


the  Cjff  are  independent  of  i>, 
the  c”  are  diagonal  when  B  =  0, 
the  =  0  when  B  =  0, 


(6b) 

(6c) 

(6d) 

(6e) 
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c”  =  o  for  j  >  0  and  a  >  -1  when  B  =  0.  (6f) 

The  essence  of  (6c)-(6e)  is  that  for  B  =  0,  the  outflow  boundary 
conditions  are  translatory  (i.e.,  determined  at  all  boundary  points  by 
the  same  coefficients),  separable  (i.e.,  split  into  independent  scalar 
conditions  for  the  different  outflow  unknowns),  and  independent  of  inflow 
values.  Assumption  (6f)  implies  that  for  B  =  0  the  inflow  values  at  the 
boundary  depend  essentially  on  the  outflow. 

It  should  be  pointed  out  that  our  outflow  boundary  conditions  are 
quite  general,  despite  the  apparent  restrictions  in  (6c)-(6e).  Indeed, 

(6c)  is  not  much  of  a  restriction,  since  in  practice  the  outflow  boundary 
conditions  are  translatory.  In  particular,  if  the  numerical  boundary 
consists  of  a  single  point,  then  the  boundary  conditions  are  translatory 
by  definition,  so  (6c)  holds  automatically.  The  restrictions  in  (6d),(6e) 
pose  no  great  difficulties  either,  since  they  are  satisfied  by  all 
reasonable  boundary  conditions,  where  for  B  =  0  the  cJ*  usually  reduce  to 
polynomials  in  the  block  A1,  and  the  vanish. 

We  realize  that  in  view  of  the  restriction  in  (6f)  our  inflow  boundary 
conditions  are  not  quite  as  general  as  the  outflow  ones.  They  can,  however, 
be  constructed  to  any  degree  of  accuracy  (see  [1]);  and  if  the  boundary 
consists  of  a  single  point,  then  such  conditions  can  be  achieved  in  a 
trivial  manner,  simply  by  duplicating  the  analytic  condition  (lc),  i.e., 

v^1  (t+At)  «  Sv*(t+At)  +  g( t+At)  . 

Throughout  our  work  we  assume,  of  course,  that  the  basic  scheme  (4) 
is  stable  for  the  pure  Cauchy  problem,  and  that  the  other  assumptions  which 
guarantee  the  validity  of  the  GKS  theory  in  [4]  hold. 

The  first  step  in  our  analysis  was  to  reduce  the  above  stability 
question  to  that  of  a  scalar,  homogeneous  problem.  This  is  obtained  by 
considering  the  outflow  scalar  equation 


3u/3t  =  a3u/3x,  x  )  0,  t  >  0,  a  =  constant  >0,  (7) 


for  which  the  basic  scheme  (1.4)  reduces  to  the  homogeneous  scheme 


Q  v  (t+At)  =  IQ  v  (t-aAt),  v  =  r,r+l, 
1  V  <7=0  a  V 

P  , 

Qa  -  Z  V  •  a  =  _1 . S' 

j=-r  J 


(8a) 


and  the  boundary  conditions  (1.6)  reduce  to  translatory  conditions  of  the 
form 

q 

T  v  (t+At)  =  l  T  v  (t-oAt) ,  v  =  0 . r-1. 

1  v  0=0  ”  v 


(8b) 


V,?,'/  . - 
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where  a^  and  Cjff  are  scalar  coefficients. 

Referring  to  (8)  as  the  basic  approximation,  we  proved: 

THEOREM  1  [3,  Theorem  1.1],  Approximation  (4)-(6)  is  stable  if  and 
only  if  the  reduced  outflow  scalar  approximation  (8)  is  stable  for  every 
eigenvalue  a  >  0  of  A1.  That  is,  approximation  (4)-(6)  is  stable  if  and 
only  if  the  scalar  outflow  components  of  its  principal  part  are  all  stable. 

This  reduction  theorem  Implies  that  from  now  on  we  may  restrict  our 
stability  study  to  the  basic  approximation  (8). 

In  order  to  introduce  our  stability  criteria  for  the  basic 
approximation,  we  use  the  coefficients  of  the  basic  scheme  (8a)  to  define 
the  basic  characteristic  function 


P(z,x)  =  f 
j— r 


‘j.-l  -  J. 


o=0 


vz 


-0-1 


Similarly,  using  the  coefficients  of  the  boundary  conditions  in  (8b)  we 
define  the  boundary  characteristic  function 


m 

R(z,k)  =  I 
j=0 


vz 


-a-l 


Now  putting 


J--1  ~  ol 

Q(z,k)  ■  |p(z,k) I  +  |r(z,k)|, 


A 


it  is  not  difficult  to  combine  Theorems  3.1*  and  3.2'  of  [3]  in  order  to 
obtain: 

THEOREM  2.  The  basic  approximation  (8)  is  stable  if: 

(i)  either 


ap(z.«)  .  ap(z.K) 

3z  9k  z=k=-1 


(10a) 


or 


Q(z=-1,k=-1)  >  0.  (10b) 

(ii)  Q(z,k)  >  0  for  all  |z|  =  |k|  =  1,  k  *  1,  (z,k)  f  (-1,-1),  (10c) 

Q(z,k=1)  >  0  for  all  |z|  =  1,  z  *  1,  (lOd) 

Q(z,k)  >  0  for  all  |z|  >  1,  0  <  |k|  <  1.  (lOe) 


The  advantage  of  this  setting  of  Theorem  2  is  clarified  by  the 
following  lemma,  in  which  we  provide  helpful  sufficient  conditions  for 
each  of  the  four  inequalities  in  (lOb-e)  to  hold: 
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LEMMA  1  [3.  Theorem  2.2]. 


(i)  Inequalities  (10b, c)  hold  if  either  the  basic  scheme  (8a)  or  the 
boundary  conditions  (8b)  are  dissipative. 

(ii)  Inequality  (lOd)  holds  if  any  of  the  following  is  satisfied: 

(a)  The  basic  scheme  is  two-level . 

(b)  The  basic  scheme  is  three-level  and 

fl(z=-l ,x=l)  >  0.  (11) 

(c)  The  boundary  conditions  are  two-level  and  at  least  zero-order 
accurate  as  an  approximation  of  equation  (7). 

(d)  The  boundary  conditions  are  three-level ,  at  least  zero-order 
accurate,  and  (11)  is  satisfied. 

(Hi)  Inequality  (lOe)  holds  if  the  boundary  conditions  fulfill  the  von 
Neumann  condition,  and  are  either  explicit  or  satisfy 

a  . 

■  L  c  it  m  0  for  0  <  |ic|  <  1. 
j=0 

As  mentioned  earlier,  we  always  assume  that  the  basic  scheme  is  stable 
for  the  pure  Cauchy  problem,  i.e., 

(i)  The  basic  scheme  fulfills  the  von  Neumann  condition;  that  is,  the 
roots  z(x)  of  the  equation 


satisfy 


P(z,k)  =  0 


I z (ic)  |  «  1  for  all  k  with  ( k (  =  1. 


(ii)  If  |*c|  =  1  and  z(k)  Is  a  root  of  P(z,ic)  with  |z(x)|  =  1,  then  z(k)  is 
a  simple  root  of  P(z,x). 

As  usual,  we  say  that  the  basic  scheme  is  dissipative  if  the  roots  of 
P(z.k)  satisfy 


|z(ie)|  <  1  for  all  K  with  | «c |  «  1,  K  *  1. 

Analogous  definitions  hold  for  the  boundary  conditions  with  P(z,K) 
replaced  by  R(z,K).  Clearly,  both  for  the  basic  scheme  and  the  boundary 
conditions,  dissipatlvlty  implies  the  von  Neumann  condition. 

The  stability  criteria  obtained  in  Theorem  2  depend  both  on  the  basic  < 

scheme  and  the  boundary  conditions,  but  not  on  the  Intricate  and  often  i 

complicated  interaction  between  the  two.  Consequently,  Theorem  2,  aided  by  * 

Lemma  1,  provides  in  many  cases  a  convenient  alternative  to  the  celebrated 
GKS  stability  criterion  in  [4], 

I 

Having  the  new  criteria,  one  can  now  easily  establish  stability  for  a 
host  of  examples  that  incorporate  and  generalize  most  of  the  cases  studied  ■ 

in  recent  literature  (e.g.,  [3]).  He  conclude  this  note  with  three  of  l 

these  examples;  | 

4 

1 
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EXAMPLE  1.  Consider  an  arbitrary  basic  scheme,  and  let  the  boundary 
conditions  be  generated  by  either  the  explicit,  first-order  accurate, 
right-sided  Euler  scheae: 


Vy(t+At)  =  vy(t)  +  Xatv^jlt)  -  vy(t)],  0  <  Xa  <  1.  v  =  0 . r-1,  (12) 

or  by  its  implicit  analogue: 


vy(t+At)  =  vy(t)  +  Xa[vy+1<t+At)  -  vtf(t+At)],  Xa  >  0,  v  =  0 . r-1.  (13) 

These  two-level  boundary  conditions  are  dissipative  (see  [1],  Examples  3.5 
and  3.6),  hence  fulfill  the  von  Neumann  condition.  Further,  for  (13)  we 
have 

Re[T_j  ( ic ) ]  =  1  +  Xa[l  -  Re(ic)]  *  0,  |x|  <  1. 


By  Leana  1,  therefore.  Inequalities  (lOb-e)  hold,  and  Theorem  2  implies 
stability. 

EXAMPLE  2.  Take  an  arbitrary  two-level  basic  scheme,  and  define  the 
boundary  conditions  by  horizontal  extrapolation  of  order  1-1: 


v  (t+At)  =  J  (*)(-l)J+1v  (t+At),  V  =  0, . . . ,r-l . 


j=l  3 


v+j 


Here, 


R(z.»0  *  I  (,)(-l)j*V  =  (1-K)1, 

j  =  l  1 


so  R(z,x)  *  0  for  x  *  1,  which  directly  gives  (10b, c,e).  Moreover,  since 
the  basic  scheme  is  two-level,  Lemma  l(ii)(a)  implies  (lOd),  and  Theorem  2 
again  proves  stability. 

It  is  interesting  to  note  (e.g.  [2])  that  this  result  nay  fail,  both 
for  dissipative  and  nondissipative  basic  schemes,  if  the  basic  scheme  con¬ 
sists  of  more  than  two  tine  levels. 


EXAMPLE  3.  Consider  the  Leap-Frog  scheme 

vy(t+At)  =  v^(t-At)  +  Xa(vy+1(t)  -  Vjjft)],  0  <  Xa  <  1,  V  -  1,2,3,..., 

with  oblique  extrapolation  of  order  i-1  at  the  boundary: 

v  (t+At)  =  l  (|)(-l)J+1v.[t  -  (J-l)At] . 

J=1  3  3 


1 

.<5 
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We  have 


so 


Also, 


and 


P ( z , K)  =  1  -  z-2  - 

ap  #  ap  I 

3z  3ic  |  z=K=-l 
Q(z,k)  >  |p(z,k) |  >  0 

Q(z,ic)  >  |r(z ,k)  |  =  |l  - 


Aaz  1(tc  -  k  1) , 


for  z  =  k  *  t  1, 

z  >  0  f°r  z  *  k. 


Hence,  (10a, c-e)  hold,  and  by  Theorem  2  stability  follows. 
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1.  Problem  Formulation 


In  this  note  we  consider  melt  problems  for  solid  heat  conductors.  The  basic  conservation  law  is 
the  balance  of  energy 

Pli{  +  qt=0,  (1.1) 

where  e  is  the  internal  energy  density,  q  the  heat  flux,  and  fit  the  constant  mass  density  of  the 
material  in  its  reference  configuration.  We  shall  replace  the  Fourier  law:  q  =  -JfeiT*  by  the  first 
order  relaxation  process 


*i?f  +  9  +  k\ft  =  0,  Si  >  0  and  ki  >  0,  (1.2) 

where  T  is  the  local  temperature.  The  internal  energy  is  given  by 

e-cif  +  l<t>,  (1.3) 

where 

and  l  =  ^>  0  (1.4) 

are  the  specific  and  latent  heats  respectively.  ^  is  an  order  parameter  or  "phase  field”  variable. 
Here  <t>  can  be  identified  with  the  strain  or  specific  volume  at  a  material  point  i  at  time  t;  that 
is  the  strain  7  can  be  recaptured  from  4>  via 


i = /m  (1.5) 

where  /  is  a  nonnegative  increasing  function.  The  order  parameter  4>  is  assumed  to  satisfy  a 
Landau-Ginzburg  type  equation 

6i4>(  -  ktfat  —  -^(^J  _  1)  +  Mjf1  ,  (1-®) 

where  and  /ij  are  positive  constants.1 

It  is  convenient  to  scale  (1.1)-(1.6)  so  that  the  coefficients  in  (1.1)— (1.3)  transform  to  unity. 
We  let 

d  _  1  d  d  _  le\pi  d  .  _  . 
dt  61  dt'  dx  qS\k\dx' 

T  =  i7\  and  9  =  (17) 

Ci  y  c i0i 

‘Similar  model*  have  been  considered  by  Caglnalp  et.  al.  when  the  Fourier  law  ie  applicable;  see  (I— Sj. 
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T 


r 


T 


Then,  (1.1)— (1.3)  become 


e  =  r  +  *. 

(1.8) 

««  +  ?*=  o, 

(1.9) 

and 

9t  +  ?  +  Tt  =  0. 

(1.10) 

The  Landau-Ginzburg  equation  transforms  to 

o  T 

\<pt  A  o  1)  +  j  , 

3  ?T. 

(1.11) 

where 

,  cipiSikj  2  ci 

A  =  ,  a  =  ,  ,  ,  and  i ,  =  ,  .  . 

Si  M?  3§  U* 

(1.12) 

Our  interest  is  in  this  system  when 

0<A<<l,0<aJ,  and  0  <  P-  <  1. 

0* 

(1.13) 

One  might  surmise  that  in  this  parameter  range  the  equation  (1.11)  rapidly  equilibrates  and 
that  the  heat  flow  process  is  adequately  described  by  (1.0)  and  (1.10)  where  e  and  T  are  given 
parametrically  in  of  <t>  by 

.-M1 'mgs*  r.3lT-*f-D.,  (i.i4) 

In  fact,  the  reduced  system  does  yield  a  satisfactory  description  of  the  heat-flow  process  so 
long  as  <f>  is  in  the  solid  phase  {<t>  <  -^)  or  the  liquid  phase  (<j>  >  ^jg).  In  both  regions  the 
reduced  equations  (1.9),  (1.10),  and  (1.14)  represent  a  genuinely  nonlinear  hyperbolic  system 
and  the  standard  theory  for  such  systems  yields  a  physically  correct  description  of  the  underlying 
thermal  process.  Difficulties  arise  when  we  wish  to  consider  situations  where  both  the  solid  and 
liquid  phases  are  present. 


4 

I 

I 

i 


Figure  1 

To  see  this,  consider  the  configuration  shown  in  Figure  1.  We  assume  liquid  to  the  left  of  a  melt 
interface  (shock)  x  =  »(t),i(t)  >  0,  and  solid  to  the  right.  In  each  region  the  reduced  system 

JThe  constraint  0  <  T.  <  -|  guarantee*  that  the  map  4  — •  e(4)  >*  1-1  and  thus  that  T  can  be  written  as  a 
function  of  e. 
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holds  and  we  insist  that  (1.0)  and  (1.10)  hold  as  conservation  laws  in  the  whole  x-t  plane.  Then, 
across  the  interface  we  obtain  the  Rankine-Hugoniot  equations: 


»(c(^-)  —  «(<^+))  =  (?--?+). 

and 

i(g--g+)  =  (T(4>.)  -  T(<t>+)) 

where  e(-)  and  T(-)  are  given  by  (1.14).  These,  of  course,  are  equivalent  to 


0  <  s  - 


fT(4>-)-T{4>+) 

1  e(*_)-e(*+p 


9-"?+  =  V(T(*-)-T(t+))(e(t-)  -'{*+))■  (1.18) 

Equation  (1.17)  does  imply  that  the  states  </>_  >  ^  and  <f>+  <  must  satisfy  - 

T(4>+)  >  0,  but  places  no  other  constraints  upon  the  phase  held  tf>.  This  calculation  naturally 
leads  us  to  question  the  physical  relevancy  of  states  (4>- ,  ?-)  and  (<f>+,g+)  satisfying  (1.17)  and 
(1.18)  and  the  constraints  <j>~  >  ^-,^+  <  and  T (<(>-)  >  T(tf>+). 

To  see  which  solutions  of  (1.17)  and  (1.18)  are  meaningful  we  go  back  to  the  full  system 
(1.8)— (1.12)  when  (1.13)  holds.  We  introduce  inner  variables 

V=\  and  r  =  -  ,  (1.19) 

and  rewrite  the  equation  in  the  stretched  coordinates.  The  result  is 

e  =  T-f*.  (1.20) 

er+gy  =  0,  (1.21) 

gr+Ty  =  -A?,  (1.22) 


We  now  look  for  right  facing  travelling  wave  solutions  of  (1.20)-(1.23)  in  the  A  =  0+  limit. 
These  solutions  are  functions  of 

(=y-CT  =  ^-^,c>0,  (1.24) 

and  satisfy  e  =  e_  +  ^ — — ,  T  =  T.+  q  =  ?_  +  and 

1  —  c*  1  —  c  1  -  c* 

a1<f>((+ c<)>(  =  0(^2  -  1)  -  ^T_  +  -  _  (<f>  -  ,  (1-25) 


and  the  boundary  condition 


lim  <K?)  =  ^-  >  -?=. 


At  f  =  -oo  we  assume  the  equilibrium  constitutive  equations  (1.14)  hold.  This  guarantees  that 


e_  =  <f>-  + 


giTVMg.  -  1)  3lT.^-(^_  -  1) 

2  2 
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where  again  0  <  T,  <  Equation  (1-27)  reduces  the  problem  to  finding  c  >  0  and  <£(•)  such 
that  2 

+  c^f  =  -  1)  ~  -  *)  _  rJ“  ^  (1-28) 

3»T,(1  -  e2) 


{limo^)=«^->^. 

The  solutions  representing  a  phase-change  have  the  further  property  that 

{lim*(f)  =  *+<  — 


2.  Travelling  Waves 

In  this  section  we  shall  investigate  the  travelling  wave  problem  formulated  in  the  last  section. 
We  seek  c  >  0  and  such  that 

+  c<t>(  =  -  1)  -  ~  1)  — r~r — (2.1) 

3>T.(1  -  c2) 

and 

For  ^  <  ^.  <  1  we  have 

-  1)  -  4- (?-  ~  1)  =  (*  -  *l)(*  -  *l)(*  -  <M  (2-3) 

where  _ 

=  -j - ~  <  0  <  0/  =  _'2~  +  j1/4  _  3^-  <  (2-4) 

and  the  inequality  4>l  >  0  guarantees  there  is  no  solution  of  (2.1)  and  (2.2)  satisfying  <f>+  = 

{lim^(0<-^- 

For  1  <  the  factorization  (2.3)  and  (2.4)  holds  except  now  -~)j  <  4>i(4>~)  <  0. 

Additionally,  for  0  <  c2  <  ^  ,  we  have 

j+sSr.(«?.-i) 

*(<?  -  l)  -  4>-(4>l  -  1)  -  *~l  =  [*  ~  ~  */)(*  "  +-)  (2  5) 

3aT.(l  -  c2) 

where 

<  *-■ 
(2-6) 

In  this  parameter  regime  the  travelling  waves  are  given  by 

m  =  ^=4^  -  t«h  (  ((  -  «o))  (2.7) 
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where  e  >  0  satisfies 


3a  ( j.  L  III 8c» \ 

_2f('  \  ~+  sir,(i-e»)j 


and  a o  is  an  arbitrary  phase  shift.  The  state  <  -  ^  is  given  by 

d+  =  *l  >  -I  s 


(2.8) 


(2.9) 


When  4>-  —  1) c  =  0  and  <>£  =  -1  and  the  travelling  wave  is  stationary.  This  solution  corre¬ 
sponds  to  the  equal  area  Maxwell  line  on  a  T  -  e  diagram  (see  (1.14)).  It  should  be  noted  that 
when  1  <  d-  <  ^7$ 1 4  -  3d!  >  0  and  d-  —  \J 4  -  3d!  >  0  and  that  (2.8)  has  a  unique  positive 
solution  for  any  a  >  0. 

Similar  results  obtain  when  ^  <  d--  Here,  the  issue  is  whether  (2.8)  has  a  solution,  e,  in 


the  interval 


3tr,(3d!  -4) 


<  c  < 


\S  +  3ir*(3^2_  -  4)  \  8  +  337,(34*  -  1) 


3ir.(3d!  - 1) 


In  general,  (2.8)  will  not  have 


such  a  solution  for  all  a  >  0. 

Three  points  are  worthy  of  note  about  these  travelling  waves.  The  first  is  that  their  speed, 
c,  satisfies 


e  < 


(n*T) 

V  *'(d-) 


and  c  < 


V  *{*+) 


(2.10) 


where  e(-)  and  T(-)  are  the  constitutive  functions  defined  in  (1.14)  and  prime  denotes  differ¬ 
entiation.  Thus,  the  melt  interface  moves  suhsonieally  relative  to  the  states  at  (  =  ±oo.  The 
second  is  that  both  the  speed  of  these  interfaces  and  the  downstream  state  d+  are  completely 
determined  by  the  upstream  state  d- .  The  third  point  is  that  speed  c  depends  upon  the  higher 
order  physics  of  the  problem  through  the  parameter  a  and  thus  the  jump  relations  for  the  re¬ 
duced  description  (equations  (1.15)  and  (1.16))  do  not  suffice  to  determine  the  melt  interface. 
We  will  have  more  to  say  about  this  in  section  3  when  we  discuss  the  Stefan  problem  (see  (3.4) 
and  (3.5)). 

We  conclude  this  section  by  noting  there  are  other  travelling  wave  solutions  to  (2.1)  and  (2.2) 
when  d-  >  ^ j  •  These  solutions  do  not  represent  change  of  phase  waves  but  rather  shocks  in  the 
liquid  phase;  that  is  ^  <  d+  <  d--  If  0  <  a  <<  1,  these  solutions  exist  for  any  ^  <  d+  <  d- 
with  speed  c  satisfying 


ln*+)  [ 

V*'(d+)  V 


r(d-)  -  r(d+) 

e(d-)  -  e(d+) 


in*-) 
V  *[*-)  ■ 


(2.11) 


3.  Stefan  Problem 

In  the  Stefan  Problem  one  seeks  a  solution  to  (1.8)— (1.11)  in  the  quarter  plane  i  >  0  and  t  >  0 
which  satisfies  the  following  initial  and  boundary  conditions: 

d(*,0)  = -1,  T(x,0)  =  0,  e(x,0)  =  -l,  and  q(x,0)  =  0,x  >  0,  (3.1) 


and 


3? 


That  the  last  inequality  is  true  in  a  neighborhood  of  4>-  — 
!♦-=■=  «■ 


follows  from 
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(3.2) 


*(0,t)  =  *oe(l,-^)  and  T(0,t)  =  -  1)  >  0,t  >  0. 

The  initial  condition  guarantees  the  material  is  in  the  solid  phase  at  the  nominal  melt  temper¬ 
ature  at  t  =  0,  and  the  boundary  condition  implies  that  the  end  *  =  0  is  in  the  liquid  phase. 
Our  interest  is  in  the  reduced  description  of  this  problem.  Here  we  let 


e  =  + 


-  i) 


3lr.^* 


and  seek  a  weak  solution  of  (1.8)-(1.10)  and  (3.3)  satisfying  the  initial  and  boundary  conditions 
(3.1)  and  (3.2).  The  structure  of  the  solution  is  shown  in  Figure  2. 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 
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r  d  thus  that  the  Rankine-Hugoniot  equations  for  (l.S)-(l.lO)  hold 

*(^-. «)(*(*+)  “  *(<M)  =  (?+“?-)  (3.9) 

e(+-,a)(q+-q-)  =  (T(4+)-T{*-)).  (3.10) 

We  conclude  with  a  set  of  identities  which  give  a  growth  estimate  for  the  melt  interface.  A 
similar  estimate  was  obtained  by  Greenberg  in  [6j.  We  observe  that  solutions  of  the  reduced 
system  (1.8)-(1.10)  and  (3.4)  and  (3.5)  satisfy 

Jt  {h  (  ]  ~  1)(*>t)d*  +  i[(t)*(e(^)  +  1)(M)d*  +  s,(t)j  =  q(x,t)dx  (3.11) 

and  .  . 

4/  ?(*i0  dx  +  J  q(x,t)  dx  =  T{4> o)  >  0.  (3.12) 

at  Jo  •'o 

(3.12)  implies  that 

f°°  q(x,t)dx  =  T{<t> o)(l-e-‘)  (3.13) 

and  (3.13),  when  combined  with  (3.11),  yields 

/#(*)  f  oo 

x[e(<l>)  -  l)(x,t)dx+  I  x(e(d>)  l)(x,t)d* s*(t)  =  T(^o)(t  +  e-1  -  1).  (3.14) 

w  «(t) 

The  inequalities  l<^<^oinO<*<  *(f)  and  -!<^<-^jin  «(t)  <  *  imply  that 
e(^)  -  l>0for0<*<  s(t)  and  e(^)  +  1  >  0  for  s(t)  <  x  and  then  (3.14)  yields 

»*(<)<  T{<h)(t  +  e-'-  1).  (3.15) 

The  interesting  fact  is  that  this  estimate  is  independent  of  the  parameter  a. 
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1.  INTRODUCTION 


When  solving  flow  problems  at  low  Mach-numbers  e,  the 
coefficient  matrices  for  the  inviscid  part  becomes  very 
unsymmetric.  This  leads  to  severe  difficulties  when 
constructing  numerical  methods,  since  the  problem  is  ill 
conditioned.  We  shall  discuss  the  symmetrization  procedure 
for  the  Euler  equations.  For  smooth  solutions  it  is 
possible  to  express  the  solution  as  an  asymptotic  expansion 
in  E.  By  defining  a  new  dependent  variable  closely  related 
to  the  speed  of  sound  and  subtracting  the  first  term  in  the 
expansion,  we  arrive  at  a  symmetric  system  which  is 
convenient  for  computation.  Even  with  the  symmetric  system, 
a  fundamental  difficulty  remains.  The  low  Mach-numbers  give 
rise  to  time-scales  of  different  magnitude,  since  the 
sound  waves  are  much  faster  than  the  advection  waves.  If 
the  fast  waves  are  present  in  the  solution  and  are  of 
interest,  then  an  explicit  method  is  natural  to  use  for  the 
time  dependent  problem. The  stability  limit  on  the  time  step 
is  no  real  restriction,  since  the  fast  waves  must  be 
resolved  anyway.  In  the  case  where  the  fast  waves  are 
negligible,  :he  situation  is  different.  There  is  no  need  to 
take  small  time  steps  of  accuracy  reasons,  and  implicit  or 
semi- implicit  methods  should  be  used.  As  we  shall  see,  the 
form  of  the  equations  which  is  the  result  of  our 
symmetrization  is  very  convenient  for  constructing  semi- 
implicit  approximations. 

Of  special  interest  is  the  limit  solutions  as  e  — >  0 
corresponding  to  incompressible  flow.  The  limit  system  is 


(a)  ut  +  uux  +  vuy  +  px  =  0 

(b)  vt  +  uvx  +  vvx  +  py  =  0  (1 .  l) 

(c)  ux  +  vy  =  0 

which  is  time  incomplete.  Consequently  regular  methods  for 
hyperbolic  systems  cannot  be  applied.  Many  ways  of 
overcoming  this  difficulty  have  been  proposed,  and  we  shall 
not  try  to  list  all  such  methods.  However,  most  methods  for 
the  time  dependent  problem  are  based  on  a  different  form  of 
the  system,  even  when  the  primitive  variables  u,  y,p  are 
kept.  One  such  form  is  obtained  by  differentiating  and 
adding  the  first  two  equations,  which  substitute  the  third. 

ut  +  uux  +  uvy  +  px  =  0 

Vfc  +  UVjj  +  Wy  +  Py  =  0 

Pxx  +  Pyy  =  f  • 

Here  f  depends  on  the  velocity  components  and  its  space 
derivatives.  For  each  time  step  the  Poisson  equation  is 
solved  for  p.  One  difficulty  with  this  approach  is  to  keep 
the  divergence  zero  or  small. 

Another  approach  is  to  introduce  p^  as  an  extra  term  in 
(1.1c).  This  is  called  the  artificial  compressibility 
method,  and  was  originally  introduced  by  Chorin  [1]  for  the 
Navier-Stokes  equations.  In  this  way  the  sound  waves  are 
brought  back  into  the  solution,  but  now  with  an  artificial 
speed  of  propagation.  The  true  solution  is  obtained  only  at 
steady  state. 

Chorin  [2]  also  introduced  another  way  of  solving  the  true 
time-dependent  equations  directly  with  difference  methods. 
It  is  applied  to  the  Navier-Stokes  equations,  and  is  based 
on  a  decomposition  of  the  solution  into  one  part  with  zero 
divergence  and  another  part  with  zero  curl. 

Finally  it  should  be  mentioned  that  finite  element  methods 
can  be  directly  applied  to  (1.1).  However,  there  are  some 
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practical  difficulties  to  construct  basis  functions  which 
satisfy  the  divergence  condition,  in  particular  near  the 
boundaries.  We  propose  solution  methods  which  are  based  on 
the  true  compressible  equations.  (After  all,  there  is 
always  some  compressibility  in  any  fluid.)  We  transform 
these  equations  into  an  appropriate  form  for  computation. 
For  the  linearized  problem  we  prove  that  the  solutions 
converge  to  solutions  of  the  corresponding  incompressible 
problem,  both  for  open  boundaries  and  solid  wall 
boundaries . 

Some  of  the  material  in  Section  2  and  3  is  found  in  [4], 
[5],  [6].  References  of  immediate  interest  are  also  found 
in  these  papers. 


2.  THE  EULER  EQUATIONS 

The  Euler  equations  are 

Ut  +  A(u)ux  +  B(u)uy  =  0 
where 


p 

u  pa2  0 

f  v  0  pa2>) 

u  = 

U 

,  a(u)  = 

1/p  u  0 

,  B(u)  = 

o 

> 

o 

o 

o 

c 

u/p  0  v  / 

p  =  KpT,  a2  =  dp/dp. 

We  use  a  y-law  for  the  pressure  here  but  we  could  as  well 
use  any  equation  of  state  of  the  form  p  *  g(p  )  where  g  is 
a  smooth  function  of  p.  Non-dimensional  varables  are 
introduced  by 


x 

x. 


->  x, 


X 

X. 


t. 


u 

- »  u, 

U* 


V, 


JL 

p. 


->  p 
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where  *  indicates  a  typical  value  of  the  corresponding 
variable.  Let  a*  be  the  typical  speed  of  sound,  and  define 
the  Mach— number  £  by  £  =  u*/a*.Then  the  Euler  eguations 
take  the  non-dimensional  form 

Ut  +  A(U)UX  +  B(U)Uy  =  0 
where 


A(u)  = 


u  pW  0 

u  0  ,  B(u)  = 

0  0  u 


v  0  PW' 
0  v  0 
1/p  0  v  , 


The  non-dimensional  speed  of  sound  is 


a 


1  X* 

7  p  2 


(2.1) 


We  shall  consider  small  Mach-numbers  E.  Then  there  are  two 
drawbacks  with  this  system.  The  pressure  variable  takes 
very  large  values  and  the  coefficient  matrices  are  very 
unsymmetric.  In  order  to  illustrate  the  effect  of  the 
unsymmetric  coefficients  we  consider  the  simple  model 


problem 


Ut  +  AUX  =  0, 


with  periodic  boundary  conditions.  With 

T  =  °j,  V  =  T-1U  .  2) 

the  system  becomes 
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(2.3) 


-  (  o  i/t\ 

vt  +  AV*  ”  '  A  -  (1/E  0  J 

which  is  energy-conserving,  i.e.  for  the  L2_norm  we  have 

II  v(t)  it  =  II  v(0)  II . 

This  leads  to  the  inequality 

||u(t)||  <  cond(T)||u(0)||,  cond(T)  =  |tMt-1|.  (2.4) 


In  our  case  cond(T)  =  1/e,  and  the  problem  is  obviously  ill 
conditioned  even  if  it  is  formarly  well  posed  for  any  fixed 
value  of  E.  The  estimate  (2.4)  is  sharp.  For  example,  the 
initial  condition 

p(x,  0)  =  0 
u(x,  0)  =  f(x) 
gives  the  solution 

p  =  -^[f(x-t/e)-f(x+t/£)] 
u  =  y  (f(x-t/e)+f(x+t/e)J  . 

The  unsymmetry  of  the  coefficient  matrix  causes  the 
variable  p  to  become  large  even  when  f  is  a  bounded 
function. 

When  applying  numerical  methods  we  must  expect  the  same 
type  of  ill-conditioning.  Consider  the  Crank-Nicholson 
method  with  centered  difference  operators  in  space 

(i+f  AD0)un+1  =  (l-f  AD0)tn 

where  k  is  the  time-step.  The  Fourier  transformed  system  is 
(l+yAisinS)un+J  =  (l-yAisin$)un,  X  =  y 
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(h  is  the  step-size  in  space) . 

Let  T  be  defined  by  (2.2)  and  let  V  =  T_1U.  We  get 

(l+'j-AisinJ;)vrril  =  (i-— Aisinij)vn' 

where  A  is  defined  in  (2.3)  .  This  system  is  a  direct 
approximation  of  the  Fourier  transformed  version  of  (2.3). 
Since  A  is  symmetric,  there  is  a  unitary  matrix  S  such  that 

with  W  =  S*V  we  obtain  a  diagonal  system 


^I+'jDisin^jw'1*1  =  ^1— — Disin^jw", 


»  -  7  G  -.}  M  • 


Each  component  obviously  fulfills 
|w(v)n+i|  _  |  |  /  v=l,  2 

and  we  get  for  the  original  vector 

I u"+1 1  s  |tMv"+1|  =  |tMw"+1|  =  |tMw"|  =  ...  =  M-|w°| 

=  I T  M  V°  |  5  |  T  I  •  |  T"1 1  •  |  U°  t  =  cond(T)  I  U°  I  . 


Parseval's  relation  then  gives 

II  u"  II  <;  cond(T)  ||  U°  fl  (2.5) 

which  is  a  direct  analogue  of  (2.4).  However,  in  practice 
ve  must  expect  even  more  severe  difficulties  than  the  ill- 
conditioning  represented  by  (2.5).  For  each  time-step  we 
must  solve  a  linear  system  of  equations.  In  Fourier  space 
it  has  the  form 


si 
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CUn+1  =  F 


C  = 


— rising 

2e 


1 


If,  for  example,  there  is  a  perturbation  8$  in  the  right 
hand  side,  a  well  known  result  from  linear  algebra  shows 
that  the  perturbation  8un+^  in  the  solution  satisfies 


s  co„a<a>  Jil 

|un+1|  If  | 


In  our  case 

Icl  =  <2(1  /e2) 

1  c'1 1  =  0(1), 

i.e. 

cond(c)  =  <Kl/e2). 

This  shows  that  even  rounding  errors  will  have  a  serious 
effect  if  e  is  very  small.  The  conclusion  is  that  the 
unsynunetric  form  of  the  system  is  inappropriate  for 
computation . 


3.  SYMMETRIC  FORM  OF  THE  EULER  EQUATIONS 

The  most  straightforward  way  of  eliminating  the  major  part 
of  the  unsymmetry  is  to  make  a  simple  scaling  of  the 
pressure 
p  =  ep 

i.e.  the  nondimensionalization  in  Section  2  is  done 
differently.  This  gives  the  coefficient  matrices 


( 

u 

pT/e 

\ 

o’ 

/ 

V 

0 

pV 

S 

it 

i/(pe) 

U 

0 

,  B(u)  == 

0 

V 

0 

l  0 

0 

u> 

a/(pe) 

0 

v  > 
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and  since  p  is  of  the  order  1,  these  matrices  are  almost 
symmetric.  However,  the  new  variable  p  is  still  of  the 
order  1/e  which  is  inconvenient.  It  is  well  known  that  the 
error  in  the  solution  of  a  stable  method  is  bounded  by  8/k 
where  5  is  the  absolute  rounding  error  and  k  is  the  time 
step.  This  is  normally  accepted. If  the  dependent  variable 
are  all  of  the  order  1,  the  large  coefficients  in  the 
matrices  introduces  rounding  errors  8  =  ^l/e)  and  the  error 
in  the  solution  is  (k-1e-1)  which  must  be  accepted. 

However,  in  our  case,  when  computing  px/  (pe)  we  get  8  = 
(1/e2),  and  the  accumulated  error  may  be  unacceptable. 

The  natural  scaling  of  p  seems  to  be  e2p  — *  p.  However,  this 
gives  the  coefficient  matrices 


A(d)  -  1/(pe2)  u  o  '  = 


i/(pe2)  o  v 


and  we  are  back  to  an  ill  conditioned  system. 

When  considering  smooth  solutions  corresponding  to  almost 
incompressible  flow,  the  momentum  equations  show  that 
px  and  py  are  bounded  independent  of  £.  This  means  that  the 

large  part  of  p  is  almost  constant,  and  it  is  natural  to 
define  a  new  variable  by  subtracting  this  part  out.  In 
order  to  have  the  matrices  exactly  symmetric,  we  use  the 
transformation 


♦  -  5350“  *  *>  • 

When  taking  the  definition  (2.1)  into  account,  it  is  seen 
that  the  new  variable  is  closely  related  to  the  speed  of 
sound: 


♦  “  £(*-7)  • 


The  new  system  is  in  component  form 
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0 


(a)  0t  +  u0x  +  (j+c)ux  +  v0y  +  (j+cjvy  = 

(b)  ut  +  (^+c)dx  +  uux  +  vuy  =  0 

(c)  Vt  +  UVX  +  ^“•+C^0y  +  VVy  =  0 


c  = 


Y-l 

2 


o  . 


(3.1) 


Next  assume  that  all  the  variables  and  its  first 
derivatives  are  bounded  independent  of  e.  The  equations 
(3.1b,c)  imply  that  <|>x  =  0(e),  <t>y  =  0(e),  and  with  proper  boundary 

conditions  we  therefore  have  0  =  0(e).  With  0  =  0/e  we  let  e— >  0 
and  obtain  from  (3  .  l) 


ut  +  uux  +  vuy  +  0X  =  0 

vt  +  uvx  +  vvy  +  0y  =  0  (3.2) 

ux  +  vy  =  °  . 

This  is  the  well  known  system  for  incompressible  flow. 
variable 


The 


*  -  ^ 

is  usually  denoted  by  p  and  called  pressure.  Apparently, 
the  solutions  to  (3.1)  converge  to  solutions  to  (3.2)  if 
they  are  bounded  together  with  its  derivatives. 


The  system  (3.1)  is  well  suited  for  numerical  methods.  It 
has  the  form 

Ut  +  (^Po+Piju  =  0 

where  Pq  has  constant  coefficients.  Hence,  a  semi-implicit 
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f 


method  is  efficient.  In  [4]  we  have  proposed  the  leap¬ 
frog/backwards  Euler  difference  scheme 


Un+1-un  1 
2k 


_1 

e 


QoU^1  +  QiU"  =  0 


where  Qg,  Qi  are  centered  difference  approximations  of  Pg, 
Pj_.  The  solution  Un+*  is  obtained  efficiently  since  Qg  is 
linear,  and  with  a  regular  grid  it  has  constant 
coefficients.  The  LU-decomposition  of  the  coefficient 
matrix  can  be  made  once  and  for  all,  and  the  solution  is 
obtained  by  two  resubstitutions. 

The  scheme  has  proved  to  be  very  robust .  This  depends  on 
the  fact  that  the  backwards  Euler  part  has  a  damping 
property  which  keeps  the  divergence  low  when  e  is  small .  We 
refer  to  [4]  and  [5]  for  details  about  the  scheme. 


4.  ANALYSIS  OF  THE  LINEARIZED  EQUATIONS 

In  this  section  we  consider  the  linearized  system  with 
constant  coefficients  corresponding  to  the  state  U  =  (ij>,u,v) 


(a) 

4>t  =  “  u<t>x  - 

-  v<t>y  - 

(t*X 

(b) 

Ut  =  -  uux  - 

(t^x 

-  VUy 

(4.1) 

(c) 

vt  =  -  uvx  - 

(■HX 

-  vvy 

Y-l  I 

c  =  —  <»  . 

We  take  the  domain  in  space  as  the  unit  square,  and  it  is 
assumed  that  the  solutions  are  periodic  in  the  y-direction. 
Since  we  shall  derive  estimates  also  for  the  derivatives, 
it  is  assumed  that  the  initial  and  boundary  conditions  are 
compatible  such  that  no  discontinuities  are  introduced 
initially. 

We  consider  the  case  u  >  0  such  that  x  =  0  is  an  inflow 
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boundary  and  x  =  1  is  an  outflow  boundary.  Since  we  treat 
the  linearized  system,  we  prescribe  homogeneous  boundary 
conditions: 

Inflow,  x  =  0 

<!>o  +  eau0  =  0  (4.2) 

v0  =  o  • 


Uj  =  0  (4.3) 

(The  notation  U0,  is  used  for  u(0, y, t), u(l, y, t)  respectively.) 

Here  a  *  0  is  a  constant. 

The  scalar  product  and  the  norm  are  defined  by 


U*Vdxdy 


||U||2  =  (u,u)  . 


We  shall  also  use  the  boundary  norm 


IV  11/2 

lu(t)|B  =  ( I u(0, y,  t)  | 2  +  lu(l,y,t)|2)dy  . 

LJo 


We  shall  now  prove 

Theorem  4 . 1  Assume  that  the  conditions  (4.2),  (4.3)  hold 
with 


a  >  y  >  0  .  (4.4) 

Then  there  is  a  constant  8  >  0  such  that  the  solutions  to 
(4.1)  satisfy 
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dyxdt 


9y13t 


(x)  1 1  dx  £  11-7777(0)11 
dy  at 3 


(4.5) 


f  f  i  j4>o  ^^12  oV  „  d1  3U 

I — - — -(x)|  dydt  £  — m—  — - 

Jo  Jo  dy^t3  5  a..1. 


(o)H2 


(4.6) 


3yi3t 3 

for  e  sufficiently  small  and  for  all  non-negative  integers 
if  j  • 

Proof.  When  using  integration  by  parts  and  the  boundary 
conditions  we  obtain 


"2  dt  =  2’e2<x2  J0  ^  U°  ^ 2<ly  ~  (  e’+C)ae  J0  ^  u°  1 2dy 

-  7]^  !<>i 1 2dy  +  (-i-+c)(u,4>x)  +  (j+c)v,<|>y) 

2  K  =  2  Jo  lu°|2dy  '  (f"K'U) 

2  ’t  IM|2  =  -  ~  Jq  i  vi  1 2dy  -  (i+c)(<)>y,v)  . 

By  adding  these  three  equalities  and  integrating,  we  obtain 

(4.5)  for  i  =  j  =  0.  The  boundary  condition  then  implies 

(4.6)  for  i  =  j  =  0. 

By  differentiating  the  system  (4.1)  and  the  boundary 
conditions  (1.2),  (4.3)  with  respect  to  t  we  obtain  exactly 

the  same  system  for  U^,  U^t  etc.  The  same  procedure  works 
also  for  Uy,  Uyy,Uyt-..;  hence  (4.5),  (4.6)  follows  for  all 

positive  integers  i,j. 

Since  the  boundary  conditions  cannot  be  differentiated  with 
respect  to  x,  we  must  use  a  different  technique  in  order  to 
obtain  estimates  for  the  x-derivatives .  We  shall  prove 
Theorem  4.2.  Assume  that  the  assumptions  given  in  Theorem 
4.1  hold.  Then  there  are  constants  5^,  Cj,  C2  such  that  the 
solutions  to  (4.1)  satisfy 
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ft 

l|ux(t)||2  +  sj  I  Ux(t)  I B  dx  £  C1(||Ux(0)||2+||Uy(0)||2+||Ut(0)||2)  (4.7) 

Jo 

-tf  1 

I  I  t(ux)o-K<j>x)o]dycit  £  C2  e2(||Uy(0)||2+||Ut(0)||2)  .  (4.8) 

J  0  j  0 


Proof .  We  first  use  the  differential  equations  (4.1a,b)  at 
the  boundary  x  =  0,  and  solve  for  <t»x,  ux  (vy  vanishes  at  x 
=  0) .  We  get 


(<Uo  +  (ux)o  s  const  e2[(4»y)o+(uy)o 

+  <4>c)o  +  (uc)ol  (4.9) 

and  (4.8)  follows  from  (4.5). 

By  differentiating  the  system  (4.1)  with  respect  to  x  and 
using  integration  by  parts  we  obtain 

(a)  j  £  IIOJ2  =  ~  Jot(0>x)o-<^)i)dy  +  (t+c)Jo  [(^)o(ux)o- 

(♦x)i(ux)ildy  +  (^+c)(ux,(>xxH(i+c)(vx^xy) 

(b)  7  Uuxll2  =  f  Jo f(ux)o-(ux)i]dy  -  (~+c](<t>xx,ux)  (4.10) 

(c)  j  ~  |)vj2  =  —  I(vx)o-(vx)i)dy  -  (j+c:)(<t>xy,  vx) . 

At  x  *  0  we  use 

j(i+c)(«x)o(ux)ol  £  —  (j+c)  (<))x)o  +  J  (ux)o  .  (4.11) 

Furthermore,  we  observe  that 
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hence,  it  follows  from  (4.1c)  that 


(vx)0  =  -  -r  (7+c)(<t>y)o  .  (4 . 12) 

At  x  -  1  we  get  from  (4.1b) 

(' 7+c)(<t>x)i  =  ~u(ux)i 
i.e., 

-(■£+cj($x)i(ux)1  =  u(ux)f  .  (4.13) 

By  adding  the  equations  (4.10)  and  using  (4 . 11) - (4 . 13)  we 
obtain 


2  1  1 

Hull2  ^  [u+(t+c)  (<t>*)ody+(u+l)j^  (ux)ody 

+  -r  (7+c)  (4>y)ody  -  u  (vx)2dy  +  u  [(ux)i-(0x)2]dy  . 

(4.14) 

Since  (4.1a)  applied  at  x  ■  1  implies 
e  -  e 

(ux)i  =  -(vy)! - r(<t>t+v4>y)i - r  u(0x)j 

1+EC  1+EC 

we  get  for  the  last  term  in  (4.14) 


.1  r1 

u  I  l(ux)i  -  (<t>x)i]dy  <,  C1  I  [(v  )i  +  «»y)2  +  (41  JiJdy 

Jn  Jo 


where  Cj,»  C2  are  positive  constants.  When  integrating 
(4.14)  with  respect  to  t  and  using  (4.5),  (4.6)  and  (4.9) 


we  obtain  (4.7)  . 

The  linearized  incompressible  equations  are 


ut  +  uux  +  vuy  +  <J>X  =  0 


vt  +  uvx  +  vvy  +  <py  =  0 

ux  +  vy  =  0  . 


(4.15) 


This  system  requires  three  boundary  conditions,  and  in 
accordance  with  (4.2),  (4.3)  we  prescribe 


t>0  +  au0  =  0 


v0  =  0 


(4.16) 


Uj  =  0  • 


The  theorems  above  show  that  all  first  derivatives  of  the 
solutions  to  the  compressible  equations  (4.1)  are  bounded 
if  the  system  is  properly  initialized.  Furthermore  (4.6) 
and  (4.7)  show  that  $  =  (7(E),  and  consequently  <j>  =  <(>/£  is 
well  defined  in  the  limit  £  =  0.  We  have  proved 

Theorem  4.3.  Assume  that  ||U(0)||,  ||UX(0)||,  ||Uy(0)||,  ||Ut(0)||  are  bounded 
independent  of  £  and  that  the  condition  (4.4)  is  fulfilled. 
Then  the  solutions  to  the  compressible  problem  (4.1), 

(4.2),  (4.3)  converge  to  the  solutions  to  the 
incompressible  problem  (4.15),  (4.16)  as  £  — »  0,  with  <j»  --  <J>/e . 
Remark .  The  assumption  that  ||Ut(0)||  is  bounded  is  equivalent  to 

iK+vyii  =  0(e),  wu  =  m,  iw>yii  =  m  at  t  =  o .  (4.i7) 

We  next  turn  to  the  case  where  the  boundaries  are  solid 
walls.  In  this  case  we  linearize  around  U  =  (0,v,$)T.  We 
have 

Theorem  4.4.  Assume  that  u  =  0  in  (4.1)  and  that  the 
boundary  conditions 


u0  =  ux  =  0 


(4.18) 


hold.  Then  the  solutions  to  (4.1)  satisfy 
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i »  j  >  0 


di+iV 
3yi9t  • 


(t)||  <  II 


ai+ju 

9yi9t  ■* 


(0)||  , 


||Ux(t)||2  <  ||ux(o)|| . 

Proof .  The  proof  is  analogous  to  the  ones  for  Theorem  4.1 
and  Theorem  4.2,  and  we  don't  give  the  details.  Since  u  = 

0,  all  boundary  terms  disappear  when  applying  the  energy 
mehtod  to  U.  This  is  true  also  for  all  y-  and  t- 
derivatives.  For  Ux  we  need  a  new  condition.  This  is 
obtained  from  <4.  lb),  which  implies  <|>x  =  0  at  the 
boundaries.  This  is  sufficient  to  cancel  the  only  remaining 
boundary  terms,  and  the  theorem  follows. 

Convergence  to  the  incompressible  problem  follows  as  in 
Theorem  4.3. 

Estimates  of  essentially  the  same  type  as  the  ones  derived 
in  this  section  can  be  obtained  also  for  the  system  (4.1) 
with  variable  coefficients  U  =  U(x,y,t). 
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SUMMARY 


Constructing  solvers  for  discretised  partial  differential 
equations  one  can  follow  two  different  aims, 

-  adapting  a  method  to  a  given  class  of  problems  which  leads  to 
very  efficient  solvers  for  these  particular  equations  or 

-  devising  a  robust  method  in  the  sense  that  the  class  of 
problems  the  algorithm  works  for  will  be  as  large  as 
possible. 

Multi-grid  methods  are  a  well  known  tool  for  the  treatment  of 
partial  differential  equations.  Attempts  toward  robustness  have 
dealt  until  now  mostly  with  inventing  new  elaborate  smoothing 
iterations.  The  results  are,  especially  considering  the  treat¬ 
ment  of  singularly  perturbed  problems  like  anisotropic 
equations  or  the  convection  diffusion  equation,  still  not 
completely  satisfactory,  at  least  in  case  of  3D. 

A  new  approach  is  the  so-called  Frequency  Decomposition  Multi- 
Grid  Method,  being  content  with  a  very  simple  smoothing 
procedure  and  laying  emphasis  on  a  multiple  coarse  grid  cor¬ 
rection,  every  correction  dealing  with  a  different  part  of  the 
frequency  spectrum. 

The  application  of  this  new  method  to  the  anisotropic  equation 
is  described  in  [4]  and  [5]  whilst  we  are  concerned  here  with 
hyperbolic  and  parabolic  problems . 


1.  SOLVING  SINGULARLY  PERTURBED  PROBLEMS  WITH  STANDARD 
MULTIGRID  TECHNIQUES 

1.1.  EQUATIONS  UNDER  CONSIDERATION 

Let  a,ax,bx,by,ceR,  a,axa0  and  Q=(0,1 )x(0,1 )  the  unit  square. 
The  model  problem  of  the  two  dimensional  convection  diffusion 
equation 

-a(32/3x2u(x,y)+32/3y2u(x,y))  + 

bx3/3xu(x,y)  +  by3/3yu(x,y)  +  cu(x,y)  =  f(x,y)  in  Q  (1.1a) 
with  periodic  boundary  conditions 

represents  for  a-*0  a  singularly  perturbed  problem  since  its 
type  changes  from  elliptic  to  hyperbolic. 
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In  contrast  to  this  the  problem 

-ax(32/3x2u(x,y))  -  1*(32/3y2u(x,y) )  + 

bx3/3xu(x,y)  +  by3/3yu(x,y)  +  cu(x,y)  =  f(x,y)  in  Q  (1.1b) 
with  periodic  boundary  conditions 


turns  into  parabolic  type  with  a^O. 

To  ensure  stability  we  choose  for  the  discretisation  the  "up¬ 
wind  differencing  scheme"  ([1]/  p.  219),  yielding  the  dif¬ 
ference  stars 


La  =  hi2 


and 


,b  =  hi2 


-a+byhj_ 

-a-bxh^  4a+ 1  bx  |  h  j+ 1  by  |  hi+chf  -a+bxh]_ 

_  -a-b^h^  _ 

~  -1+b^hx  ~ 

“ax“bxbl  2+2ax+|bx|h1+)by|h1+ch|  -a^b^h* 

_  -1-byhx  _ 


(1.2a) 


(1.2b) 


respectively. 

hj_=1/Ni,  N^eN,  is  the  step  size  on  grid  Q]_, 
bj=max(0,bz) ,  bz=min(0,bz)  for  z=x  or  z=y . 


1.2.  STANDARD  MULTI -GRID  METHODS 

The  application  of  the  standard  multi -grid  method,  consisting 
of 

(1.3a)  coarsening  by  doubling  the  meshsize  in  both  directions, 
(1.3b)  a  matrix  dependent  prolongation  p  ([1],  pp.  212), 

(1.3c)  the  adjoint  restriction  r=p* , 

(1.3d)  the  Galerkin  coarse  grid  matrix  Li_i=rL^p  and 
(1.3e)  (M1+M2)  smoothing  steps  performed  by  a  relaxation 
operator  S 

onto  the  discretized  problem  L]Ui=f^  on  the  finest  grid  with 
meshsize  hj  can  clearly  be  represented  by  the  flow  chart  (fig. 
1;  cf.  [3],  p.  45). 


1.3.  APPLICATION  OF  STANDARD  MULTI-GRID  METHODS 

To  analyse  the  convergence  of  an  iteration  treating  (1.1a)  and 
(1.1b)  note  that 

eJ'M(x,y)=1/2  eni<x,x+lJy),  (x,y)en1,l-N1sv,psN1,N1=1/h1,  (1.4) 

are  the  complex  eigenfunctions  of  the  unsymmetric  grid 
operators  La  and  Lb  of  (1.2a)  and  (1.2b)  on  the  extended  domain 

Q«(-1,1)x(-i,l),  Q1-{(x,y)ea«  x=vhlf  y=Mbi>, 

considering  periodic  boundary  conditions. 
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Fig.  1  Flow  chart  of  the  standard  multi-grid  method 


Classifying  the  frequencies  o  into  high  and  low,  where  low 
means  l-N^/2sasNj/2,  one  can  decomposite  the  spectrum  into  four 
different  regions. 


I 

low  in  both 

directions 

II 

high  w.r.t. 

X 

III 

high  w.r.t. 

y 

IV 

high  in  both  directions 

Fig.  2  Spectrum  decomposition 


The  simple  coarse  grid  correction  only  reduces  low  frequency 
error  components  out  of  region  I,  so  the  success  of  the  multi¬ 
grid  iteration  strongly  depends  on  the  "right"  choice  of  the 
smoothing  process. 

According  to  criterion  10.1.1.  ([1]/  p.  302)  for  singularly 
perturbed  discrete  operators  Lx ( e )  one  has  to  look  for  a 
smoothing  iteration  solving  the  limiting  equation 

Ll(0)ui  =  lim  Lx(e)ux  =  fx 
e-»0 

fast  or  even  directly. 

In  the  case  of  the  convection  diffusion  equation  the 
applicability  of  a  simple  GauJi-Seidel  iteration,  e.g.  pointwise 
lexicographical  or  linewise  depends  on  the  signs  of  the 
gradient  coefficients,  the  chequer-board  version  is  not  at  all 
suited  for  smoothing  (cf.  [1],  PP-  220;  [6],  p.  35). 

Looking  for  robust  methods  one  has  to  choose  elaborate 
smoothers  like  symmetric  linewise  GauB-Seidel  or  the  incomplete 
LU-decomposition  (ILU) ,  the  latter  still  not  suitable  for  the 
parabolic  problem  (1.1b)  (cf.  [5]). 


2.  THE  FREQUENCY  DECOMPOSITION  MULTI -GRID  METHOD  (FDMGM) 


The  FDMGM,  introduced  in  [5],  is  based  on 

-  a  modified  coarse  grid  correction,  consisting  of  up  to  four 
auxiliary  equations  corresponding  to  the  four  different 
regions  in  the  frequency  decomposition  (fig.  2)  to  be  solved 
on  each  level  instead  of  the  standard  one,  and 

-  a  very  simple  smoothing  method,  e.g. 

•  damped  Jacobi  or 

•  (damped)  chequer-board  GauB-Seidel. 


2.1.  THE  MODIFIED  COARSE  GRID  CORRECTION 

2.1.1.  THE  FOUR  COARSE  GRIDS 

Through  shifting  the  standard  coarse  grid,  in  this  context 

distinguished  by  the  index  (0,0),  eji^^of  grid  size  hx_i=2hx 

by  hx  in  x-,  in  y-  or  in  both  x-  and  y-direction,  we  obtain 

three  further  grids  ^1-^  and  (fig.  3a-e). 

Let  J={ (0,0) ,  ( 1 ,0) ,  (0,1 ) ,  ( 1 ,1 ) )  denote  the  set  of  the  four 
coarse  grid  indices. 

The  double  index  a=(ax,ay)  indicates  a  shift  by  ax*11!  in  x~  and 
<Xy*hx  in  y-direction,  where  ax,aye{0, 1 } . 
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Fig.  3a 

niY5 


Fig.  3b 

«iY> 


Fig.  3c 

aiV* 


Fig.  3d 

a!Y> 


Fig.  3e 
Q!=U  Q*_., 


2.1.2.  THE  ASSOCIATED  PROLONGATIONS  AND  RESTRICTIONS 


The  matrix  dependent  prolongation  pc 
difference  star 

P-1,1  <30,1  9i,i  ~| 

T.00  =  „ 

J  n  ctf\  A  n  A  J 


symbolised  by  the 


9-1,1 

90,1 

<31,1 

9-1,0 

90,0 

90,1 

_9-1, -1 

90,-1 

9i,-l 

with  entries  -i>0,  i,je{-1,0,1>  corresponds  to  the  standard 
00  ' J 

coarse  grid  Q^-1  (cf*  fi-9*  3a)?  for  the  three  additional  coarse 
grids  we  choose 

pqi#1  q0,1  “9-1,1  I  with  alternating  sign 


“91,0 
Z9l ,-l 


90,1 

90,0 

90,-1 


“9-1, -1  “90,-1 

9-1,0  90,0 

29-1,1  “90,1 


91  ,-1 
“91,0 
_9l ,  i 


“90,-1 

<30,0 

"90,1 


“9-1,1 
“9-1,0 
“9-1, -1 

“9l,-1 
91,0 
“91,1  _ 

9-1, -i 
“9-1,0 
<3-1,1- 


with  alternating  sign 
in  x-direction, 

with  alternating  sign  in 
y-direction, 

with  alternating  sign  in 
both  directions 


The  latter  three  prolongations  are  no  interpolations. 

Remark  { 2 . 1 ) »  Grid  functions  which  are  highly  oscillating  in 
x-direction  (connected  with  region  II  in  fig.  2) 
belong  to  the  range  of  prolongation  p1 ® ,  in  the 
same  way  are  correlated  the  prolongation  p01 
with  region  III  and  p11  with  region  IV. 

The  restrictions  are  defined  in  the  usual  way  as  adjoints  of 

the  prolongations,  i.e.  ra=(pa)*,  aeJ. 

Remark  ( 2 . 2 )  z  This  choice  implies  rapP=0  if  oc?*(3 . 
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2.1.3.  THE  COARSE  GRID  MATRICES 


The  auxiliary  equation  on  each  of  the  coarse  grids  is  defined 
by  an  operator  Li  .  As  in  the  standard  multi-grid  approach 
Ii^_i  is  determined  by  the  fine  grid  operator  L^  as 

=  r^ip®,  aeJ. 

This  Galerkin  product  with  matrix  dependent  prolongation  and 
adjoint  restriction  preserves  stable  one-sided  differences  (cf. 
[1]»  P-  222). 


2.1.4.  THE  MULTIPLE  COARSE  GRID  CORRECTION 

Evaluation  of  the  defect  equations  on  up  to  all  four  coarse 
grids  produces  the  new  multiple  coarse  grid  correction 

U1  «-  ui  -  £  pa(Lj.1)"1ra(L1u1-f1),  K<J. 
aeK 

If  K={(0,0)>  we  get  back  the  standard  correction.  The  extra 
terms  are  added  to  provide  a  reduction  of  the  high  frequency 
error  components  of  regions  II  -  IV,  which  have  not  been 
sufficiently  diminished  during  the  smoothing  process. 


2.2.  THE  SMOOTHING  PROCEDURE 

We  use  in  the  following  examples  the  pointwise  damped  Jacobi 
iteration  and  the pointwise  Gaufl-Seidel  iteration  with  chequer- 
board  ordering  of  the  grid  points  as  smoothers  to  ensure  the 
robustness  of  the  PDMGM  originating  from  the  multiple  coarse 
grid  correction  and  not  a  suitable  choice  of  a  sophisticated 
smoothing  operator. 


2.3.  THE  FREQUENCY  DECOMPOSITION  TWO-GRID  METHOD 

The  FD-two  grid  method  consisting  of  v  pre-smoothing  steps  and 
the  performance  of  new  multiple  coarse  grid  correction  can  be 
analysed  by  local  mode  analysis  (cf.  [3])  to  obtain  exact  two 
grid  rates  of  convergence. 

In  the  following  tables  we  contrast  the  spectral  radii  of  the 
standard  multi-grid  method  ( S )  with  the  new  results  ( FD ) . 


Table  1:  Two-grid  rates  for  (1.1a),  two  Gaufl-Seidel  steps  as 
smoother ,  h= 1 / 8 . 


bx 

“y 

log(a)  - 

2.0 

l.S 

1.0 

0.5 

0.0 

-0.5 

-1.0 

-1.5 

-2.0 

-2.5 

-3.0 

-10 

0 

0 

S 

0.062 

0.062 

0.062 

0.061 

0.059 

0.052 

0.035 

0.032 

0.011 

0.001 

0.000 

0.000 

FD 

0.084 

0.083 

0.083 

0.080 

0.074 

0.053 

0.030 

0.007 

0.001 

0.000 

0,000 

0.000 

1 

0 

S 

0.063 

0.063 

0.064 

0.066 

0.074 

0.098 

0.159 

0.259 

0.520 

0.711 

0.789 

0.829 

FO 

0.084 

0.084 

0.083 

0.081 

0.077 

0.075 

0.089 

0.131 

0.257 

0.350 

0.389 

0.410 

L 

l 

S 

0.062 

0.062 

0.062 

0.061 

0.054 

0.088 

0.188 

0.340 

0.511 

0.586 

0.612 

0.624 

FD 

0.084 

0.084 

0.083 

0.081 

0.078 

0.081 

0.110 

0.277 

0.474 

0.571 

0.607 

0.624 
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Table  2s  Tvro-grid  rates  for  (1.1b),  two  GauA-Seidel  steps  as 
smoother,  h=1/8. 


1 

D 

31 

B 

1.0 

0.5 

0.0 

-0.5 

-1.0 

-1.5 

-2.0 

-2.5 

-3.0 

-10 

5 

El 

s 

0.960 

0.880 

0.675 

0.323 

0.059 

0.303 

0.611 

0.784 

0.851 

0.873 

0.881 

0.884 

FO 

0.292 

0.277 

0.235 

0.149 

0.074 

0.125 

0.148 

0.104 

0.051 

0.042 

0.042 

0.042 

n 

S 

0.955 

0.865 

0.641 

0.280 

0.074 

0.341 

0.643 

0.805 

0.866 

0.886 

0.893 

0.896 

FD 

0.300 

0.283 

0.236 

0.144 

0.077 

0.135 

0.153 

0.107 

0.051 

0.053 

0.053 

0.054 

a 

i 

S 

0.960 

0.880 

0.678 

0.336 

0.074 

0.168 

0.264 

0.293 

0.317 

0.325 

0.327 

0.327 

0.292 

0.277 

0.236 

0.153 

0.077 

0.128 

0.230 

0.377 

0.454 

0.483 

0.493 

0.493 

i 

i 

S 

0.955 

0.865 

0.645 

0.292 

0.054 

0.201 

0.309 

0.338 

0.363 

0.372 

0.374 

0.375 

FD 

0.300 

0.283 

0.237 

0.148 

0.078 

0.139 

0.246 

0.399 

0.477 

0.506 

0.516 

0.521 

2.4.  THE  FREQUENCY  DECOMPOSITION  MULTI-GRID  METHOD 

Replacing  the  exact  solution  of  the  defect  equations  on  the 
coarser  grids  by  recursive  application  of  the  method  itself 
generates  the  frequency  decomposition  multi-grid  method 
(FDMGM). 


vks=Sv2(vk,Lk,dk) 


no 


new  approximation  uis=V] 


Fig.  4s  Flow  chart  of  FDMGM 
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To  reduce  the  cost  of  the  algorithm  it  is  sufficient  to  re¬ 
strict  oneself  to  the  execution  of  the  so-called  necesssary 
coarse  grid  corrections  (cf.  [4,  5])  without  considerable  loss 
of  accuracy.  Instead  of  quadrupling  the  number  of  equations  to 
be  solved  on  each  coarser  level  we  get  the  calling  tree 


FDHGM 


(10) 

/A 

(00)  (10) 


(01) 

(00)  (01) 


,  .  .  A  A  A  A  A  A  A 

(00)(10)(01)(11)  (00)(10)  (00)(01)  (00)(11)  (0fl)(10)  (00)(10)  (00)(01)  (00)(0 


(11) 

(0(^.1) 

.  A  A 

)(oi)  (oo)(n)  (oo)(n) 


Fig.  5:  Calling  tree  of  necessary  coarse  grid  corrections 


where  (a)  denotes  the  performance  of  the  coarse  grid  correction 
of  index  oeJ. 


3.  NUMERICAL  RESULTS  OF  THE  FREQUENCE  DECOMPOSITION  MULTI-GRID 
METHOD 


The  observed  multi-grid  rates  are  quite  similar  to  the  exact 
spectral  radii  given  in  tables  1  and  2.  Besides  the  rates  of 
the  standard  multi-grid  method  (S)  and  the  FDMGM  (FD)  there  are 
given  the  values  obtained  by  only  executing  the  necessary 
coarse  grid  corrections  (NFD) .  The  mesh  width  of  the  finest 
grid  is  1/8. 


Table  3«  Multi-grid  rates  for  (1.1a),  two  GauB-Seidel  steps  as 
smoother . 


F 

bv 

log(a)  - 

2.0 

1.0 

0.0 

-1.0 

-2.0 

-3.0 

-10.0 

a 

0 

S 

0.058 

0.057 

0.056 

0.054 

0.040 

0.002 

0.000 

FD 

0.084 

0.083 

0.081 

0.061 

0.010 

0.000 

0.000 

NFD 

0.084 

0.084 

0.081 

0.061 

0.010 

0.000 

0.000 

i 

0 

S 

0.058 

0.058 

0.067 

0.129 

0.425 

0.722 

0.650 

FD 

0.084 

0.083 

0.082 

0.098 

0.309 

0.701 

0.776 

NFD 

0.084 

0.084 

0.083 

0.099 

0.297 

0.657 

0.713 

i 

1 

S 

0.058 

0.058 

0.056 

0.098 

0.473 

0.725 

0.784 

FD 

0.084 

0.083 

0.082 

0.094 

0.613 

0.743 

0.750 

_ , 

NFD 

0.084 

0.083 

0.083 

0.094 

0.612 

0.739 

0.747 

x- — r 


Table  4*  Multi-grid  rates  for  (1.1b),  two  Gaufi-Seidel  steps  as 
smoother . 


bx 

by 

log(ax)  - 

2.0 

1.0 

0.0 

-1.0 

-2.0 

-3.0 

-10.0 

0 

El 

s 

0.960 

0.672 

0.056 

0.661 

0.924 

0.967 

0.967 

FD 

0.303 

0.247 

0.081 

0.210 

0.112 

0.048 

0.048 

NFD 

0.303 

0.247 

0.081 

0.210 

0.113 

0.051 

0.051 

1 

a 

S 

0.957 

0.655 

0.067 

0.676 

0.928 

0.964 

0.969 

FD 

0.300 

0.249 

0.082 

0.213 

0.112 

0.051 

0.051 

NFD 

0.308 

0.249 

0.083 

0.217 

0.114 

0.050 

0.050 

9 

i 

S 

0.960 

0.673 

0.063 

0.462 

0.561 

0.583 

0.586 

FD 

0.303 

0.246 

0.082 

0.253 

0.589 

0.683 

0.695 

NFO 

0.303 

0.246 

0.082 

0.252 

0.588 

0.682 

0.694 

i 

i 

S 

0.957 

0.657 

0.056 

0.482 

0.581 

0.602 

0.604 

FD 

0.300 

0.250 

0.082 

0.261 

0.600 

0.692 

0.695 

NFD 

0.308 

0.250 

0.083 

0.261 

0.600 

0.691 

0.702 
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EXISTENCE  AND  UNIQUENESS 
FOR  LINEAR  HYPERBOLIC  SYSTEMS 
WITH  UNBOUNDED  COEFFICIENTS 


Andrzej  Hanyga 
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Warszawa,  Pasteura  3 
POLAND 

Mauro  Fabrizio 
Istituto  di  Matematica 
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Bologna,  piazza  Porta  San  Donato 
ITALY 

We  consider  formally  hyperbolic  linear  systems  with  unbounded 
propagation  speeds  . 

Existence,  uniqueness  and  continuous  dependence  on  the  data  g, 
h,  e  are  proved  for  the  Cauchy  problem 

utt  *  A1J(x,t)  Uj  +  B( x, t )  ut  +  C‘(x,t)  ut  +  D(x,t)  u  +  e(x,t) 

for  (x,t)  e  (0,T]  x  2  , 

u(x,0)  -  h(x)  ,  ut(x,0)  -  g(x)  ,  x  e  2 

and  either  2  -  Rn  or  2  bounded  and  homogeneous  Neumann 

conditions  s 

A1  j (x,t)  nt  Uj  -  0  , 

It  is  assumed  that  the  mxm  coefficient  matrices  A1 i  are 
integrable  : 

AlJ  cLl(D)  if  2  is  bounded  ,  A11  e  l2(D,p)  if  2  -  Rn 
(  p  is  a  weight  possibly  decaying  at  •  ) , 

and  satisfy  a  pseudo-Lipschitz  condition  with  respect  to  t: 

1 

i 
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0Av1  "A1  ^  (x,t)v^  ^  vt  •[A1J(x,t+A)-A1M*,t)]vj  $  «AV1  -A1 3  (X,t)vJ 

for  arbitrary  sets  of  vectors  c  R* ,  i  -l,...,n  and  a  suffi¬ 
ciently  small  A.  The  mxm  matrix  B(x,t)  is  assumed  to  be 
bounded  by  two  continuous  functions  : 

b1(t)v2  $  v-B(x,t)  v  «  b2(t)v2  for  every  v  e  R*  and  a. a.  (x,t). 
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A  NUMERICAL  METHOD  FOR  COMPUTING 
VISCOUS  SHOCK  LAYERS 


Eduard  Har abelian 
Department  of  Mathematics 
The  University  of  Michigan 

ABSTRACT 

We  introduce  a  high  resolution  numerical  scheme  for  the 
computation  of  viscous  shock  layers.  The  novel  feature 
consists  in  the  use  of  travelling  wave  solutions  as 
approximating  tools.  This  is  a  departure  from  previous 
methods  which  are  based  on  splitting  the  viscous  part  from 
the  hyperbolic  part  of  the  equation.  We  present  stability 
results  as  well  as  numerical  tests  for  one  dimensional 
models . 


1.  INTRODUCTION 

In  this  paper  we  consider  the  numerical  approximation  of 
viscous  perturbations  of  nonlinear  hyperbolic  conservation 
laws . 

Let  us  consider  the  scalar  equation: 

u.  +  flu)  =  £(a(u) u  )  ,  a(u)>a  >0,  f  convex  11.1) 

t  x  xx  o 


and  define  the  Inondimensional )  quantities: 

R  =  -1 f  -ft  ,  (Cell  Reynolds  Number), 

X  =  ,  (CFL  Number), 


where  | f '  |  =  sup|f'lu)j,  and  h  and  At  are  the  spatial  and 
temporal  mesh  widths  of  some  discrete  approximation. 

Equations  such  as  11.1)  are  considered  as  one 
dimensional  scalar  models  for  the  equations  governing  the 
flow  of  fluids  with  small  viscosity. 

In  order  to  understand  the  significance  of  R,  consider  a 
travelling  wave  solution  of  (1.1),  that  is  a  solution  of  the 
form  u< x , t )=w< 1 x-st ) /s ) ,  and  for  simplicity  assume  |f'|=l. 
The  existence  of  a  monotone  decreasing  profile  w,  with  w 
tending  to  w+  as  x  tends  to  ±00  is  discussed  for  example  in 

C41.  Projecting  on  a  grid  of  size  h,  At=\h»  we  obtain  the 
discrete  profile: 

w.  =  wljh/c  -  s\h/£)  =  w(R-lj-sX)). 

J 


We  now  point  out  that  the  larger  the  R  the  fewer  the  points 
w.  in  the  transition  layer  between  w_  and  w+  1  see  Fig. 4  ). 

Our  goal  is  a  stable  numerical  method  that  resolves  such 
viscous  profiles  very  accurately  even  when  they  have  but  two 
or  three  points  in  the  transition  layer.  The  interest  in  such 
methods  arises,  for  example,  when  computing  reactive  flows 
where  the  layer  itself  plays  a  major  role. 

The  standard  approach  for  approximating  equations  like 
11.1)  has  been  a  centered  difference  approximation  to  the 
viscous  term, 
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c<a<u,Vx 

*“3-1/2 


(efh  > A .  ,  ,_<a (u . ) Au  .  , 

0+1/2  0  j-lfS 


=  u  ,-u  .  , 
o  J  1 


and  either  a  centered  difference  or  an  upwind  difference 
approximation  to  the  hyperbolic  term  C31*  C61,  The 
characteristic  feature  of  this  approach  is  to  separate  the 
viscous  part  from  the  hyperbolic  part  in  the  equation.  We 
performed  numerical  experiments  on  the  viscous  Burger 
equation,  using  both  Richtmeyer’s  second  order  centered 
difference  scheme  and  then  the  second  order  upwind  (MUSCL 
C71)  scheme  for  the  hyperbolic  part.  We  computed  a  travelling 
wave  moving  with  speed  one  for  which  we  had  the  exact 
solution.  The  results  are  shown  in  Figs.l  and  2  below. 


Centered  Difference  Scheme 


R=6,Dt/Dx=.245,Time=  1 20,Exact="x 


Second  Order  Upwind 


We  point  out  that  the  centered  difference  scheme  is 
oscillatory  since.  when  R  is  not  small  there  is  not 
sufficient  viscosity  to  stabilize  it.  The  upwind  scheme.  on 
the  other  hand,  is  total  variation  stable  for  all  values  of 
R,  but  suffers  from  loss  of  accuracy  inside  the  transition 
layer.  The  numerical  results  indicate  roughly  a  10%  error 
(pointwise).  This  can  be  explained  by  the  fact  that,  near 
shocks,  upwind  schemes  create  a  significant  amount  of 
artificial  viscosity  of  their  own  and  this  overshadows  the 
effect  of  the  real  viscosity  in  the  equation.  We  believe  that 
any  algorithm  which  is  simply  based  on  splitting  the  equation 
into  its  viscous  and  hyperbolic  parts  will  have  such 
problems.  In  this  paper  we  will  construct  an  unsplit  scheme 
which  uses  the  travelling  wave  solutions  of  (1.1)  as 
approximating  tools  between  grid  points.  The  key  idea  is  to 
interpolate  a  piece  of  a  travelling  wave  between  grid  points 
and  then  let  the  exact  solution  operator  to  (1.1)  act  on  it. 
Then,  we  evaluate  the  flux  calulu^  -  f(u>  at  cell  boundaries. 

As  we  will  see  this  scheme  borrows  from  both  the  centered 
difference  and  upwind  methodologies.  As  a  consequence  it  has 
both  the  high  resolution  property  of  centered  differencing 
and  the  total  variation  diminishing  property  of  the  upwind 
approach . 

In  what  follows  we  will  describe  the  travelling  wave 
scheme  in  detail  and  prove  it  is  TVD  stable  for  a  fairly 
large  set  of  values  of  (\,R),  that  includes,  for  example, 
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_ _ _ _ _  ^r. 


cases  where  the  other  schemes  fail  to  perform.  We  also 
present  numerical  evidence  that  supports  the  theoretical 
results.  A  more  complete  accounti  including  accuracy  and 
optimal  stability  results)  can  be  found  in  EH] . 


2.  THE  TRAVELLING  WAVE  SCHEME 

We  will  only  consider  the  case  u..,<u 

J  +  1  J 


to  derive 


numerical  flux  h  . This  is  the  case  of  a  shock  for  the 
j  +  1  /H 

hyperbolic  part  where  the  dissipation  plays  the  most 

important  role.  In  case  of  rarefactions)  u  <u  . ,  we  advocate 

3  J  +  1 

the  use  of  any  of  the  two  schemes  mentioned  above. 

As  we  mentioned  in  the  introduction  we  wish  to 

interpolate  a  travelling  wave  solution  between  u  and  u  .  > 

3  ]  +  l 

that  is  find  w  such  that  w(x-st)  is  a  solution  to  <1.1  >»  and 

w<x.)=u.>  w<x..,)“u  _.  For  simplicity  we  let  x  =0>  x.  =h > 

3  3  j  +  1  j  +  1  J  j  +  1 

and  rescale  time  and  space  so  that  t  goes  to  t/h>  x  goes  to 
x/h.  Then)  (1.1)  becomes 


u ,  +  f<u> 

t  X 


u  ( a  <  u )  u  )  ) 

xx 


H“|f*  |/R. 


(2.0) 


(2.2) 


The  travelling  wave  solution  will  satisfy  the  ODE 

M<a<w>*  >'  =  -sw'  +  f<w>'  (2.1) 

We  consider  this  with  boundary  conditions 

w  <  0 )  =u  .  )  w<l)=u.jU.^  (2.2) 

3  J  +  1 

Since  the  speed  s  remains  yet  undetermined)  we  have  the 
freedom  of  prescribing  one  more  boundary  condition.  For 

instance  we  let  w'  <0)=w' . 

3 

Using  the  convexity  of  f>  one  easily  proves: 
PROPOSITION  2.1 

Suppose  u  ,  >  u  and  w'  COJ  =  w*.  <0.  Then  there  exists 

J  J+1  ./ 

a  unique  s  and  wCxJ  that  solves  C2.  tj  and  C2.  2J. 

Moreover ,  one  has  the  following  estimates: 


a  <  u  .  )  w ' 


s  <  f'  <u  . )  -  p  -t— 
j  Au 


-J. -  a(u  .  > 

j+1/2  J 


_itl^  _  ^  a(u  ,  g-if  _„V  "i  ]  <  s  <B.S 

Auj+l/2  Auj+l/2  J  t  alAuj+l/H  * 

w'.  f  a(u .  >w*  . 

<  f'<u.)  -  p  -t - * -  a(u  .  )  g'1!  - j-J - i—  ] 

j  ^j  +  1/2  3  y  la0Auj  +  1/EJ 

j  +  1/2  Au j+1 /2  3  1  ^  alAuj+l/H  ‘ 

<  fMu.)  +  p  .  J  +  1  a<u  .  )  g_i  f ^ - 3-±±  ] 

3  Au j+1 /2  3  1  a0Auj  +  l/H  * 


Af iij/a  + 
Au j+i/a 


Au j+1 /H  J+1 


where  w* 

J  +  1 


w'IDi  g<z)  =  <  1 /z  >  log  <  1 +z  )  >  and 


aQ  *  inf  a<u)>  aj  =  sup  a<u). 

REMARKS.  The  function  zg  *<z)  is  defined  on  <0)Oo)) 
decreasing  and  tending  to  +od  at  0  and  to  -oo  at  +oe.  Therefore) 
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s  becomes  large  when  w.'/Au.  +  1/g  is  near  0  or  near  od.  Also, 
-i  J  J 

since  g  (1)  =  0,  one  obtains  maximum  control  on  s  when 
is  chosen  to  be  1  (assuming  a-  =  a.  =  1). 

j  j  +  1/2  ”0  1 

Given  u.  ,u  .  .  and  w.'  we  define  the  numerical  flux  for 
J  J  +  1  J 

the  travelling  wave  scheme  by 


h j  +  1 /S  =  ^a<w<1/2  ”  sAt/2h) >w* ( 1/2  -  sAt/2h>  -  (2.6) 

-  f  < w< 1/2  -  sAt/2h ) ) i  p  =  c/h  . 

TV 

REMARK.  The  numerical  flux  hj+i/gis  obtained  by  first  using 

the  exact  solution  to  (1.1)  with  initial  data  given  by  the 
travelling  wave  w(x),  that  is  w(x-st)»  and  then  evaluating 


the  flux  «a(w)w 


f(w)  at  x  =  t 

3.  TVD  STABILITY 


At/2. 


In  this  section  we  analyze  the  travelling  wave  scheme 
when  w^'/Au^  +  1/,g  =  1.  This  choice,  even  though  makes  the 

scheme  second  order  accurate  only,  yields  optimal  stability 
results . 


For  simplicity,  we  will  assume  a  =aj=l»  so  that  from 


(2.3a) 


Af  .  ,_/Au  ,  5  s  5  f*  (u  . ) ,  since  g1(l)=0.  (3.0) 

j+1/2'  j  +  1/2  j  ’ 

For  TVD  stability  we  use  the  framework  introduced  by 
Harten  Cll,  in  which  one  writes  the  scheme  in  incremental 
form 

n+1  n  _  .  _ 


Uj  +  Cj+l/2Auj+l/2  "  Dj-l/2Auj-l/2’ 

Cj+l/2  =  “<hj+l/2“f<Uj)>/Auj+1/2, 
°j-l/2  =  <hj-l/2-f <uj ’ >/Auj-l/2 


where 


and  then  shows  that 


'j+1/2 


>  0,  D. 


j  +  1/2 


>  0,  1-C 


j+1/2  j+1/2 


The  inequalities  (3.1)  imply  the  scheme  is  TVD.  In  our 
case  one  easily  verifies  that 


cTW 

j  +  1/2 


j+1/2 


<  At/h  )  <  p  -  s 


j  +  i/e 


(  At/h )  <  .  J*1  +  s  -iil - -  ), 

Ail  Ai  i 

j+1/2  j+1/2 


where  w#  =  w(x#),  x#  =  1/2  -  sAt/2h. 


THEOREM  3.1.  If 

a)  R  S  sup 


\*}Ct  -zO 


b)  +  O  <  i 

then  this  travelling  wavs  scheme  is  TVD,  i.s.  the  coefficients 
C 3.  22  satisfy  C3.  11. 
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T- - 7 


REMARKS.  The  inequality  <3. 3b)  is  a  CFL-like  condition. 

The  values  of  the  quantity  which  appears  on  the  right  of 
(3.3a)  were  computed  as  a  function  of  X  below 


X  0 

.25 

■  5  •  6  ■ 65 

.75 

.B 

1 

R*(X)  2 

2.6 

3.6  3.9  4.1 

4.3 

4.5 

4.9  • 

From  (3.3)  2X/(1-X>  <  R  <  R#(X>  so.  for  example,  we  have  TVD 

stability  if  X=.65  and  R=4.1.  Let  us  also  mention  that  the 
results  of  Theorem  3.1  are  not  optimal,  meaning  that  we  were 
able  to  compute  at  higher  values  of  R  and  X  (see  Fig. 4  for 
numerical  results).  One  could  explain  the  good  stability 
properties  of  this  scheme  as  follows.  To  have  +  >  0  in 

(3.2)  for  example,  we  need  s(w  -  u.)/Au  <  p  when  sSO. 

*  j  j  +  * /c 

The  quantity  on  the  left  of  the  inequality  never  gets  too 
large  since  whenever  s  is  getting  large  positive,  w#  =  w(l/2 


-  sAt/2h)  is  getting  closer  to  u^.  This  property  appears  to 
be  specific  to  this  scheme. 

Proof  of  Theorem.  3.1.  From  (3.1)  and  (3.2)  we  need  to  show 


a)  6  5  pAu  .  ._/(w_  -  u.)  =  pw  /(w„  -  u  . )  (3.4) 

J+1/2'  *  j  j  '  *  j 

b)  -s  <  ^.^/(u.^  -  w*> 

c)  (At/h)(BM  -  Afj  +  1/a/Au.  +  1/2  +  -  (u.  -  w#)J  S  1, 


since  pw.^  =  pw  . ' 


sAu 


j  +  1/2 


+  Af 


j  +  1/2. 


We  proceed  by  showing  (3.4a)  and  <3. 4b). 


CASE  1:  s>0. 

Here  (3.4b)  is  immediate,  since  the  right  hand  side  is 
always  positive.  To  show  (3.4a)  we  use  the  estimate 

s  <  f'  (u.)  -  p  ^-4^  9_1(  5-4-u/*  )>  (3.5) 

1  J 

x#  =  1/2  -  sAt/2h  >  0  if  sAt/h  <  1. 

The  estimate  above  is  obtained  easily  from  (2.5)  with  x  =  x#. 


the  same  way  (2.3a)  was  obtained  from  (2.4)  in  Prop.2.1. 
From  (3.5)  one  gets 

w  . ' 


-s  +  If  I 


•srh:.  •■‘(s-hr."*  ] 
*  1  '  *  *  + 


As  we  remarked  before,  the  function  zg-  (z)  is  decreasing  on 
(O,ao).  Let  K(z)  be  its  inverse.  Then, 

K(  x  ~S  —  it/),  < 

*  H 

Now,  (3.4a)  follows  from 


X  w 
♦  J 

w„  -  u . 


s<  (p/x# )K( x#< -s+ I f ' |)/p)» 
which,  after  some  algebrais  equivalent  to 
g ( < -s+ | f ' | ) /s )  >  sx^/p,  or 


i 
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1/p  £ 


x#(-s  +  If' I > 


log ( |f  | /s)  . 


Let  z  =  s/  |f  |  .  Then  0  £  z  5  1  (from  (3.0))  and 

R  =  5  (-z+1  >^7Tf  I  l09<|f'|/5>* 

Substituting  for  x#  from  (3.2)  we  see  that  (3.3a)  implies 
(3.4a) . 

CASE  2:s£0. 

Here  (3.4a)  is  trivial  and  (3.4b>  follows  as  in  Case  1, 
only,  now,  we  use  the  estimate 

0  >  -|f*  |  +  p  - -  g”1  f(  1-x  ) - -  1 

uj  +  l  w*  Uj  +  1  w*  J 

instead.  This  estimate,  again,  can  be  obtained  from  (2.5)  the 
same  way  (2.3b)  was  obtained  from  (2.4). 

We  now  turn  to  (3.4c),  the  CFL  condition.  Since  ,  from 
(3.4a)  and  (3.4b>  the  quantity  on  the  left  of  <3.4c>  is 
positive,  it  suffices  to  show 

(At/h)(2p  +  Af .  ._/Au ...  -  2s)  £  1  whenever  s  £  0, 

j  +  1/2  j-t-1/2 

since  -1  £  (u.-w.)/Au...  ._  £  0. 

j  *  j  +  l/H 

From  (3.0)  we  get 

Af j+l/2/Auj+l/2  “  2s  -  -Af j+l/a/Au j+1/2’ 

so  it  suffices  to  have 

(At/h) ( 2p  +  | f '  | >  S  1 , 
which  follows  from  (3.3b). 

4.  NUMERICAL  EXPERIMENTS 

We  now  turn  to  the  numerical  experiments.  We  have 
computed  a  moving  profile  for  Burger’s  equation 
.  2 

u.  +  (u  /2)  =  e u 

t  x  xx 

u  -»  2  at  x=-od  ,  u  -»  0  at  x  =  +oo 


The  exact  solution  is  given  by 

u(t»x)  =  -  ■  -y  . 

1  +  exp ( ( x-t ) /e > 


We  started  with  initial  data  given  by  the  exact  solution  and 
cmputed  with  different  values  of  R  ranging  from  4  to  6.6.  At 
R=4,  X=.65»  all  schemes  were  numerically  stable.  We  know  this 
to  be  theoretically  true  for  the  upwind  scheme  and  for  the 
travelling  wave  scheme.  However,  the  travelling  wave  scheme 
was  about  10  times  more  accurate  then  the  other  two  (Figs. 3 
and  4).  At  higher  values  of  R  the  centered  scheme  starts  to 
oscillate  (Fig.l)  and  the  travelling  wave  scheme  remains 
superior  in  accuracy  to  the  upwind  scheme  (Figs. 2  and  4). 

An  interesting  feature  of  the  travelling  wave  scheme, 
which  is  not  shared  by  the  other  two  schemes  is,  that  to  be 
stable  for  larger  values  of  R  it  needs  a  larger  CFL  number 
(Thm.  3.1).  One  can  therefore  compute  in  the  large  R  regime 
by  taking  relatively  large  time  steps  (Compare  Figs. 2  and  4). 
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INTRODUCTION 

The  numerical  simulation  of  the  aerodynamic  forces  acting  on  an 
oscillating  uing-section  in  transonic  flow  by  solving  the  Euler 
equations  is  described.  The  method  of  solution  is  the  approxi¬ 
mate-factorization  method  of  Beam  and  Warming  /l/.  Since  time- 
dependent  calculations  are  the  primary  concern,  an  implicit 
algorithm  was  developed  because  it  allows  considerably  larger 
time-steps  than  for  explicit  schemes,  and  calculation  must  be 
carried  out  over  several  periods  of  oscillation  on  wing-secti¬ 
ons.  In  this  paper  several  calculations  for  steady  and  unstea¬ 
dy  transonic  flow  cases  were  carried  out. 
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METHOD  OF  SOLUTION 

The  method  of  approximate  factorization  of  Beam  and  Warming  /!/ 
was  used  for  solving  the  Euler  equations* 

3  _  3  _  _  3F  3 G 

(I+At — An  +  Di {) (I+At — Bn+Di ^ )AUn  =  -At( — h ) n+Dt  =  RHSn  (4) 

3 £  an  at  an 

AUn  =  u n  ♦ 1  -  un  • 

The  flux-vectors  are  locally  linearized  in  time 

F"*i  =  F"  +  A"(  U»*i  -  U")  +  OCAt2) 

gn+l=Qn+Bn(Un*,-Un)+0(AT2)  (5) 

3F  _  3G 

with  the  Jacobian  matrices  A  =  —  /  B  =  — —  • 


The  terms  Di  and  De  are  implicit  and  explicit  nonlinear  dam¬ 
ping  terms  defined  in  /Z/ . 

The  spatial  derivatives  were  approximated  by  central  differen¬ 
ces  of  second  order  accuracy)  so  that  4x4  blocktr idiagonal  sy¬ 
stems  results.  The  solution  of  these  systems  of  equations  re¬ 
quires  relatively  long  computational  time. 

A  substantial  reduction  of  the  computational  time  is  obtained 
by  diagonalizing  the  matrices  S  and  B  with  the  similarity 
transformation  of  the  form  /3>4/« 


A  =  TjAjTt"1 


B  =  T « A«T  j 


where 


u 

V 

0 

0 

u 

V 

~ 

> 

J 

II 

1 

U+ktc 

V+knc 

0 

0 

U-ktc 

V-k^c 

with  k$  =  (  Ex*  +  Ey  2  1 y/ *  •  k^=  (Tlx  2+hy  2  ) *  and  c  is  the 

speed  of  sound)  yielding  systems  of  4  scalar  equations  /4r5/ 

a  3 

T{ n ( I+At — Aj+Di $ )Nn ( I+At — An+Di )  (Tn- * )"AUn=RHSn 

«E  an  (7 


with  N"  sIT*-1)"  Tn" 


The  matrices  Tj")  <T|-i >n>  ...  are  taken  outside  of  the  spatial 
derivatives  and  outside  of  the  brackets)  so  that  the  block 
matrices  are  diagonalized)  whereby  a  decoupling  is  achieved. 
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The  latter  method  is  nonconservative  in  unsteady  transonic  flow 
and  was  therefore  only  used  for  the  calculation  of  steady  flow 
with  embedded  shocks.  For  unsteady  flow  calculations  scheme  (4) 
was  used. 


The  boundary  conditions  for  the  correction  variable  (in  the  im¬ 
plicit  part  of  the  difference  equations)  is  assumed  to  be  AUn=0 
and  the  physical  values  on  the  boundary  are  formulated  expli¬ 
citly.  This  formulation  being  first  order  in  time  is  easy  to 
implement  for  all  types  of  boundary  conditions. 

The  boundary  condition  at  the  body  surface  is  given  for  i)=0 
by  the  condition  of  impermeability 

V  =  0  .  (8) 

The  tangential  component  of  the  velocity  is  obtained  by  linear 
extrapolation.  Then  the  Cartesian  velocity  components  on  the 
body  (for  an  orthogonal  grid)  are  given  by 


u 

=  J-i 
v 


hy  "f  s 


The  value  of  the  density  on  the  profile  is  found  likewise  by 
linear  extrapolation.  A  relation  for  the  pressure  along  the 
surface  is  obtained  from  the  normal  momentum  relation  by  combi¬ 
ning  the  two  transformed  momentum  equations  in  nonconservative 
form* 

Pn(qxa+tly*)  ■  ( Exhx  +  £yhy  )p  l  +  <hxz+hy*)Pn  * 

+  P(T)tt+hxtU+Tly  *)  -  pU(T)xU|+T)yV{)  (10) 

where  n  is  the  normal  direction  to  the  contour  q=const.  The  de¬ 
rivatives  tangential  to  the  body  are  approximated  by  central 
differences  and  the  normal  derivatives  by  one-sided  differences. 

In  the  far-field  characteristic  compatibility  relations  based  on 
the  one-dimensional  characteristics  similar  to  that  given  in  /A/ 
are  employed.  The  local  linearized  characteristic  variables  are 

J  p  J 

Uq.1  *  -  [ljx(p - )]  ,  Wtj,!  =  -  fhyu-qyv] 


J  1  plVql 

- - — [ -  ±(nxu+nyv)] 

IVql  y2  poco 


with  the  corresponding  eigenvalues 


V  t  =  v±kt 
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Additionally  a  vortex-correction  formulation  /7,8/  must  be  ta¬ 
ken  into  account>  so  that  there  is  no  or  little  change  in  lift 
due  to  the  extend  of  the  computational  domain. 


The  linear  stability  analysis  shows  unconditional  stability  for 
the  approximate-factorization  method*  but  the  amplification 
factor  approaches  unity  for  large  Courant  numbers*  as  a  result 
of  the  factorization  error.  The  consequence  is  a  decreasing  ra¬ 
te  of  convergence  with  increasing  time  step*  and  in  practice 
the  Courant  number  is  restricted  to  0(10).  This  restriction  is 
not  so  weighty  for  unsteady  flow  computation  because  physical 
aspects  (wave  motion)  must  be  taken  into  account. 


RESULTS 

For  all  calculations  carried  out  a  C-type  grid*  given  for  tran¬ 
sonic  test  problems  in  /9/  with  141x21  or  141x31  points  was 
used.  The  response  characteristics  of  the  airfoil  surface  pres¬ 
sure  to  the  airfoil  motions  can  be  depicted  using  Fourier  re¬ 
presentation.  If  the  unsteady  angle  of  attack  is  expressed  as 
a(t)=aB  +  Im(aoe1<t,<)»  the  Fourier  series  representation  of 
the  pressure  coefficient  can  be  written  as  Cp(x*t)scpB(x) 
+EIm(cp,^(x)aoalnu>t) . 

In  Fig.  1  the  pressure  distribution  for  several  time  points  for 
a  harmonically  oscillating  profile  at  a  Mach-number  of  0.80  is 
given.  For  the  same  profile  the  steady  pressure  distribution 
for  M„=0 . 85  is  given  in  Fig.  2a>  and  in  Fig.  2b  the  first  mode 
harmonic  components  of  the  pressure  on  the  lower  and  upper  si¬ 
de  of  the  profile  are  shown.  The  unsteady  pressure  distributi¬ 
ons*  as  can  be  seen  here*  are  symmetric.  For  the  same  case  the 
lift  coeeficient  as  function  of  the  angle  of  attack  for  the  un¬ 
steady  motion  is  given  in  Fig.  3*  and  in  Fig.  4  the  L*-Norm 
in  the  change  of  the  density  (Ap/At)  as  a  function  of  the 
time  steps  for  steady  and  unsteady  flow  is  presented. 

For  the  steady  flow  computation  the  influence  of  the  vortex- 
correction  formulation  on  the  pressure  distribution  is  shown 
in  Fig.  5.  As  can  be  seen  here*  this  formulation  leads  to  near¬ 
ly  10 %  more  lift  in  comparison  to  the  formulation  without  a 
correction.  The  extend  of  the  computational  domain  is  nearly 
12  chord  lengths  in  each  direction. 

In  Fig.  6  the  steady  pressure  distribution  and  the  lines  of 
constant  Nach-number  for  a  MBB  A3  profile  in  transonic  flow  is 
shown.  In  Fig.  7a  the  corresponding  unsteady  pressure  distri¬ 
bution  for  the  oscillating  wing  section*  and  in  Fig.  7b  the 
number  of  supersonic  points  as  function  of  the  time-steps  is 
used  as  a  crude  indication  of  convergence  (for  the  steady  flow 
case)*  for  the  time-step  n>400  the  change  of  supersonic  points 
for  the  oscillating  airfoil  can  be  seen.  For  all  unsteady  flow 
calculations  200  time-steps  for  a  period  of  oscillation  were 
used. 
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CONCLUSION 

In  this  paper  a  method  has  been  developed  for  calculating  aero¬ 
dynamic  forces  on  a  wing-section  oscillating  harmonically  in 
transonic  inviscid  flow.  The  Euler  equations  are  taken  as  go¬ 
verning  flow  equations.  They  are  solved  by  the  approximate-fac¬ 
torization  method  of  Beam  and  Warming.  Results  have  been  pre¬ 
sented  for  steady  flow  cases  and  for  unsteady  flow  around  an 
oscillating  airfoil. 
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1*  Pressure  distribution  for  several  time  points  for  a 
pitching  airfoil-section 
NACA  0012,  M«=0.80,  a,=0°,  ao=0.5« 


2 «  Pressure  distributions  for  NACA  0012  profile 
M„=0.85,  a»*0# 

b)  unsteady  pressure) 
Cping  for  upper 
and  lower  side 


a)  steady  pressure 


Lift  coefficient  as  Fig.  4:  La-Norm  in  the  change 
function  of  the  angle  of  the  density  (Ap/At) 

of  attack  for  one  pe-  as  function  of  the  num 

riod  of  pitch-motion  her  of  time  steps.  Un- 

M„=0.85,  aa=0.°>  Steady  flow:  N>1000 


Steady  pressure  distribution  for  a  RAE  2822  profile 
M— *0 . 75 1  ctis3.® 

-  without  vortex-correction  in  the  far-field 

-  vortex-correction  in  the  far-field 


Fig.  6*  Steady  pressure  distribution  for  a  MBB  A5  profile 
and  lines  of  constant  Mach-numbers 
M„=0.80,  a«=-0 . 20® 


Fig.  7»  Unsteady  pressure  distribution  and  number  of  super 
sonic  points  as  function  of  the  time  steps 


a)  CpR.«i  for  upper 
and  lower  side 


b)  NSUP>  N«t00  steady  flow> 
N>400  unsteady  flow 
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SUMMARY 


In  this  paper  we  analyze  the  solution  of  the  Riemann  problem  for  the 
following  one-dimensional  conservation  law 


dM  +  r  +  v2)+pv 

dtW  l  u(v_p) 


2  2  2 

This  differential  equation  is  hyperbolic  when  u  +16v  >  16p  and  elliptic 

2  2  2 

when  u  +16v  <  16p  .  and  has  been  studied  for  p  =  0  by  Isaacson  and 
Temple  [1],  It  corresponds  to  a  symmetric  case  II  in  the  classification 
of  Schaeffer  and  Shearer  [2]. 


INTRODUCTION 


The  recent  interest  in  the  analysis  of  the  initialvalue  problem 


d_  u  +  d_  f(u.v) 
<Jt[  v  dx  g(u,v) 


(1) 


with 


u(x,0) 


x  <  0 
x  >  0 


v(x,0) 


x  <  0 
x  >  0 


(2) 


the  so-called  Riemann  problem,  has  revealed  many  interesting  new 
phenomena. 

Part  of  the  motivation  to  study  the  problem  (1),  (2)  has  been  the 
need  to  understand  the  behavior  of  three-phase  flow  in  a  porous  medium. 
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see  [2-5].  In  particular  a  numerical  investigation  [6]  with  realistic 
data  in  the  context  of  three-phase  flow  showed  that  one  should  expect 
regions  in  phase-space  (i-e.  (u.v)-space)  where  (1)  is  not  hyperbolic, 


but  elliptic  (hyperbolic/elliptic  meaning  that 


Vu,v>  Mu,v) 

gu(u.v)  gv(u.v) 


has  two 


real/non-real  eigenvalues).  Indeed  more  recent  theoretical  work  has 
proved  that  one  cannot  in  general  rule  out  the  existence  of  elliptic 
regions  for  three-phase  flow  in  porous  media  [7],  [8].  The  solution  of 
the  Riemann  problem  was  shown  numerically  to  be  quite  stable  even  with 
initial  data  quite  close  to  the  elliptic  region  [6].  The  starting  point 
for  the  renewed  interest  in  (1),  (2)  was  the  surprising  complexity  which 
showed  up  in  the  solution  of  a  prototype  problem  with  a  umbilic  point, 
i.e.  an  isolated  point  where  the  (real)  eigenvalues  are  degenerate.  This 
resulted  in  a  very  detailed  analysis  of  the  case  where  f  and  g  both  are 
homogeneous  2nd  degree  polynomials  in  u  and  v  with  one  umbilic  point,  and 
it  was  shown  [2]  that  the  problem  could  be  classified  in  four  distinct 
classes  in  this  case.  A  perturbation  of  a  umbilic  point  will  in  general 
lead  to  the  existence  of  an  elliptic  region. 

In  order  to  obtain  rigorous  results  for  a  model  problem  in  the  mixed 
type  case,  one  of  us  analyzed  a  Riemann  problem  in  detail  in  the 
symmetric  case  I  [9].  The  solution  of  the  Riemann  problem  was  found  to 
be  quite  wellbehaved  except  for  a  loss  of  uniqueness  close  to  the 
elliptic  region. 

Recently  we  have  extended  the  analysis  to  the  symmetric  case  II 
which  we  want  to  report  on  here  [10].  Cases  I  and  II  are  believed  to  be 
most  relevant  for  three-phase  flow  in  porous  media  [7]. 

The  solution  in  the  case  at  hand  is  more  complex.  There  are  regions 
where  there  is  no  solution  when  one  essentially  only  allows  Lax-shocks 
and  so-called  compressive  shocks.  The  analytical  results  are 
supplemented  by  numerical  simulations  using  a  Lax-Friedrichs  difference 
scheme.  The  detailed  results  of  this  analysis  will  appear  in  [11]. 


2  2  2 

Proposition  1.  The  system  (3)  is  hyperbolic  when  u  +16v  >  16p  , 

strictly  hyperbolic  when  u^+16v^  >  16p^  and  elliptic  when  u^+16v^  <  16p^. 


The  two  basic  "atoms”  which  build  up  the  general  solution  of  the  Riemann 
problem  are  the  shock  solutions  and  the  rarefaction  waves.  A  shock 
solution  of  (2)  and  (3)  is  a  solution  of  the  form 
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A  rarefaction  wave  is  a  solution  of  (2)  and  (3)  on  the  form 


z(x.t) 


z 


R 


X  <  A(2^)t 

A(zL)t  <  x  <  A(zR)t 
x  >  A(zR)t 


(7) 


where  A(z)  is  an  eigenvalue  of  the  matrix  dF(z)  and  17 ($)  satisfies 


gf(£)  =  r (r/CO)  ,  »?(A(ak))  =  zR  ,  k  •  {L,R> 


(8) 


where  r(z)  is  the  eigenvector  corresponding  to  the  eigenvalue  A(z) 
normalized  such  that 


vA(z).r(z)  =  1  . 


(9) 


The  where  (9)  is  not  possible,  i.e.  where 


vA(z)«r(z)  ■  0 


(10) 


is  called  the  inflection  locus  and  plays  an  important  role  in  the 
solution  of  the  Riemann  problem. 

Allowing  for  weak  solutions  of  the  conservation  law  one  has  to  face 
uniqueness  problems.  The  so-called  entroou  condition  is  supposed  to 
single  out  the  correct  solution.  We  will  here  allow  essentially  for  Lax- 
shocks  satisfying  either  (12)  or  (13)  and  compressive  shocks  satisfying 


V*R>  <  s  <  A1(zL)  . 


(ID 


trying  to  follow  the  Liu-construction  [12]  using  the  Liu-Oleinik  entropy 
condition. 


THE  SOLUTION  OF  THE  RIEMANN  PROBLEM 


The  general  solution  of  the  equations  (2)  and  (3)  is  very 
complicated  indeed.  Therefore  we  will  here  concentrate  on  an  explicit 
characterization  of  the  solution  for  one  particular  left  state,  which 
however  will  be  representative  of  the  solution  for  a  set  of  left  states. 

In  addition  we  will  give  examples  of  simulations  using  a  Lax- 
Friedrichs  difference  scheme. 


The  solution  will  be  given  in  zR  = 


r°R 


l  vR  j 


space. 
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The  slow  waves  consist  of  slow  shocks  and  slow  rarefactions.  The  slow 
rarefactions  curve  terminates  at  the  boundary  of  the  ellipse.  For  points 
Zg  on  this  curve  the  solution  is  a  simple  rarefaction  connecting  z^  and 

Zg.  denoted  R.  The  slow  Lax-shocks,  satisfying 


s  <  VZL> 


A^Zp)  < 


Vzr) 


constitute  two  branches,  one  connected  to  z^  and  one  branch  in  3rd 

quadrant.  From  each  of  these  slow  waves  we  can  continue  with  fast  shocks 
and  fast  rarefactions  as  shown  in  Fig.  2. 


R(KS)R 


The  solution  of  Riemann  problem  in 
the  zD-plane  for  z,  =  [  ^  ] . 


The  fast  rarefaction  wave  follows  the  line  v  =  p  to  u  =  0  where  it 
bifurcates  into  one  fast  branch  leaving  v  =  p  and  a  slow  branch  along  v  = 
p.  We  will  write  the  solution  as  RR  for  z^  =  (u^.p).  Ujj  >  0.  The  fast 

Lax-shocks,  satisfying 


s  >  iVzR>  •  ai(2l>  <  s  <  *2^0  (14) 


lie  on  the  line  v  =  p,  u  <  u^  =  -4 p. 

From  each  point  on  the  slow  rarefaction  we  can  jimp  with  a  shock 
with  speed  equal  to  the  fastest  speed  in  the  rarefaction  wave.  Such  a 
wave  is  called  a  composite  and  is  denoted  by  (RS).  From  the  compos i te 
one  can  continue  with  fast  waves.  The  solution  close  to  the  slow 
rarefaction  is  complicated.  To  the  left  of  this  curve  we  use  fast 
shocks.  However,  as  the  slow  rarefaction  crosses  the  inflection  locus, 
we  have  to  use  a  fast  rarefaction  followed  by  a  fast  composite  and 
eventually  a  fast  shock.  To  the  right  of  the  slow  rarefaction  we  use 
fast  rarefactions  which  however  terminate  on  the  inflection  locus.  From 
here  we  use  a  fast  composite  which  eventually  turn  into  a  shock  looping 
back  to  the  slow  rarefaction.  In  the  area  marked  0  there  is  no  solution 
if  we  only  allow  Lax  and  compressive  shocks. 

We  now  turn  to  the  line  v  =  p,  u  >  0.  For  each  such  point  on  this 

line  with  u  e  (0,2 Jbp)  we  can  jump  with  a  speed  equal  to  the  fastest 
speed  in  the  rarefaction,  i.e.  a  slow  composite.  With  this  curve  as  a 

starting  point  we  continue  with  fast  waves.  As  u  e  (2^6p,4V5p)  there  are 
detached  fast  shocks,  see  Fig.  2. 

In  this  way  we  have  constructed  the  solution  of  the  Riemann  problem 
where  it  exists  for  a  particular  left  state.  For  the  general  statement 
we  refer  to  [10].  Finally  we  would  like  to  report  on  some  preliminary 
numerical  result  for  this  model.  Using  the  Lax-Fr iedrichs  difference 
scheme 


with  z®  =  when  i  <  0  and  z®  =  z^  when  i  >  0  and  z”  approximates 

z(ndt.idx).  Where  (3)  and  (4)  has  one  solution,  the  difference  scheme  is 
found  to  converge  numerically  to  that  solution,  see  Fig.  3,  even  with 
initial  states  close  to  or  inside  the  elliptic  region. 
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Fig.  3. 


The  solution  with  = 
described  by  R(RS)R. 


2  p 

-4p 


]• 


In  the  cases  where  we  have  stated  that  there  is  no  solution,  one  finds 
numerically  solutions  with  crossing  shocks.  However,  by  allowing  for  all 
crossing  shocks,  there  is  a  continuum  of  solutions,  and  it  is  not 
possible  to  select  a  unique  solution  by  comparing  only  shock  speeds  and 
the  eigenvalue  of  the  left  and  right  state.  For  further  details  we  refer 
to  [11]. 
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1.  Introduction. 

It  is  known  that  the  system  of  conservation  equations  of  describing  the  time  evolution 
of  unsteady  flows  is  typically  of  hyperbolic  type  when  dissipative  effects  are  neglected. 
However,  for  complex  materials  there  may  be  open  regions  where  the  linearized  system  is 
elliptic.  This  occurs  in  various  models  in  applications  which  has  caused  a  lot  of  attention 
and  there  have  been  some  mathematical  analysis  performed  on  it  to  extend  the  theory  of 
hyperbolic  conservation  laws,  especially  Riemann  problem  and  admissibility  condition  to 
include  equations  of  mixed  type,  such  as  [BN]  on  traffic  flow;  [J]  [M]  [Shi  [SI]  [Hs],  [Ha]  on 
vibrations  of  elastic  bars  and  Van  der  Waal  fluids;  and  recent  results  in  [K]  [Ho]  and  [HM]. 

In  the  first  case  the  elliptic  region  is  ellipsoidal,  however  the  Riemann  problem  is  only 
discussed  in  special  cases  when  the  states  are  not  in  the  elliptic  region.  In  the  second  case 
the  elliptic  region  is  a  strip  and  the  Riemann  problem  is  solved  with  different  considerations 
about  the  admissible  discontinuity  by  different  authors.  In  [Ho]  the  system  is  elliptic  inside 
a  circle  and  it  is  claimed  that  the  Riemann  problem  always  has  a  weak  solution  which 
however  is  not  necessarily  unique. 

The  following  system  arising  in  modelling  certain  nonlinear  advection  process  in  ecol¬ 
ogy  is  discussed  in  [HM]  for  which  the  elliptic  region  is  unbounded  with  boundary  curve 
(v  —  u  +  a  —  l)2  +  4(a  —  l)u  =  0 


f  +  [«(l  ~  v)],  =  0 
\  V,  +  [v(a  +  u)],  =  0 


(1.1) 


where  a  >  1. 

The  Hugoniot  locus  of  (1.1)  can  be  at  most  three  disconnected  branches  for  each 
family  and  can  be  parametrized  Dy  u  for  the  first  family  and  by  v  for  the  second  family. 

Combining  and  generalizing  Lax- admissibility  criterion  and  Liu-Oleinick  criterion  for 
admissible  discontinuity  used  to  strictly  hyperbolic  system  of  conservation  laws,  the  authors 
in  [HM]  introduced  the  generalized  entropy  condition  by  which  it  was  shown  that  the 
Riemann  problem  always  has  a  weak  solution,  however,  certain  regions  exhibit  multiple 
solutions. 

In  order  to  have  uniqueness,  a  minimum  principle  was  introduced  in  the  definition  of 
an  admissible  weak  solution  in  [HM],  The  existence  and  uniqueness  of  the  admissible  weak 
solution  is  proved  then  for  any  given  Riemann  data. 

The  purpose  of  this  paper  is  to  investigate  the  structure  and  the  qualitative  behavior 
of  the  admissible  weak  solution  defined  in  [HM].  Referring  to  the  Lax-criterion,  a  shock 
satisfying  the  generalized  entropy  condition  may  agree  with  or  violate  it  at  different  level. 

Research  supported  by  the  Science  Fund  of  the  Chinese  Academy  of  Sciences  and 
the  National  Science  Foundation  under  Grant. No.  DMS-8657319 
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We  give  a  complete  classification  concerning  the  relation  between  the  speed  of  the  ad¬ 
missible  shock  and  the  characteristics  associated  in  Secion  2.  Continuous  dependence  is 
discussed  in  Section  3  then.  It  is  to  be  expected  in  general  in  problem  of  mixed  type 
that  the  solution  is  not  continuously  dependent  on  the  initial  data.  However,  some  kind 
of  stable  behavior  can  still  be  expected  for  the  admissible  weak  solution.  It  is  shown  in 
Theorm  3.2  that  the  entire  [/--plane  (U  =  (u,  v))  is  divided  into  ten  regions  such  that  the 
topological  structure  of  admissible  wave  curves  keep  the  same  as  [/_  =  (u_,  v_)  varies  in 
each  one  of  the  regions.  The  topology  may  vary  only  when  U _  across  the  boundaries  in 
the  f/_-plane.  In  other  words,  for  fixed  t/_  =  (u_,t/_),  the  admissible  weak  solution  of 
the  Rieniann  problem  may  divide  the  l/+-plane  into  different  regions  representing  different 
combinations  of  shocks,  rarefaction  waves  and  composite  waves,  the  qualitative  structure 
of  the  f/+-regions  changes  only  as  f/_  across  the  [/--boundary  curves  in  the  [/--plane. 


2.  Classification  of  admissible  shocks. 

The  t-characteristic  speed  of  (1.1)  is  defined  as 

Aj  =  ^{ti  -  tf  +  a-|-l-f(ii -  u  +  a  —  l)2  -t-  4(a  -  l)u]’^2} 

l  (2-1) 

A2  =  -{u  -  v  -)-  a  +  1  +■  {(t>  -  u  +  a  -  l)2  +  4(a  —  lju)1/2} 

at  any  point  (u,  v)  where  A(tt,  v)  =  (v  —  u  +  a  -  l)2  +  4(a  —  l)u  >  0.  The  elliptic  region 
where  A(u,  v)  <  0  is  shown  in  Fig.2.1.  Ai  is  equal  to  A2  on  the  curve  A(u,  u)  =  0.  The 
system  is  strictly  hyperbolic  at  any  (u,  v)  where  A(u,  v)  >  0.  Moreover,  the  system  is 
genuinely  nonlinear  when  it  is  hyperDolic  except  the  set  of  the  fognals,  i.e.  the  curves 
where  genuine  nonlinearity  fails,  which  is  made  up  of  four  rays: 


j  v  =  0 

Ju  =  ° 

(v  =  0 

j  u  =  0 

|  u  >  — ( a  —  1)  ’ 

(  n  <  —(a  —  1)  ’ 

\u<-(a-l)  ’ 

v  >  —(a  —  1) 

On  the  first  group  of  the  rays,  the  first  family  of  characteristics  is  linearly  degenerate  and 
A)  =  1  and  Aj  =  a  respectively;  on  the  second  group  of  the  rays,  the  second  family  of 
characteristics  is  linearly  degenerate  and  A2  =  1  and  A2  =  a  respectively.  The  distribution 
of  rarefaction  wave  curves  is  shown  in  Fig.2.1  where  the  curves  R ,  ending  at  the  point 
(u  —  —(a  —  1),  v  =  0};  l?i  ending  at  the  point  {u  =  0,  v  =  —(a  —  1)}  and  rays  v  =  0  with 
u  >  —(a  —  1);  u  =  0  with  v  <  -(a  -  1)  will  play  important  roles  as  the  boundary  curves 


A  discontinuity  is  determined  by  Rankine-Hugoniot  condition,  namely 

f<7[u]  =  [(l-u)ul 

\  *1«1  =  [(a  +  «H 


where  {«/]  =  u>T  -  W{  denotes  the  jump  of  the  quantity  w  across  the  discontinuity  with 
speed  a. 
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For  any  given  (u0,  v0),  (2.2)  defines  the  Hugoniot  locus  Hi(u0l  v0)  and  H3(n0,vo).  It 
is  shown  in  (HM)  that  H\(H2)  is  a  single-valued  function  of  u(v)  along  which  it  holds 

fffi  =  ^{u-vo+a-|-l  -  [(v0  -  u  +  a  -  l)2  +  4(a  -  l)u]1/2}  /2  3\ 

\  (<ri  -  a  -  u)(v  -  vo)  -  v0(u  -  uo)  =  0  '  ’ 

//  —  j{uo  -  v  +  a  +  1  +  [(v  -  u0  +  a  -  l)2  +  4(a  -  l)^]1^2}  ,0  A 

Vj  (ff 2  -  1  +  v)(u  -  «o)  +  u0(v  -  v0)  =  0  .  V  ■  hj 

For  handling  the  elliptic  region  in  the  system  (1.1),  a  generalized  entropy  condition  was 
introduced  in  (HM).  For  any  given  (u_,v_)  =  [/_,  a  discontinuity  (a,  U+,  f/_)  is  called 
admissible  according  to  the  generalized  entropy  condition  if  U+  6  Hi(u~)  (similar  to 
U+  6  Hj(U-),  taking  v  as  the  variable)  such  that  either 

I.  For  any  u  between  u_  and  u+  where  a\  is  defined,  it  holds 

ffi(u;u_,v_)  >  cri(u+;u-,v-) 


II.  <rt(u;  u_,  v_)  is  non-increasing  with  respect  to  |u  -  u_|  for  all  u  6  J+-  for  which  it  is 
defined,  where 


j  __  f[u_,ii+)  if  u_  <  u+ 

+’  \(u+,u_]  if  u+  <  u_  . 


Denote  the  set  of  states,  belonging  to  H,(U _)  and  satisfying  the  above  generalized  entropy 
condition  (G.E.C.)  by  5j(f/_)  which  has  different  distributions  corresponding  to  different 
location  of  (u_,  v_)  =  U-  as  shown  in  [HM].  We  discuss  the  relation  between  the  speed  of 
the  admissible  shock  and  the  characteristics  associated  next  respectively. 


Case  1.  u-  >  0,  v_  >0 

It  can  be  easily  shown  by  using  the  **1  ( . .  v  i 

formulae  (2.1),  (2.3)  that  <ri  is  decreas- _ u 

ing  along  5i(u_,  v_)  as  u  decreasing  and 
a 2  is  decreasing  along  52  (u_,  v_)  as  v  in¬ 
creasing  (see  Fig.  2.2),  satisfying  Lax-  pjg  2  2 

condition  as  follows  ^ ' 

AI(t/+)«r,(t7+;l/-)<  A!(t/_) 

ai(f/+;D_)<  X2(U+)  (2  4)l 

for  any  C/+  =  («+,v+)  €  Si(u-,  v_); 

h(U+)<*2(U+-,U-)<h(U-) 

X^U.)  <  <r2(U+-,U-).  (2  4)2 

for  any  U+  =  (u+,  v+)  €  S2(u_,  v_). 

Case  2.  u_  >  0,  t>_  <  0 

The  distribution  of  the  set  5,(«_,  v_)  is  shown  in  Fig.  2.3  and  2.4  corresponding  to 
v~  >  -(a  -  l)  or  v_  <  — (o  -  1)  respectively  where  the  arrows  indicate  the  direction  of 
decrease  of  the  corresponding  shock  speeds,  the  same  as  in  figure  2.2. 


Fig  2  2 
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Fig.  2.4  v _  <  -(a  -  1) 


For  any  t/+  =  (u+,  t/+)  €  S<( u_,  u_)  which  is  connected  branch  to  («_,  i/_),  (2.4)  can 
be  obtained  in  the  same  way  as  in  case  1.  As  far  as  the  branch  Si  disconnected  to  (u_,  i>_) 
is  concerned,  we  consider  <r\(c,U _)  first,  where  c  is  defined  by  (see  [HM]) 

(  uc  =  —  (\/a  —  1  + 

\  vc  =  +  \/(a  -  1)(-y-) 

and  <ti(c;LL)  =  1  -  yj{a  -  1)(— v_)  by  (2.3)i, 

Due  to  u-  -  u-  —  (a  -  1)  <  0,  it  is  easy  to  see  that  crl(c;  Z7_)  <  Ai(D_)  which  implies 
that  for  any  U+  belonging  to  the  same  branch  Si  as  c  does,  it  holds 


(2.5) 


we  show  (Ti(c;l/_)  <  A2(c)  next  which  is  equivalent  to 


vc  -  Uc  -  (a  -  1)  <  2i/(a  -  1)(— v_)  +  .  j(vc  -  uc  +  a  -  l)2  +  4(a  -  \)uc  . 
This  is  equivalent,  since  vc  -  uc  —  (a  -  1)  >  0,  to 

(o  -  i)(uc  -  v- )  +  \J(a  -  l)(-u_)  ■  j(vc  -  uc  +  a  -  l)2  +  4(a  -  l)uc  >  0 

which  is  true  because  vc  -  v_  =  V~v  -{  +  Wa  ~  1  +  \/-v~  )}  >  0  . 

We  prove  that  for  any  t/+  belonging  to  the  same  branch  Si  as  c  does,  it  holds 


<n (t/+;t/_)<A2(C4)  .  (2.6) 

Ft  is  shown  that  (2.6)  holds  when  U+  =  c.  Suppose  f/+  =  U“  is  the  first  point  on  the  same 
branch  where  u *  <  uc,  (so  that  v*  >  vc>  0),  rr j  (t/*;  t/_)  =  A2(I/*).  It  is  easy  to  check  that 
Aa(f/*)  >  1  since  v *  >  0,  namely  <ri(F/*;l/_)  >  1.  However,  (U*,U-)  <  <7](c;[/_)  <  1. 
This  contradiction  implies  (2.6). 

(2.7)  can  be  verified  by  a  straightforward  calculation,  we  omit  it. 

In  summary,  for  any  U+  €  Si(u_,v_),  disconnected  branch  starting  from  c,  (2.4)j 
still  holds. 
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Remark.  It  is  clear  that  the  distribution  of  the  set  Si  is  not  necessary  to  be  varying  con¬ 
tinuously  when  (u_,  t/_ )  across  the  fognals.  Moreover,  the  inequalities  (2.4)  may  become 
into  equalities  when  (u_,  u_)  is  located  on  the  fognals. 


Case  3.  u-  <  0,  v_  >  0. 

The  distribution  of  the  set  5,(u_,  )  is  shown  in  figure  2.6  and  2.7  corresponding  to 

ti_  <  —(a  —  1)  or  u _  >  —(a  —  1)  respectively. 


Fig  2.6  u_  >  -(a  -  1) 


For  any  U+  =  ( u+,v+ )  £  S, (u_,u_)  which  is  connected  branch  to  (u_,w_),  (2.4)  can 
be  obtained  in  the  same  way  as  before.  Furthermore  it  is  not  difficult  to  show  that 

a2(B',U.)  >  X2(U.) 

(2.8) 

<r2(S;t/-)  >Xi(B) 

(2.9) 

and 

<r2(B,U.)  <  \2(B) 

(2.10) 

where  B  is  defined  by  (see  [HM]) 

VB  =  ~Wa  ~  1  + 

(2.11) 

ub  =  7= — .’‘p-r’*-  +  \/(°  ~  *)(-“-)  (2.12) 

~  s/-U-  -I-  y/< a  -  1 

Divide  the  region  {u  <  0,  v  <  0}  into  subregions  /-/  V,  as  shown  in  Fig.  2.7.  The 
discussion  in  case  4:  (u_,i/_)  €  /  or  case  5:  (u_,t/_)  €  II  is  the  same  as  before,  we  omit 
it. 

Case  6.  («_,«_)  g  III. 

The  distribution  of  the  set  5,( u_,v_)  is  shown  in  Figure  2.8  and  2.9  corresponding 
to  u_  <  —(a  —  1)  or  u_  >  —(a  —  1)  respectively. 
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For  any  t/+  =  (u+,t/+)  6  S,(u_,  u_)  which  is  connected  branch  to  (u_,v_),  (2.4)  can 
be  obtained  in  the  same  way  as  before. 

For  any  t/+  £  5i(u_,t/_),  disconnected  branch  starting  from  c,  the  similar  argument 

shows  (2.5)  and  (2.7).  As  far  as  (2.6)  is  concerned,  the  difference  is  the  case  when  v*  <  0. 
Suppose  U+  =  U*  is  the  first  point  on  the  same  branch  where  v*  <  0,  ai(U*\  t/_)  =  A 
then  vc  <  0  and  c  is  located  on  a  R?  curve  along  which  A2  is  decreasmg  untill  the  point 

U'  where  this  R?  curve  intersects  to  the  curve  A(u,v)  =  0.  Clearly,  v'  >  v~.  On  the 
other  hand,  <Ti(c;{/_)  =  1  -  \/(a  -  1)(— t/-)  >  ffi (U*;U-)  =  >  A 2(U‘)  =  1  — 

y/(a  —  1 )(—«')  which  implies  v~  >  v‘.  This  contradiction  implies  a j (f/+;  [/_ )  <  A2(t/+). 
For  any  U+  £  S1(u_,u_),  disconnected  branch  starting  from  B,  we  show  that 


where 


o1([/+;[/_)<A1(l/_) 
*l(U+iU-)>\1(U+) 
<71(I/+;t/_)<  A2(f/+) 


y^T)3 


(2.14) 

(2.15) 

(2.16) 

(2.17) 


u~  =  - -  -  v/(a  -  l)(-u_)  (2.18) 

B  y-u-  -  \/a  -  1 

=  a  -  y(a  -  l)(-u_)  .  (2.19) 

(2.14)  and  (2.15)  can  be  verified  by  a  argument  similar  to  case  3  for  (2.8)  and  (2.10) 
except  we  have  to  distinguish  now  the  different  cases  corresponding  to  different  sign  of 
vB  -  uB  +  a  -  1. 

As  far  as  (2.16)  is  concerned,  we  show  ai(B)U-)  <  A2(f?)  first  which  is  equivalent  to 


vB  -  uB  +  a  -  1  <  2\/(a  -  l)(-u_)  +  J(VB  -  uB  +  a  -  l)2  +  4(a  -  l)uB 
which  is  true  when  vB  -  uB  +  a  -  1  <  0;  otherwise  which  is  equivalent  to  G(u_,  v_)  <  0 


where 

G(u_,  v_)  =  v_(\/— u_  +  a/u  —  1)  +  {\/a  —  1  +  2\J  a  —  1  —  >/— u_)2 

-x/-u-  \/(a  -  l)(-u_)  +  \/-u_('/a  -  1  -  y/-uZ  )}  . 

Investigate  the  distribution  of  the  set  G( tt_,  t/_)  =  0,  we  can  verify  that  (u_,  t/_)  is  located 
in  the  region  G(u_, v_)  <  0  as  shown  in  Fig.  2.10  in  the  case  6. 
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Therefore,  o\(B;U..)  <  A2(B),  which  means  (2.16)  holds  when  U+  =  B.  We  show 
next  (2.16)  holds  for  any  t/+  on  the  same  branch.  Suppose  not,  U*  is  the  first  point 
where  ui(u*\U-)  =  A2(t/*),  u*  >  ua,  then  U*  must  be  on  a  R2-curve  along  which  A2  is 

decreasing  to  a  as  u  increasing.  Namely,  f/_ )  =  X2(Um)  >  o.  On  the  other  hand, 

U~)  <  Ai(B;  t/_)  =  a  -  ^/(a  -  l)(~u_)  <  a.  This  contradiction  implies  (2.16). 

For  the  isolated  point  B  £  S2(u_,t/_),  it  holds  that 


*2(B;t/_)<  A,(f/_) 

(2.21) 

o2(B;17_)>  A,(B) 

(2.22) 

<72(B;f7_)  <  X2(B) 

(2.23) 

where  <t2(B\  [/_)  =  a  -  >J{a  -  l)(-u_)  . 

The  proof  is  similar,  we  omit  it. 

In  summary,  when  both  t/+  and  f/_  are  in  the  hyperbolic  region. 

1.  Any  state  U+  located  on  5,(f7_)  connected  to  the  state  U-  supplies 
shock  satisfying  the  Lax  condition  (2.4),. 

an  admissible 

2.  Any  state  l/+  located  on  S,  ( t/_ )  with  ending  point  c  or  B,  disconnected  to  t/_,  supplies 
an  admissible  shock  satisfying  the  Lax  condition  (2.4)i 


3.  When  the  state  f/+  takes  the  isolated  state  B  6  S2(l/_),  the  admissible  shock  agrees 
with  the  Lax  condition  on  the  number  of  characteristics  which  enter  or  leave  the  shock 
but  violates  the  Lax  condition  on  the  style,  namely 

<r2(B;t/_)  <  A,(l/_) 

At (B)  «r2(B;U_)  <  X2(B)  . 


4.  When  the  state  U+  takes  the  isolated  state  B  6  52(f7_),  the  admissible  shock  violates 

■v 

the  Lax  condition  on  both  the  numbers  and  the  style.  Namely 


<r2(ti;l/_)  >  A2({/-) 
Ai(fl)  «r*{B\U-)<  \2(B)  . 

<"W 


3.  Continuous  dependence  of  admissible  weak  solution 
Consider  (1.1)  with  initial  data 


(u,  v)j(=0 


f  (u_,t/_),x  <  0 

l  (**+.  **+).*  >  0 


(3.1) 


where  U _  =  («_,  v- )  and  t/+  =  (u+,  t/+)  are  arbitrary  states  in  the  (u,  n)-plane.  Since  both 
the  system  and  the  initial  data  are  invariant  under  the  transformation  *  — >  ax,  t  — »  at, 
a  >  0,  we  look  for  self-similar  solution  «.  =  «((),  v  —  v((),  (  =  f-- 

It  is  shown  in  [HM]  that  there  is  no  uniqueness  if  we  use  the  same  definition  as  for 
a  purely  hyperbolic  system  of  conservation  laws  for  an  admissible  weak  solution  and  a 
minimum  principle  is  introduced  in  the  definition  then. 

Definition  3.1.  An  single- valued  function  is  called  an  admissible  weak  solution  of  the 
Riemann  problem  (1.1)  (3.1)  if 
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I.  It  satisfies  the  boundary  conditions  (u,v)  — *  (uT,vT)  as  (  — *  700. 

II.  It  is  either  a  rarefaction  wave  or  a  constant  state  whenever  it  is  smooth. 

III.  Any  discontinuity  satisfies  the  Rankine-Hugoniot  condition  (2.2)  and  the  above  gen¬ 
eralized  entropy  condition  (G.E.C.) 

IV.  The  sum  of  the  strength  of  all  of  the  jumps  takes  the  minimum  value  among  all 
possible  single- valued  function  (u({),  v({))  satisfying  /-///. 


It  is  to  be  expected  in  general  in  problem  of  mixed  type  that  the  solution  is  not 
continuously  dependent  on  the  initial  data.  However,  some  kind  of  stable  behavior  can  be 
expected  for  our  admissible  weak  solution  which  will  be  described  in  theorem  3.2. 

It  is  shown  in  [HM]  that  for  any  fixed  I/_  =  (u_,  v_),  the  admissible  weak  solution  of 
the  Riemann  problem  may  divide  the  I/+-plane  into  as  many  as  12  regions,  representing 
different  combinations  of  shocks,  rarefaction  waves  and  composite  waves. 


Now  we  show  that  the  I7_ -plane  is  divided  by  certain  boundary  curves  into  different 
regions  such  that  the  qualitative  structure  of  the  f/+-regions  changes  only  as  t/_  across 
the  [/--boundary  curves  in  the  [/--plane.  Denote  the  points  {u  =  —(a  —  1),  v  =  0}  and 
{u  =  0,  v  =  — ( a  —  1)}  by  P  and  Q  respectively. 

The  Ri  curve  starting  from  P;  the  ray  t/  =  0,  ti  >  —(a  —  1);  the  /Ij  curve  starting  from 
Q;  the  ray  u  =  0,  v  <  —(a  —  1)  and  the  rays  n<0a  =  —(a  —  1);  u  <  0,  v  =  —(0  —  1)  play 
essential  roles  which  divide  the  [/--plane  into  different  regions,  as  shown  in  Figure  3.1. 

Where  the  hyperbolic  region  is  divided  into  six  subdomains,  numbered  by  I- VI.  Now 
we  discuss  each  of  them. 


Fig.  3.1 


Case  1  .[/_€/  in  the  [/--plane. 

It  is  shown  in  [HM]  that 
the  structure  of  the  l/+-regions 
in  shown  in  Fig.  3.2  when  —(a  — 
1)  <  u_  <  0.  The  wave  pat¬ 
tern  for  the  solution  of  Riemann 
problem  is  S 1 -S2  when  [/+  €  /; 
5'i  -  R-2  when  U+  6  IP,  Ri  -  Ri 
when  U+  €  III  or  ///*;  R\  -S2 
when  [/+  €  IV  or  IV*\  Si  - 
S2  -  S2  -  Si  when  U+  €  V; 


Si  -  Si  -  Si  —  Ri  when  f/+  6  V/;  Ri  -  S2  -  S2  -  S2  when  U+  €  VII:  Ri  —  Si  —  Si  —  Ri 
when  U+  6  VIII. 

When  U-  —*  —(a  —  1)  (v_  >  0  is  fixed),  v~  — ►  0  and  u~  — *  —00  which  implies 
vg-  — *  -00  and  uB-  — ►  +00,  therefore,  the  regions  V  and  VI  disappear.  When  u_  — ►  0 

(v~  >  0  is  fixed  ),  B  — *  Q  and  Bm  —*  Q,  the  regions  1 1*,  IV*,  VII  and  VIII  disappear. 

When  u_  varies  from  u_  <  0  to  u_  >  0,  the  qualitative  structure  of  the  [/^-regions  keeps 
the  same. 
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Case  2.  u_  €  II  in  the  U_-plane. 

It  can  be  proved  that  the  structure 
of  the  1/+- regions  is  shown  in  Fig.  3.3, 
when  u_  >  0.  Where  R inter¬ 
sects  to  the  curve  A(u,  ti)  =  0  at  N.  When 
(ui,vi)  varies  on  Ri(u-,v-)  from  Ui  =  0 
to  tii  —  ujv,  the  corresponding  point  B 
(see  the  formula  (2.17)  and  (2.18),  replac¬ 
ing  (tii,  t»i )  for  (u_,  t/_)  there)  forms 

the  curve  c(B),  connecting  N  and  Q.  Corresponding  to  each  point  (ti*,v*)  on  this  curve 
e(B),  there  is  the  point  B(«*»«*)  (see  the  formula  (2.11),  (2.12),  replacing  (u*,u*)  for 
(u_,  v-)  there)  which  forms  the  curve  c(B),  connecting  Q  and  M.  Corresponding  to  each 
point  (u,,u,)  on  the  curve  Si(c)  U  R2(c),  the  state  B(ti»,t/»)  is  defined  which  forms  the 
curve  c,(B).  It  can  be  shown  that  c.(B)  tends  to  infinity  (u  -»  oo,  v  — ►  — oo)  asu, -*  -oo, 
v,  — »  0;  tends  to 

»-*-(a-l)  „ 

U  —*  +00  l  V,  — »  +0O 

The  wave  pattern  for  the  solution  of  Riemann  problem  is  the  same  as  in  case  1  correspond¬ 
ing  to  the  subregions  I -VIII  respectively.  The  wave  pattern  is  Si  -  R?  -  Sj  —  $2  when 
U+  6  IX\  Si  -  R-i  —  $2  —  ^2  when  U+  e  X .  Where  the  region  confined  by  the  curves 
c(B),u  =  0  and  Bj(u_,  V-)  belongs  to  IV,  the  region  confined  by  the  curves  c(B),  c(B) 

and  Si(M)  is  the  subregion  VII.  It  is  easy  to  show  that  the  structure  of  the  t/+- regions 
is  similar  for  u_  <  0. 

Case  3.  t/_  6  III  and  Case.  4  U-  g  IV  can  be  discussed  in  a  similar  way  to  Case  5,  we 
omit  the  detail. 

Case  5.  u_  €  V. 

The  structure  of  the  l/+- regions  is  shown 
in  Fig.  3.4  where  the  curves  c(cl  is  made  up 
of  the  point  c(ui,i/il  when  (ui.vi)  varies  along 
the  curve  5i(u_,  v_ )  U  i?i(u_,  v_)  and  c,(B)  is 

defined  in  the  same  way  as  in  Case  2.  B  6 
S2(u_,t/_).  The  curve  .Sj(B)  will  end  up  at 
(u_,  )  which  intersect  to  the  curve  A(u,  v)  =  0 

at  the  point  T.  Corresponding  to  each  point  on 
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Ri(B)  U  52(B)  with  u  <  ut,  there  is  a  point  B  which  forms  the  curve  c(£j)  starting  from 
the  point  T. 

The  wave  pattern  is  the  same  as  before  when  U+  belongs  to  the  corresponding  sub- 
regions.  /  —  V,  IX  and  X  respectively.  The  wave  pattern  is  5j  —  5?  -  Si  —  S%  when 
u+  6  XI;  S2  —  R-2  —  S?  —  Si  when  U+  6  X II. 


Case  6.  u_  €  VI. 


2 nr 

The  structure  of  the  (/+-regions  is  shown  in 
Fig.  3.5.  Where  the  curve  Bi(u_,  t>_)  intersects 
to  the  curve  A(u,  u)  =  0  at  L.  Corresponding  to 
each  point  on  R\  (u_ ,  V-  )u5i  (u_ ,  V- )  with  v-  < 

0,  there  is  a  point  c  which  forms  the  curve  c(c), 

connecting  the  points  L  and  P.  Corresponding 
to  each  point  on  R?(L)  U  c(c)  U  Ri(P),  there  is 

a  point  B  which  forms  the  curve  c*(fl). 

The  wave  pattern  is  the  same  as  before  when  U+  belongs  to  the  corresponding  sub¬ 
regions  I-VI,  IX  and  X  respectively.  The  wave  pattern  is  flj  -  R2  —  52  -  5 2  when 
u+  €  XIII;  Ri  -  Ri  -  Si  -  Ri  when  u+  6  XIV.  When  the  state  (u_,v_)  varies  from 
i/_  <  0  to  v-  >  0,  the  qualitative  structure  of  the  (/^-regions  keeps  the  same. 

We  end  up  with  the  theorem. 

Theorem  3.2.  The  (/--plane  is  divided  by  certain  boundary  curves  into  ten  regions  (see 
Fig.  3.1)  such  that  the  topological  structure  of  admissible  wave  curves  keep  the  same  as 
(/_  =  (u_,v_)  varies  in  each  one  of  the  regions.  The  topology  may  vary  only  when  (/_ 
across  the  boundaries  in  the  (/--plane. 
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STRONGLY  NONLINEAR  HYPERBOLIC  WAVES 


John  K.  Hunter 
Colorado  State  University 
Fort  Collins,  Colorado  80523  USA 

SUMMARY 


We  describe  geometrical  optics  theories  for  nonlinear  waves  and  derive  a 
theory  for  hyperbolic  waves  with  large-amplitude,  rapidly  varying  initial  data. 
We  consider  initial  data  which  is  either  compactly  supported  or  periodic  in  a 
phase  variable.  We  also  analyze  the  decay  of  periodic  solutions  of  hyperbolic 
conservation  laws  and  the  resonant  interaction  of  weakly  nonlinear  sawtooth 
waves. 


1.  GEOMETRICAL  OPTICS 


Geometrical  optics  is  an  asymptotic  theory  for  short  waves.  Let  A  be  a 
typical  lengthscale  of  the  wave  e.g.  the  width  of  a  pulse,  or  the  wavelength  of  a 
periodic  wave.  Let  L  be  a  lengthscale  of  modulations  in  the  wave.  That  is, 
significant  changes  in  the  wave  occur  as  it  propagates  over  distances  of  the  order 
L.  Geometrical  optics  provides  an  asymptotic  approximation  for  the  wave  in  the 
limit 

£  =  r  "  0+- 

Let  us  give  two  examples.  Suppose  that  a  finite  source  of  sound  waves 
generates  a  spherical  pulse  of  waves  whose  width  is  of  the  order  A.  The  wave 
will  decay  as  it  spreads  out  from  the  source  and  a  characteristic  lengthscale  of 
this  effect  is  the  distance  |x|  of  the  wave  from  the  source.  Geometrical  optics 
describes  the  far  field,  where  |x|  >  A.  Second,  suppose  that  a  periodic 
soundwave  of  wavelength  A  propagates  through  a  stratified  fluid.  The  scale 
height,  L,  is  the  distance  over  which  the  fluid  density  changes  by  a  factor  of  e. 
Geometrical  optics  applies  when  the  wavelength  is  much  less  than  the  scale 
height.  For  example,  this  condition  is  usually  satisfied  in  the  atmosphere,  where 
L  -  7  km. 

The  behaviour  of  a  wave  in  the  geometrical  optics  limit  depends  on  whether 

the  wave  is  hyperbolic  or  dispersive,  and  on  the  strength  of  the  wave.  Linear 

wave  equations  are  usually  obtained  by  linearizing  the  original,  nonlinear 
equations.  Linearization  fails  if:  (a)  the  wave  amplitude  is  too  large;  or  (b)  the 

propagation  distance  is  too  long.  In  case  (a),  we  say  that  the  wave  is  strongly 

nonlinear,  and  in  case  (b)  we  say  that  the  wave  is  weakly  nonlinear.  The  basic 
equations  of  nonlinear  geometrical  optics  are  summarized  in  Table  1. 


Table  1.  Nonlinear  geometrical  optics  theories 


HYPERBOLIC 

DISPERSIVE 

weakly 

nonlinear 

lnviscid  Burgers'  eq. 
at  +  aa*  =  0 

Nonlinear  Schrodinger  eq. 
iat  +  a**  ±  a|a| 2  =  0 

strongly 

nonlinear 

? 

Averaged  Lagrangian  eqs. 
u  =  w(k,  a) ,  kt  +  wx  =  0 

■5tLw(w,k,a)  -  ^L|,(w,k,a)=0 
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It  is  not  known  what  theory,  if  any,  is  appropriate  for  strongly  nonlinear 
hyperbolic  waves.  We  shall  describe  one  such  theory  in  Sections  2  and  3, 
developed  through  joint  work  with  J.  B.  Keller  [lj. 

The  most  successful  approximate  theory  for  large-amplitude,  hyperbolic 
waves  is  Whitham's  shock  dynamics  [2],  which  describes  the  propagation  of  strong 
shocks  in  gas  dynamics.  Although  shock  dynamics  involves  rays  and  wavefronts, 
which  are  often  associated  with  geometrical  optics,  it  is  not  a  geometrical  optics 
theory  in  the  sense  defined  above.  This  is  because  shock  dynamics  does  not  use 
a  short  wave  assumption. 


2.  NONLINEAR  HYPERBOLIC  WAVES 


We  shall  derive  a  formal  asymptotic  approximation  for  the  solution 
u(x,  t;  e)  6  Rm  of  the  initial  value  problem 


ut  +  l  dxMx' u)  =  0 

i=l  1 


0  <  £  <  1. 


u(x,  0;  r)  =  u0|x,  (2.2) 

We  assume  tnat  (2.1)  is  strictly  hyperbolic  and  genuinely  nonlinear.  In  this 
section  we  suppose  that  ”q(x,  rj)  is  compactly  supported  in  rj  for  each  x  e  Rn. 
The  case  when  Uq  is  periodic  in  r)  is  discussed  in  Section  3. 

We  shall  show  that  for  short  times,  of  the  order  e,  the  solution  is  described 

asymptotically  by  a  constant  coefficient  system  of  conservation  laws  in  one  space 

dimension.  Shocks  form  and  the  solution  decays  rapidly.  For  large  times,  of  the 

order  one,  the  solution  is  described  by  weakly  nonlinear  theory.  Initial  data  for 
the  weakly  nonlinear  solution  is  obtained  by  matching  with  the  large  time 
behaviour  of  the  solution  of  the  one-dimension  system.  In  the  matching  region, 
e  <  t  <  1,  the  solution  is  both  approximately  one  dimensional  and  of  small 
amplitude. 

It  is  interesting  to  note  that  no  coupling  between  the  ray  geometry  and  the 
wave  amplitude  is  necessary  in  this  theory.  When  the  wave  is  strong, 
one-dimensional  theory  suffices.  When  the  wave  is  weak,  the  rays  are  the  same 
as  in  the  linearized  theory.  This  differs  from  a  number  of  heuristic  theories  (e.g. 
[3],  [4])  for  strongly  nonlinear  hyperbolic  waves,  which  do  propose  such  a  coupling. 

An  example  is  illustrated  in  Figure  1.  The  initial  data  is  supported  in  a 
region  of  width  order  e  about  the  unit  sphere.  The  geometrical  optics  assumption 
is  that  this  width  is  much  less  than  the  radius  of  the  sphere  i.e.  z  <  I.  We 
show  schematically  the  decay  of  the  initial  data  to  N-waves.  This  dsc;.y  is 
described  by  a  one-dimensional  equation,  with  radial  distance  as  the  space 
variable.  For  larger  times,  the  weak  N-waves  focus  or  defocus,  because  they  are 
nonplanar.  This  is  described  by  the  usual  weakly  nonlinear  inviscid  Burger's 
equation. 
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Figure  1.  Schematic  illustration  of  the  evolution  of  a 
large-amplitude,  rapidly  varying  hyperbolic  wave. 

First,  we  derive  the  asymptotic  equations  in  the  initial  layer,  when 
t  =  0(e).  The  leading  order  approximation  for  a  solution  of  (2.1)  and  (2.2)  is 

u(x,t;e)  =  v  x,|,|j+0(e),  e  -*  0+  with  y  =0(1).  (2.3) 

Use  of  (2.3)  in  (2.1)  and  (2.2)  implies  that  v(x,  ij,  r)  satisfies 

VT  +  =  0  (2.4) 

v(x,  Tj,  0)  =  uQ(x,  rj)  (2.5) 

where 

n 

g(x,  v)  =  \  ^(x)fj(x,  v). 
i=l  1 

Equation  (2.4)  is  a  system  in  one  space  variable  7.  The  slow  space  variable  x 
occurs  in  (2.4)  as  a  parameter. 
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Next,  we  consider  the  matching  region,  f  <  t  <  1.  For  large  values  of  r,  a 
solution  of  (2.4)  approaches  a  superposition  of  N-waves  [5].  We  denote  the 
N-wave  function  with  invariants  p  <  0  and  q  <  0  by  N(0;  p,  q), 

0  6  >  V5p" 

N(0;  p,  q)  =  6  -V=2q  <  6  <  p 

0  6  <  - q. 

Then, 

m 

v(x,»7;r)-  £  7-~1/2N.[r~1/2(^_A.r)]r^  r  -*  +®.  (2.6) 

j=l 

In  (2.6),  Aj(x)  and  r.(x)  are  the  eigenvalues  and  eigenvectors  of  V(ig(x,  0) 
(normalized  so  that  =  1)-  -Also, 

n .($)  --  m  pj,  Qj)i 

where  pj(x)  and  qj(x)  are  the  N-wave  invariants  of  the  jt'1  asymptotic  N-wave. 
Use  of  (2.6)  in  (2.3)  shows  that 

»(*.  t;  0  -  r'/%  [,-'/4^]]r 

j=l  1  ‘  1  (2.T) 

as  (  -i  0+,  t  ->  0+,  c  <  t. 

Finally  for  times  of  the  order  one,  we  use  the  weakly  nonlinear  expansion 
described  in  [6]: 

,  ™  t)-, 

u(x,t;t)  =  (  '  l  aj|x,  t,  1 \j2  j r j  +  0(f) 

j=1  C  (2.8) 

as  m  0+,  t  =  0(1). 

The  phase  0.  in  (2.8)  is  a  solution  of  the  eikonal  equation 
n 

det[0tI  +  l  ^jx  Vufi(x,  0)]  =  0,  (2.9) 

i=l  1 

and  R.  is  a  normalized  null  vector  of  the  matrix  in  (2.9).  The  amplitudes 
{aj(x,  t,  6):  j  =  1,  ...,  m}  satisfy  decoupled  inviscid  Burgers'  equations, 

+  8*(H]  +  -  °'  (2'“) 

In  (2.10),  d  is  a  derivative  along  the  rays  associated  with  <j>-, 

Sj 


260 


n 


and  7-(x,  t)  is  a  known  coefficient  [6],  with  7-(x,  0)  =  1. 
j  j 

Use  of  (2.8)  in  the  matching  condition  (2.7)  shows  that 

^j(x,  0)  =  V<x)> 

0jt(x,  0)  =  Aj(x), 

a-(x,  t,  0)  -  t~lI2U.{t~ll20),  t  -  0+.  (2.11) 

The  solution  of  (2.10)  and  (2.11)  is 

aj(x,  t,  0)  =  7j1/2^1/2Nj(ffj1/2^) 
where  <Tj(x,  t)  is  the  solution  of 

V "  ,i1/2,  0>  =  *• 

Thus,  each  wave  remains  an  N-wave.  The  amplitude  and  widths  of  each 
N-wave  are  affected  by  focusing  and  nonuniformities  in  the  wave  medium,  which 
are  described  by  the  function  7j(x,  t). 

3.  PERIODIC  INITIAL  DATA 


In  this  section  we  consider  (2.1)  and  (2.2)  when  uQ(x,  tj)  is  2ir-periodic  in 

r).  For  short  times,  t  =  0(c),  we  obtain  (2.4)  and  (2.5)  just  as  before. 
However,  two  possible  difficulties  arise  in  extending  the  theory  to  longer  times. 
First,  to  determine  the  solution  in  the  matching  region,  c  <  t  <  1,  we  need  to 
know  the  large  time  behaviour  of  periodic  solutions  of  (2.4).  No  general  result  is 
known  at  present  and  we  consider  this  question  further  in  Section  4.  Matching 
with  a  weakly  nonlinear  solution  is  only  possible  if  the  solution  of  (2.4)  and  (2.5) 

decays  like  r_1  as  r  -*  oo.  The  weakly  nonlinear  solution  then  has  the  form 
*  r  &(x,  t)-,  2 

u(x,  t;  c)  =  c  2  aj|x,  t,  -J— - — JRj  +  O(r) 
j=l 

as  c  ->  0+,  t  =  0(1). 

Here,  aj(x,  t,  0)  is  27r-periodic  in  0  and  satisfies  matching  conditions  of  the  form 
aj(x,  t,  0)  -  t-1<7j(x,  0 ),  t  -»  0+. 

The  second  possible  difficulty  comes  from  the  fact  that  the  periodic  waves 
do  not  decouple,  unlike  the  N-waves.  The  available  theory  for  resonantly 
interacting,  weakly  nonlinear  periodic  waves  [7]  requires  certain  assumptions  on 
the  phases  which  may  not  be  satisfied  here. 
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For  scalar  equations  and  systems  in  two  independent  variables,  these 
difficulties  do  not  arise.  Glimm  and  Lax  [8]  proved  that  solutions  of  2  *  2 

systems  decay  like  r-1.  Also,  weakly  nonlinear  periodic  waves  decouple  (at 
leading  order  in  the  wave  amplitude)  Kir  systems  in  two  independent  variables. 
Thus,  for  times  t  of  the  order  one.  the  wave  amplitudes  are  2  ir-periodic  solutions 
of  (2..0).  A  simple  scalar  example  is  worked  out  in  detail  in  [1]. 

Finally,  we  remark  that  if  (2.1)  has  linearly  degenerate  characteristics,  then 
only  minor  modifications  are  required  when  Uq  has  compact  support.  The 

genuinely  nonlinear  waves  still  decay  to  N-waves  (of  course,  the  linearly 
degenerate  waves  do  not).  However,  when  Uq  is  periodic  in  rj,  the  analysis  is 

different,  ana  much  harder,  if  there  are  linearly  degenerate  characteristics. 


4.  LARGE  TIME  BEHAVIOUR  OF  PERIODIC  SOLUTIONS 


We  shall  use  formal  asymptotics  to  determine  possible  large  time  behaviours 

of  periodic  solutions  of  hyperbolic  conservation  laws  which  decay  like  t-1  as 
t  -•  +oo.  This  question  arises  in  Section  3  and  is  also  of  independent  interest. 
To  fix  notation,  we  consider  the  initial  value  problem  for  u(x,  t), 

ut  +  f(u)x  =  °>  (41) 

u(x,  0)  =  uQ(x).  (4.2) 

Here,  u:  R2  -•  Rm  and  f:  Rm  -»  Rm.  We  assume  that  (4.1)  is  strictly  hyperbolic 
and  genuinely  nonlinear  and  that  u^  is  a  2x-periodic  function  of  x  with  zero 

mean.  We  let  A  =  Vf(0)  and  denote  the  eigenvalue,  left  eigenvector  and 
right  eigenvector  of  A  by  Aj,  and  rj.  The  eigenvectors  are  normalized  so  that 

VAj(u)Tj(u)|u=o  =  VFj  =  L 

Suppose  that  u(x,  t)  is  a  solution  of  (4.1)  which  decays  like  t_1  as  t  -*  +oo 

—1 

(in  the  L  -norm).  Then,  for  times  of  the  order  c  ,  0  <  c  <  1,  the  solution  has 
amplitude  of  the  order  e.  The  evolution  of  such  a  solution  may  be  described 
using  the  asymptotic  equations  for  weakly  nonlinear  waves  which  are  uerived  by 
Majda  and  Rosales  [9].  The  result  is  that 


m 


(4.3) 


u  -  t  1  £  <Tj(x  -  Ajt)rj  +  0(t  2)  as  t  -»  +<», 

j=l 

where  (<7j(0):  j  =  1,  m}  are  2ir-periodic  functions  satisfying 

I  WV  *q^)  = 

p<q 

In  (4.4),  J  stands  for  the  sum  over  all  1  <  p  <  q  <  m,  with  p  and  q  distinct 
p<q 


(4.4) 
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from  j.  The  equations  are  coupled  through  the  integral  averages 

WW^V.  C’P<^Pi^™S)dS’ 

where 

rjpq  -  VV2f(0)‘(V  V* 

_  Viii 

pjpq  A ^  -  V 


(4.5) 


(4.6) 


If  only  one  wave  is  present, 

u  =  t_1<r(x  -  At)r  +  0(t2) 
where  <r(0)  is  a  solution  of 

^<72]  =  <r,  <r(0  +  2ir)  =  o(9).  (4-7) 

We  shall  call  such  a  solution  a  generalized  sawtooth  wave.  If  <x  is  piecewise 
smooth,  then  it  is  equal  either  to  zero  or  to  9  -  9Q  on  intervals  where  it  is 

smooth.  At  a  jump  discontinuity,  the  jump  and  entropy  conditions  imply  that 
-  -a{9+)  >  0  (see  Figure  2).  More  generally,  one  can  consider  weak 
solutions  of  (4.7)  which  are  of  bounded  variation. 


Figure  2.  A  generalized  sawtooth  wave. 

The  next  proposition  gives  a  condition  for  (4.4)  to  have  decoupled  sawtooth 
wave  solutions.  An  analogous  proposition  is  proved  in  [9]  for  smooth,  periodic 
waves. 


PROPOSITION  4.1.  Suppose  that  p^q  is  irrational  and  op,  aq  are  piecewise 
smooth,  generalized  sawtooth  waves.  Then 

We  omit  the  details  of  the  proof.  To  see  the  main  idea,  suppose  that  is 
a  sawtooth  wave 
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°q(0)  =  S  (6), 

where 

S(6)  =  6,  \e\  <  *, 

S{6  +  2k)  =  S(8). 

Then, 

a> 

^>q(*)  =  1-2*  l  ({6  -  (2n  +  1)*]. 
n=— oo 


(4.8) 


Using  this  equation  and  (4.5),  together  with  the  fact  that  a  has  zero  mean, 


implies  that 

N 

1  im 
N-00 

itl’p 

n=l 

Since  the 

points  j- 

period  of 

<r  when 

(2n+  1)*  _  Ums 


jpq 


rjpq  J 


Since  the  points  | (2E +  1),r:  n  =  ^  2,  3,  ...]  are  distributed  uniformly  over  a 

l  Hnn  J 


jpq 

pjpq 


therefore  it  is  zero. 


Thus,  when  pjpq  is  irrational  for  all  distinct  (j,  p,  q),  one  possibility  for  the 

large  time  behavior  of  u  is  a  superposition  of  decoupled  generalized  sawtooth 
waves.  This  suggests  the  following  conjecture. 

CONJECTURE  4.2.  Suppose  that  (4-1)  is  strictly  hyperbolic  and  genuinely 
nonlinear  and  that 

A,  -  A 

y  _  y  is  irrational  for  all  distinct  (j,p,q).  (4-9) 

j  9 

Then  a  periodic  solution  of  (4-1)  of  bounded  variation  and  zero  mean  decays  like 

t  1  (in  the  sup  and  total  variation  norms )  as  t  ->  -ho  and  it  approaches  a 
superposition  of  generalized  sawtooth  waves. 

In  the  next  section  we  show  what  can  happen  if  (4.9)  does  not  hold. 


5.  RESONANTLY  INTERACTING  SAWTOOTH  WAVES 


Let  us  assume  that  (4.1)  is  a  3  *  3  system  of  strictly  hyperbolic 
conservation  laws.  Then  (4.1)  has  the  following  weakly  nonlinear  asymptotic 
solution  [9]: 

3 

u  =  f  I  aj^jx  -  wjt’  (t^rj  +  o((2)’  r  -*  0+,  rt  =  0(1).  1) 

j=l 
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Here,  Wj  =  A^kj  and  {sl-^6,  T)}  satisfy 

5Taj  +  ^{^Vj  +  !jtap'  aqK^)|  =  °< 
where  (j,  p,  q)  is  a  cyclic  permutation  of  (1,  2,  3)  and 

VV  “  ri  tLT  tJ Vv-W  -  W)ds' 


(5.2) 


(5.3) 


The  coefficients  are 

MJ  =  kiVj-rJ 

ri  =  ¥i-?2f-(rW 

^jpq  yAj  -  Apj- 
Solutions  of  (5.2)  of  the  form 

5  - 

lead  to  equations  (4.4)  considered  in  the  last  section. 

Instead,  let  us  consider  sawtooth  wave  solutions  of  (5.2), 
a/*,  T)  =  «j(T)S(tf  -  (.). 

Here,  ^  is  a  constant  and  S(0)  is  defined  in  (4.8).  When  {/?j,  p2,  P%)  are 
irrational,  the  sawtooth  waves  decouple  and  one  obtains 


(5.4) 


o  »«2 

“j  =  Mj°j’ 


3T’ 


with  the  solution  (Mj  ^  0)  as  =  Mjl(T  -  Tg)_1.  The  other  extreme  is  p ^  =  p 2 
=  P3  =  1.  This  is  a  resonance  condition  because,  from  (5.3),  if  { ;xj }  are  such 
that 

/ifWj  +  p2uj2  +  /i3w3  =  0, 

^Ikl  +  ^2k2  +  ^3k3  = 

"j  =  xh 

then  Pp/Pq  =  Pjpq-  Thus,  when  Pj  =  P2  =  P3  =  1,  the  frequencies  and 

wavenumbers  of  the  sawtooth  waves  sum  to  zero.  (We  shall  not  discuss  rational 
Pj's  here,  when  the  interaction  is  more  complicated.) 
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PROPOSITION  5.1.  Suppose  that  Pi  ~  Pq  =  P$  =  Then  (5.2)  has  solutions 
of  the  form  (5.4)  iff  the  phase  shifts  satisfy 
+  fg  +  (3  =  JT  (mod  2j), 

and  the  wave  amplitudes  satisfy  the  following  system  of  ODE’s: 
al  ~  r la2a 3  ~  Mla f» 

a2  =  r 2a3al  ~  ^2a2’ 

a8  ~  r3ala2  ~  M3Q3' 

The  proof  is  a  straightforward  calculation,  using  (5.4)  in  (5.2). 

Majda,  Rosales  and  Schonbek  [10}  derive  (5.5)  in  the  special  case  of  the  gas 
dynamics  equations,  when  it  reduces  to  a  second-order  system  of  ODE's  (because 

M2  =  r2  =  °)- 

For  simplicity  we  now  assume  that  (4.1)  is  genuinely  nonlinear  and  we  let 

=  M2  =  M3  =  1  (5.6) 

without  loss  of  generality.  The  shocks  in  the  sawtooth  waves  are  admissible  if 
>  0.  One  can  prove  that  if  Tj  >  0  and  »j(0)  >  0,  for  j  =  1,  2,  3,  then 

<*j(T)  >  0  for  all  T  >  0,  and  the  solution  remains  admissible.  However,  if  one 

or  more  of  the  I\'s  is  negative,  then  numerical  integration  of  (5.5)  shows  that  one 

of  the  Oj'e  typically  changes  sign  after  a  finite  time  and  the  sawtooth  wave 

solution  becomes  inadmissible.  It  seems  likely  that  a  "cusped  rarefaction  wave" 
appears  [10]. 


A  particular  solution  of  (5.5)  is 


where  Tq  is  an  arbitrary  constant  and  [Kp  K2,  K^}  satisfy  the  algebraic 
equations 

K?  -  K1  -  riK2K3' 

K2  -  k2  =  r2K3Ki>  (5.8) 

K3  -  K3  =  r3KlK2- 

There  are  three  possibilities,  depending  on  the  signs  of  the  Kj's: 

(a)  If  Kp  K2,  Kg  >  0,  then  (5.7)  decays  as  T  ->  +oo; 

(b)  If  Kp  K2,  Kg  <  0,  then  (5.7)  blows  up  as  T  -*  Tq-; 

(c)  If  Kp  K2,  Kg  have  mixed  signs,  then  (5.7)  is  inadmissible. 
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A  special  case  occurs  when  r^Fg  =  1  and  Tj  >  0.  Then  (5.5)  has 
constant  admissible  solutions 

«.  =  r|/3K. 

Perturbing  off  this  solution,  we  find  that  for  close  to  one,  there  are 

solutions  of  the  form  (5.7)  with 

Kj  -  rj/3K, 

rj/3  +  r*/3  +  r^3 

K  =  r-  ■ 


Thus,  if  1  >  1  -  rir2r3  >  0,  the  solution  decays  to  zero  as  T  -»  +oo,  but  for 
1  >  F^r^  -  1  >  0  it  blows  up  in  finite  time. 


This  simultaneous  blow-up  of  all  the  sawtooth  waves  is  rather  peculiar.  We 
note  one  possible  consequence.  When  blow-up  occurs,  the  weakly  nonlinear 
solution  becomes  inconsistent.  However,  taking  Tq  =  1,  suppose  that  the  solution 

remains  valid  in  a  matching  region,  1  -  T  =  0(<5(e)),  where  t  «  6  <  1  as 
t  ->  0+.  (Asymptotic  solutions  usually  have  this  kind  of  property.!  Then,  the 
sup  and  total  variation  (per  period)  of  the  asymptotic  solution  (5.1),  (5.4),  (5.7) 
at  T  =  0  are  of  the  order  i.  However,  when  1-T  =  0(6),  they  are  of  the  order 

6~le.  Since  6  -*  0  as  e  -*  0,  this  would  imply  that  the  sup  or  total  variation  at 
time  T  of  periodic  solutions  of  general  conservation  laws  is  not  bounded  by  the 
sup  and  total  variation  of  the  initial  data. 
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SUMMARY 

We  describe  the  full  Riemann  solution  for  a  system  of  two 
equations  which  possesses  an  umbilic  point  where  the  charac¬ 
teristic  speeds  coincide.  The  solution  contains  many  nontri¬ 
vial  topological  features  to  be  expected  in  non- strictly  hyper¬ 
bolic  problems.  The  model  we  solve  describes  the  flow  of  three 
immiscible  fluids  in  porous  media.  Despite  simplifying  assunp- 
tions  on  physical  properties  of  the  fluids,  the  model  captures 
the  essential  global  features  of  the  flow. 

The  solution  is  too  complicated  to  be  obtained  analytical¬ 
ly.  Rather,  we  used  a  program  designed  for  the  numerical  so¬ 
lution  of  2X2  Riemann  problems.  The  program  has  modules  which 

(1)  construct  local  wave  curves  by  a  continuation  algorithm, 

(2)  construct  non-local  wave  curves  using  a  global  search  al¬ 
gorithm,  (3)  construct  boundaries  across  which  the  nature  of 
the  wave  curves  change,  and  (4)  verify  whether  shocks  are  li¬ 
mits  of  parabolic  viscous  profiles. 

The  difficulties  in  the  solution  arise  because  the  Hugoniot 
curves  contain  disconnected  branches  of  non-contractible  shocks, 
because  the  clas?  cal  coordinate  system  of  Lax  for  the  cons¬ 
truction  of  Riemann  solutions  does  not  exist  near  the  umbilic 
point  and  because  there  are  shocks  with  viscous  profiles  which 
do  not  obey  Lax's  entropy  condition.  These  non  classical  shocks 
nave  to  be  considered  to  insure  the  existence  of  the  solution. 
The  solution  depends  continuously  on  the  initial  data;  numer¬ 
ical  evidence  indicates  that  it  is  unique. 

1.  THE  MODEL 

For  several  years  we  have  been  studying  the  Riemann  problem 
for  a  system  of  two  conservation  laws  that  models  the  flow  of 
oil,  water,  and  gas  in  porous  media.  The  importance  of  such 
problems  was  emphasized  in  194l  by  Leverett  and  Lewis  [ 10] . 

The  two-phase  scalar  problem  was  solved  in  1942  in  the  classi¬ 
cal  work  of  Buckley  and  Leverett  [ 2]  who  established  the  for¬ 
mation  of  saturation  shocks,  or  oil  banks,  as  the  mechanism 
responsible  for  oil  recovery  in  petroleum  reservoirs.  The  sim¬ 
plified  model  represents  the  conservation  of  mass  of  oil, water, 
and  gas  combined  with  Darcy's  force  law.  Compressibility,  ca¬ 
pillarity,  and  gravity  effects  are  neglected.  In  one  spatial 
dimension  with  appropriate  boundary  conditions,  this  model  is 
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represented  by  the  system 

ut  +  f(u’v)x 
vt  +  g(u,v)x 


0 

O 


with  f  =  U/D,  g  =  V/D,  and  D  =  U+V+W.  Here  U,  V,  and  W  are 
the  permeabilities  of  oil,  water,  and  gas,  respectively;  they 
depend  on  the  saturations  u,  v,  w  of  these  three  fluids.  The 
saturations  are  non-negative  and  sum  to  1;  hence,  we  take  w  = 

=  l-u— v .  We  denote  the  viscosities  of  the  fluids  by  a,  b,  and 
c.  Laboratory  measurements  are  consistent  with  V  =  V(v)  = 

=  v2/b,  W  =  W(w)  =  w^/c,  and  U  =  U(u,v)  where  U  depends  only 
weakly  on  v  [4] .  Thus,  in  our  simplified  model  we  take  U  = 

=  U(u)  =  u^/a.  In  this  work  we  present  the  Riemann  solution 
for  the  fully  symmetric  case  where  a  =  b  =  c  =  1. 

The  novel  feature  of  this  model  is  that  interior  to  the  do¬ 
main  of  physical  interest,  there  is  a  unique  point  at  which 
the  characteristic  speeds  coincide.  This  is  called  an  umbilic 
point.  For  our  model,  this  point  is  determined  by  the  equality 
of  the  derivatives  U7  =  V7  =  W7  .  The  Jacobian  matrix  of  the 
system  becomes  a  multiple  of  the  identity  at  the  umbilic,  and 
the  characteristic  directions  are  undetermined.  As  a  result, 
the  usual  construction  of  the  solution  of  the  Riemann  problem 
for  stricly  hyperbolic  problems,  which  relies  on  a  local  coor¬ 
dinate  system  of  characteristic  directions,  cannot  be  used  at 
this  point. 

The  failure  of  strict  hyperbolicity  occurs  in  Stone's  model, 
which  possesses  a  region  with  complex  characteristic  speeds 
(or  elliptic  region)  [  1]  .  This  is  a  model  commonly  used  in 
Petroleum  Engineering,  with  a  special  functional  dependence  of 
U  on  u  and  v  [ 4] .  Surprisingly,  even  though  general  perturba¬ 
tions  of  isolated  umbilic  points  produce  compact  elliptic  re¬ 
gions,  gravity  effects  in  our  model  preserve  the  isolated  um¬ 
bilic  point  [ 12]  .  Therefore  we  believe  that  solving  this  prob¬ 
lem  is  an  important  step  towards  obtaining  the  general  solu¬ 
tion  of  realistic  multiphase  flow  problems. 

Our  purpose  is  to  solve  the  Riemann  problem  for  the  model. 


i.e.  to  find  the  solution  of  the  Cauchy  problem  for  the  system 


above  with  initial  data  at  t=0 
for  x  >  0. 


(uL,vL)  for  x  <  0  and  (uR,vR) 


2.  RAREFACTIONS  AND  SHOCKS 

Except  at  the  umbilic  point,  the  Jacobian  derivative  matrix 
of  the  flux  f  =  (f,g)  has  distinct  real  eigenvalues  X,  <  \ 
corresponding  to  right  eigenvectors  r^  and  r 2 .  The  integral 
curves  of  the  fields  of  eigenvectors  give  rise  to  rarefaction 
waves,  which  are  smooth  solutions  u  =  (u,v)  that  depend  only 
on  the  ratio  x/t  and  satisfy  X(u(x,t))  =  x/ t .  A  shock  wave 
consists  of  two  constant  states  u  and  u  separated  by  a  dis¬ 
continuity  traveling  with  speed  s;  the  states  are  related  by 
the  Rankine-Hugoniot  jump  condition  s(u+-u  )  =  f(u  )  -  £(u  ). 
For  a  given  state  u  ,  the  set  of  states  u  satisfying  the  jump 
conditions  forms  the  Hugoniot  curve  w(u  "J",  which  parametrizes 
shock  waves.  The  Hugoniot  curve  consists  of  two  branches  that 
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,  emanate  from  u  in  the  directions  of  the  eigenvectors. 

I  For  the  model  described  in  §1,  the  rarefaction  curves  are 

j  depicted  in  Fig.  2.1.  Rarefactions  corresponding  to  the  smal- 

i  ler  characteristic  speed  are  drawn  as  double  lines,  while  those 

for  the  larger  speed  are  single  lines.  The  arrows  on  the  curves 
indicate  the  direction  of  increasing  characteristic  speed.  It 
is  clear  that  there  is  no  longer  a  coordinate  system  in  a 
■  neighborhood  of  the  umbilic  point,  although  there  is  one  in  a 

neighborhood  of  any  other  point. 

Another  new  feature  is  that  the  Hugoniot  curve  has  detached 
branches,  as  indicated  in  Fig.  2.3*  The  origin  of  the  Hugoniot 
curve  is  the  point  where  two  branches  cross.  Points  on  the 
curve  where  the  shock  speed  coincides  with  a  characteristic 
speed  for  either  side  of  the  discontinuity  are  marked;  these 
marks  are  important  for  constructing  wave  curves  and  viscous 
profiles.  For  our  model  it  is  easy  to  express  the  Hugoniot 
curve  in  polar  coordinates  as  u+  =  u  +  R(u  ,8 ) ,  where  R  is  a 
quotient  which  vanishes  for  certain  angles.  Using  this  ex¬ 
pression  it  is  easy  to  find  the  bifurcation  loci  -  in  our  case 
coinciding  with  the  straight  lines  through  the  umbilic  shown 
in  Fig.  2 .  2 .  In  general,  a  Hugoniot  curve  changes  topology  as 
its  origin  u~  crosses  certain  curves,  called  the  bifurcation 
loci  C7»8] •  This  behavior,  which  has  no  analogue  in  scalar 


conservation  laws,  makes  it  even  more  difficult  to  find  a  co¬ 
ordinate  system  in  which  to  determine  the  Riemann  problem  so¬ 
lution.  The  Hugoniot  curve  for  a  point  u  on  the  bifurcation 
loci  is  shown  in  Fig.  2.4.  It  consists  of  the  dashed  curves 
plus  the  bifurcation  segment  through  u_. 

On  the  rarefaction  curves  the  speed  \^(u)  =  x/t  must  be  mo¬ 
notone  increasing  as  x  increases  from  left  (u  =  u^)  to  right 
(u  =  u^) .  Therefore  these  curves  have  to  stop  at  points  where 
the  speed  has  an  extreme.  These  points  constitute  the  inflec¬ 
tion  loci;  their  nomenclature  arises  from  analogy  with  scalar 
conservation  laws.  These  loci  are  generically  given  by 
V  X  ^  ( xi )  .  r^u)  =  0,  k=l,2  £8]  .  For  our  model,  the  1-inflection 
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locus  consists  of  three  segments  from  the  vertices  to  the  um- 
bilic  point  in  Fig.  2.2.  Remarkably,  the  2  inflection  locus 
consists  not  only  of  the  opposite  segments  but  also  of  the 
small  closed  curve  near  the  umbilic.  This  indicates  that  the 
behavior  of  the  solution  near  and  far  from  the  umbilic  point 
is  substantially  different. 


Fig.  2.3  A  Hugoniot  curve  Fig.  2.4  Bifurcating  Hugoniot 

curve 


3.  SHOCKS  WITH  VISCOUS  PROFILES 

To  insure  that  the  Riemann  problem  does  not  possess  multiple 
weak  solutions,  it  is  necessary  to  restrict  the  set  of  admis¬ 
sible  shocks.  This  is  done  for  multiphase  models  by  adding  a 
small  diffusive  term  c(E>(u)x)x  r:*-Sht  hand  side  of  the 

system  of  conservation  laws.  We  admit  only  shocks  which  are 
limits  as  t\0  of  traveling  waves  of  a  parabolic  equation  with 
u  -*  u  as  x  -*  -®>  and  u  -*  u+  as  x  -»  +<=  .  The  traveling  wave  is 
a  smooth  function  of  §  =  (x-st)/t ;  therefore  the  equation  can 
be  integrated  once  yielding  the  dynamical  system 

D ( u)  11^  =  f(u)  -  f(u  )  -  s(u-u  ). 

Both  u_  and  u+  are  singularities  of  this  vector  field;  a  tra¬ 
veling  ve  solution  is  an  orbit  connecting  these  states. 

For  crictly  hyperbolic,  genuinely  nonlinear  systems  there 
are  connecting  orbits  for  weak  Lax  shocks  C 3] s  1-Lax  shocks 
are  repeller-saddle  connections,  2-Lax  shocks  saddle-attractor 
connections.  In  our  model,  we  verified  numerically  that  even 
strong  Lax  shocks  have  the  appropriate  connections.  However, 
even  including  limiting  cases,  Lax  shocks  are  not  sufficient 
to  complete  the  solution  of  the  Riemann  problems.  We  have  to 
introduce  a  new  kind  of  discontinuity  whose  profile  is  the  orbit 
between  two  saddle  points  of  the  vector  field  Cl3>6] .  Since  for 
this  new  discontinuity  we  have  X2(u  )  >  s  >  ^(u  )  and  X1(u+)  < 
<  s  <  X  2 (ii+ )  At  can  be  preceded  by  a  2-wave  and  succeeded  by  a 
1-wave.  Therefore,  it  is  not  associated  with  any  family:  we 
call  it  a  transitional  shock. 

Using  symmetry  considerations  it  is  easy  to  prove  that  there 
are  crossing  shocks  on  the  bifurcation  loci  such  as  in  Cl3]  For 


the  viscosity  matrix  D  =  I  that  we  employ.  For  this  viscosity 
matrix,  one  can  prove  that  for  certain  models  which  approximate 
ours  near  the  umbilic,  all  pairs  u_  ,  u+  connected  by  saddle- 
to-saddle  orbits  lie  on  opposite  sides  of  the  bifurcation  loci 
relative  to  the  umbilic  point  [6] .  This  fact  was  verified  nu¬ 
merically  for  our  model. 

Using  prof liable  shocks  (Lax's  shocks  and  transitional 
shocks)  we  were  able  to  find  the  complete  solution  of  the 
Riemann  problem. 

4.  ADMISSIBLE  WAVE  CURVE  BOUNDARIES 

In  physical  space,  the  solution  of  the  Riemann  problem  con¬ 
sists  of  a  sequence  of  rarefaction  fans,  discontinuities  and 
constant  states;  these  elementary  curves  are  grouped  into 
waves  that  belong  to  the  first  family  (l-waves),  to  the  second 
family  (2-waves),  or  constitute  transitional  waves.  The  solu¬ 
tions  obey  the  geometrical  constraint  that  wave  speeds  in 
physical  space  increase  from  left  to  right. 

Wave  curves  are  represented  in  state  space  by  sequences  of 
three  types  of  elementary  segments:  shocks,  rarefactions  and 
composite  waves.  These  are  shock  waves  adjacent  to  rarefac¬ 
tion  waves;  the  shock  speed  coincides  with  the  characteristic 
speed  at  the  adjacency  state.  They  appear  when  the  problem  is 
genuinely  nonlinear  [ 11] .  Each  elementary  segment  must  stop 
wherever  its  speed  attains  an  extreme,  and  the  type  of  ele¬ 
mentary  segment  that  follows  is  determined  by  certain  rules 
[8,7]  based  on  the  Bethe-Wendroff  theorem  [l4].  Finally, 
since  the  Hugoniot  curves  possess  disconnected  branches,  wave 
curves  also  have  detached  branches. 

Using  Bethe-Wendroff  theorem  it  can  be  shown  that  certain 
loci  play  a  crucial  role  in  determining  the  nature  of  wave 
curves:  they  are  the  bifurcation  locus,  the  inflection  locus, 
the  hysteresis  locus  and  the  double  contact  locus  [8,7] •  Ra¬ 
refaction  curves  stop  at  the  inflection  locus,  shock  curves 
change  topology  when  its  base  point  crosses  the  bifurcation 
locus.  The  double  contact  locus  consists  of  states  u  for 
which  there  is  u'  such  that 

u'  €  M(u),  X±(u)  =  s(u,u' )  =  Xj(u'). 

Composite  segments  end  at  points  u' .  In  our  model,  only  the 
2-family  double  contact  locus  in  Fig.  4.1  plays  a  role  (i=j  =  2). 
The  correspondence  between  u  and  U*  points  is  established  by 
A,B,C  -*  A' ,B',C'and  symmetry  considerations.  We  remark  that 
the  curves  in  Fig.  4.1  have  been  considerably  blown  up;  the 
trefoil  and  the  curvilinear  triangle  are  actually  tangent  to 
the  small  closed  curve  in  Fig.  2.2. 

There  are  other  less  basic  loci;  the  only  one  that  plays  a 
role  here  is  the  interior  boundary  contact,  which  satisfies 

X^(u)  =  s(u,u/ ) ,  u  £  J^u' ) ,  u' lies  on  the  boundary. 

The  relevant  part  of  these  loci  are  shown  in  Fig.  4.2;  the 
part  A,  B,  with  corresponding  points  A' ,  B' ,  belongs  to 
family  1  while  the  part  F,  G,  with  corresponding  points  F'  , 

G' ,  belongs  to  family  2.  In  this  section  we  only  show  the 


273 


parts  of  any  locus  which  correspond  to  shocks  with  viscous  pro¬ 
files  (§3) 5  the  admissibility  was  verified  numerically.  Be¬ 
cause  of  lack  of  admissibility,  the  hysteresis  is  irrelevant 
in  our  model,  and  we  omit  it.  Parts  of  other  loci  were  eli¬ 
minated  for  the  same  reason. 

We  draw  the  u^  boundaries  for  the  1-wave  curves  and  2-wave 
curves  in  Fig.  4.3  and  4.4  respectively,  in  one-sixth  of  the 
domain  triangle.  The  wave  curves  with  u^  in  each  of  the  re¬ 
gions  shown  in  the  figures  have  the  some  topology  and  consist 
of  the  same  sequence  of  segments.  In  Fig.  4.3  the  curves  AB 
and  CD  are  sections  of  the  1-boundary  contact  from  Fig.  4.2. 
The  curve  CD  is  a  rarefaction  ending  at  C ;  it  plays  a  role  be¬ 
cause  1-wave  curves  for  uL  to  the  left  of  CD  have  only  a  local 
branch  while  for  u^  to  the  right  of  CD  have  also  a  nonlocal 
branch  (Fig.  5-l).  In  Fig.  4.4  for  the  u^  boundaries  for  fa- 
mily  2,  EF  is  a  2-boundary  contact,  BC  is  a  2-double  contact, 
BD  is  an  inflection  locus  and  AB  is  a  2-rarefaction  ending  at 
B.  Therefore,  there  are  5  different  types  of  1-wave  curves 
for  uL  in  each  region  of  Fig.  4.3  and  6  types  of  2-wave  curves 
for  uL  in  each  region  of  Fig.  4.4. 
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5.  WAVE  CURVES 

Wave  curves  of  the  first  family  for  u^  and  u^i  in  two  of 
the  regions  of  Fig.  4.3  are  shown  in  Fig.  5 • 1 •  One  wave 
curves  are  the  set  of  right  states  which  can  be  constructed 
with  a  succession  of  1-waves  for  the  fixed  state  u^.  Only 
wave  curves  whose  shocks  have  viscous  profiles  are  shown. 
Solid  lines  represent  raref? ^tions ,  with  arrows  indicating 
the  direction  of  increasing  speed.  Shocks  and  composites  are 
represented  by  dashed  lines  or  crossed  lines,  respectively. 
The  wave  curve  for  u^/  consists  of  a  rarefaction  (i/a),  a  shock 
(i/  c)  and  a  composite  (ab).  Each  point  of  (ab)  is  a  shock 
starting  at  a  point  in  (L'a)  where  it  is  characteristic.  If 
we  move  i/  above  (AB),  a  new  shock  appears  such  as  (gh)  for 
u^  (g  lies  on  the  boundary  if  L  is  on  (AB)).  If  we  move  i/ 
to  the  left  of  (CD)  ,  a  nonlocal  branch  shows  up.  Thus  for  u,L 
the  1-wave  curve  is  (dLfgh)  and  (ijk).  The  curve  (ij)  is  a 
composite  based  on  (Lf)  and  (  jk)  is  a  shock  based  on  L.  If 
we  lower  L  below  (CB)  the  shock  segment  ( jk):  disappears  for  L 
on  (CB)  j  lies  on  the  boundary. 


Fig.  5.1  One  wave  curves  Fig.  5.2  Two  wave  curves 


In  Fig.  5.2  we  show  2-wave  curves  for  and  u^;  in  two  of 
the  regions  of  Fig.  4.4.  The  two  wave  curves  displayed  are 
the  set  of  right  states  which  can  be  constructed  with  a  suc¬ 
cession  of  2-waves  for  the  fixed  state  u. ,  using  only  admis¬ 
sible  shocks.  In  the  wave  curve  for  XaLbcd) ,  if  L  is  moved 
to  the  left  of  (EF),  the  point  c  reaches  the  boundary  and  the 
shock  segment  (cd)  disappears.  The  2-wave  curve  for  u^' 

(el/ fghi jki)  for  u above  (AB)  has  the  same  general  shape  but 
other  segments  arise  near  the  umbilic  region  above  (DBG) .  The 
curves  (el/  )  and  (kt)  are  shocks;  (i/  fg)  is  a  rarefaction, 

(ij)  is  a  composite  based  on  (fi)  and  (jk)  is  a  composite  based 
on  (L  f).  The  point  f  lies  on  the  double  contact  locus  (EB); 
it  corresponds  to  the  point  h  on  the  trefoil  (Fig.  4.l). 

Because  of  the  existence  of  crossing  shocks  for  u.  points 
on  the  bifurcation  locus,  it  is  necessary  to  take  into  account 
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the  2-wave  curves  for  points  on  each  of  the  segments  (AE), 
(EC),  (CC' ),  (C'd),  (DO)  in  Fig.  5. 3*  The  boundaries  shown 
in  this  figure  are  those  of  Fig.  4.4,  except  for  the  addition 
of  (c'B')  which  corresponds  to  (CB)  of  Fig.  4.3,  a  1-interior 
boundary  contact.  In  Fig.  5*3  we  show  the  2-wave  curve  for 
Uj^  on  (EC);  the  (eLfghijkt)  parts  of  this  wave  curve  may  be 
obtained  as  limits  of  the  corresponding  parts  of  the  wave 
curve  in  Fig.  5.2,  when  we  allow  uL  to  lie  on  (EC).  There  are 
two  new  segments;  (mn)  consists  of  crossing  shocks  based  on  L 
and  (km)  consists  of  crossing  composites  based  on  (Lf). 

If  the  point  L  crosses  C'  so  it  lies  on  (c'o),  the  segment 
of  crossing  shocks  (mn)  ceases  to  reach  the  boundary.  Rather, 
n  becomes  an  interior  point  on  the  bifurcation  locus,  coinci¬ 
ding  with  point  i  in  Fig.  5.1,  where  a  non  local  1-wave  curve 
branch  starts. 

In  the  next  section,  the  1-,  2-  and  transitional  wave  curves 
will  be  used  to  construct  the  Riemann  solution.  Each  of  these 
wave  curves  uses  only  admissible  shocks  and  satisfies  the  geo¬ 
metric  constraint  of  increasing  speeds  from  left  to  right. 


Fig.  5-3  Transitional  wave  Fig.  6.1  Solution  of  Riemann 

curve  problem 

6.  THE  SOLUTION  OF  THE  RIEMANN  PROBLEM  AND  CONCLUSIONS 

We  will  follow  as  much  as  possible  the  classical  construc¬ 
tion  of  the  Riemann  solution-a  1-wave  curve  from  state  L  to  M 
and  a  2-wave  curve  from  state  M  to  R;  as  we  will  see,  transi¬ 
tional  waves  will  play  a  role  to  complete  the  solution  for  all 
possible  pairs  of  states  (L,R) .  We  show  an  example  of  the 
construction  in  Fig.  6.1,  for  L  at  the  right  of  (CD)  in  Fig. 
4.3*  (if  L  lies  at  the  left  of  (CD),  the  segment  (ed)  in 
Fig.  6.1  disappears  while  (fe)  extends  all  the  way  to  the 
boundary. 

Given  L,  we  construct  the  local  1-wave  curve  (abc)  through 
L.  For  any  state  M  on  (abc)  we  construct  the  2-wave  curve 
through  M,  defining  points  R  which  can  be  reached  by  a  local 
1-wave  curve  from  L  to  M  followed  by  a  2-wave  curve  from  M  to 
R.  It  is  necessary  to  verify  that  the  wave  speed  from  M  to  R 
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is  larger  than  the  wave  speed  from  L  to  M.  This  restriction  eli¬ 
minates  the  ending  portion  of  the  2-wave  curves.  Thus  the 
allowed  2-wave  curves  end  on  the  dashed  lines  (Db) ,  (EF  )  and 
(FB).  In  this  way  we  find  the  solution  for  the  given  L  to 
any  R  to  the  left  of  curve  (EFB) .  To  obtain  the  solution  for 
states  R  to  the  right  of  (EFB),  we  have  to  use  the  nonlocal 
part  (ed)  of  the  1-wave  curve  based  on  L  as  well  as  the  tran¬ 
sitional  wave  (Fe)  based  on  b.  We  then  construct  the  2-wave 
curves  through  points  on  (Fed)  as  shown  in  Fig.  6.1.  Numer¬ 
ical  experiments  and  the  triple  shock  theorem  [6]  show  that 
the  geometric  consistence  requirements  force  these  2-wave 
curves  to  stop  precisely  on  (EFB) . 

The  solution  for  the  given  u.  is  now  complete.  In  general, 
it  consists  in  physical  space  of  one  of  the  following  sequen¬ 
ces:  (i)  the  left  state,  1-waves,  a  constant  state,  2-waves, 
the  right  state  or  (ii)  the  left  state,  l-waves> a  constant 
state,  possibly  2-waves,  a  transitional  shock,  a  constant 
state,  2-waves  and  the  right  state.  For  other  states  u  ,  the 
solution  may  be  obtained  by  symmetry  considerations.  This  so¬ 
lution  is  L^oc  continuous  in  the  Cauchy  data  u^,  u^;  the  con¬ 
tinuity  may  be  verified  by  inspection. 

The  largest  shocks  in  the  solution  seem  to  be  the  nonlocal 
1-wave  shocks  and  the  non  classical  crossing  shocks.  Since 
oil  recovery  is  optimized  by  large  shocks,  it  is  important 
that  numerical  methods  used  in  oil  reservoir  simulation  be 
accurate  on  these  shocks.  However,  the  theory  of  standard 
numerical  methods  indicates  that  they  are  accurate  only  for 
small  or  contractible  shocks.  This  is  an  indication  that  im¬ 
proved  numerical  methods  are  needed. 
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Abstract 

Shock  induced  ignition  and  the  subsequent  development  of  reactive-gasdynamic  waves  in  two- 
dimensional  confined  ducts  are  investigated  by  means  of  numerical  simulations.  The  inhomo¬ 
geneous  Euler  equations  are  employed  to  describe  the  gasdynamic-chemical  interactions.  A 
second  order  accurate  two-step  Godunov-type  scheme,  which  directly  accounts  for  the  source 
terms,  is  proposed.  Its  performance  is  demonstrated  by  solving  a  test  problem,  whose  exact 
solution  is  available.  Two  examples  of  flows  within  L-shaped  configurations  reveal  interesting 
mechanisms,  which  support  the  formation  of  reactive  Mach-stems,  and  thus  trigger  the  onset 
of  multidimensional  detonation  waves.  A  relation  of  the  present  idealized  model  problems  to 
knock  damage  in  internal  combustion  engines  is  pointed  out. 

1.  Introduction  and  discussion  of  the  model  problem 

The  present  studies  are  aimed  to  explain  a  mechanism,  which  can  lead  to  the  typical  patterns  of  knock 
damage  in  internal  combustion  engines.  Erosive  surface  destructions  appear  within  the  narrow  gap 
between  piston  and  cylinder  wall  as  is  sketched  in  Fig.  la.  We  believe  that  shock  waves,  which  may 
be  driven  by  local  autoignition  within  the  unburnt  endgas,  can  penetrate  into  the  gap  and  give  rise 
to  a  flow  field,  which  is  dominated  by  gasdynamic  wave  propagation.  Sudden  temperature  increases, 
induced  by  shock  reflections  at  the  boundary  walls,  should  be  fast  enough  to  overcome  any  heat  loss  and 
to  ignite  the  mixture  within  the  gap.  Subsequent  violent  shock-reaction  waves  may  be  responsible  for 
the  observed  destructions.  In  order  to  support  this  point  of  view,  the  Reynolds  number  Re  =  pj  uj  h/rfo 
is  estimated  by  Re  ss  5000, . . . ,  10000.  Here  we  used  a  width  h  ~  0.05mm  of  the  gap,  and  evaluated 
density  pi,  velocity  uj  and  viscosity  r/i  behind  an  inert  shock  with  strength  Ap/po  ~  0.5, . . . ,  1.0  running 
over  precompressed  gases  of  po  «  40bar  and  To  Ri  1200K.  The  precompression  of  the  unburnt  gases  is 
due  to  the  piston  motion  as  well  as  due  to  thermal  expansions  of  the  gas,  that  is  already  burnt.  The 
shock  strength  is  estimated  from  measurements  of  Pischinger  et  al.[l],  who  experimentally  investigate 
several  aspects  of  knocking  combustion.  The  above  range  of  Reynolds’  number  justifies  the  assumption 
that  wave  phenomena  play  an  important  role  for  the  onset  of  combustion  even  within  the  narrow  slabs 
considered  above.  In  order  to  reveal  the  basic  gasdynamic-chemical  interactions  and  to  show  the  crucial 
influence  of  the  geometry,  the  following  simplified  model  is  employed.  An  L-shaped  two-dimensional 
duct,  as  depicted  in  Fig.  lb,  replaces  the  according  part  of  the  combustion  chamber  in  Fig.  la.  An 
initially  plane  inert  shock  enters  the  configuration  from  the  open  side,  thereby  passing  precompressed 
unburnt  gases.  Molecular  transport  and  real  gas  effects  are  neglected  and  the  gasdynamic  properties 
of  the  system  are  described  by  means  of  Euler’s  equations  for  an  ideal  gas  with  constant  specific  heats. 
The  chemical  heat  release  is  taken  into  account  by  supplying  a  source  term  to  the  conservation  equation 
for  thermal  and  kinetic  energy  (see  also  the  remarks  following  (2)),  and  finally  two  additional  quasi- 
conservation  laws  model  the  progress  of  chemical  reactions.  Thus  we  are  left  with  the  following  set  of 
governing  equations 

Ht+L1(n)r  +  l2{a),  =  g-  (1) 

Here  a  =  (p,  m,  n,  e,  pa,  p0)  is  the  vector  of  (quasi-)conserved  variables,  which  are  the  densities  of  mass 
(p),  momentum  (m,n),  thermal  and  kinetic  energy  (e),  and  of  two  density  weighted  reaction  progress 
variables  (a,0).  £  =  (m,m2/p  +  p,mn/p,m(e  +  p)/p,am,(3m)  and  f]  =  (n,mn/p,n2/p  +  p,n(e  + 
p)/ p,an,0n)  are  the  flux  densities  of  the  conserved  quantities  in  x-  and  y-direction,  respectively.  The 
source  vector  is  £  =  (0,0,0,  Qprp,-pra,-prp),  with  Q  the  chemical  heat  per  unit  mass  of  the  unburnt 
gas  and  ra,  rg  the  reaction  rates. 
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Figure  1:  A  critical  region  of  knock  damage  in  internal  combustion  engines 
(a),  and  its  idealized  two-dimensional  counterpart  (b). 


The  equations  of  state,  relating  pressure  and  temperature  to  the  quasi-conserved  quantities  are 

P  =  (7  -  1)(«  -  +  n’)/2 p) ,  T  =  p/p,  (2) 

respectively.  It  should  be  mentioned  that  by  replacing  e  with  the  total  energy  e  =  e  +  p0Q  one  obtains 
a  homogenous  conservation  equation  for  e.  In  principle  this  seems  to  be  desirable,  since  a  lot  of  the 
recent  theoretical  results  regarding  numerical  algorithms  for  hyperbolic  systems  rely  on  the  conservation 
property.  However,  a  lengthy  but  straight-forward  calculation  shows  that  the  equivalence  of  the  energy 
balances  in  both  formulations  is  mirrored  exactly  by  the  related  difference  equations  of  our  numerical 
scheme,  provided  that  e  is  linear  in  /?  as  it  is  assumed  here.  The  advantage  of  using  e  instead  of  e  is  that 
the  eigenvectors  of  the  Jacobian  matrices  d^/du,  which  are  used  extensively  in  the  scheme,  simplify 
considerably,  and  thus  lead  to  a  more  efficient  formulation. 

The  reaction  rates  obey  the  Arrhenius-type  laws 

r„  =  B„T2  exp(-Ea/T)H(a)  ^  ~  ,  rp  =  B0exp(~E/T)(l  -  H(a)) .  (3) 

Here  the  frequency  factors  Ba,  B  and  activation  energies  Ea,  E  are  constants,  H  is  the  heavyside 
step  function  and  T  denotes  the  temperature.  These  rate  laws,  together  with  the  definition  of  the 
source  term  Qprp  of  the  energy  balance  equation  imply  that  the  first,  energetically  neutral  reaction 
has  to  be  completed  before  the  exothermal  second  reaction  can  start.  The  approach  is  similar  to 
that  of  Korobieinikov  et  al.[2]  and  to  the  induction  time  model  of  Oran  et  al.[3].  It  allows  to  model 
independently  the  typical  two  phases  of  explosive  gaseous  reactions.  These  are  a  rather  temperature 
sensitive  but  energetically  almost  neutral  induction  period,  and  a  subsequent  highly  exothermal  phase, 
in  which  all  the  chemical  heat  is  released.  Note,  that  with  a  zero  initial  condition  for  a  one  obtains 
a  simple  one-step  irreversible  Arrhenius  reaction.  It  is  well  known  (see  e.g.  Williams  [4]),  that  for 
sufficiently  large  activation  energy  E  and  a  correspondingly  large  frequency  factor  B  ~  exp {E)/E 
this  one-step  model  also  shows  the  above  mentioned  two-phase  behaviour.  However,  in  this  case  the 
temperature  dependences  of  the  two  stages  of  combustion  are  strongly  related,  since  they  are  both 
determined  by  the  parameters  B  and  E  of  only  one  Arrhenius  rate  law.  Therefore,  we  prefer  the  two- 
step  model  (3)  but  construct  the  rate  law  ra  such  that  r  exactly  mimics  the  temperature  behaviour  of 
the  ignition  delay  time  of  the  one-step ,  large  activation  energy  model.  In  this  way  we  could  in  [5]  directly 
compare  the  results  obtained  with  the  one-  and  two-step  reaction  schemes  and  show  the  deficiencies 
of  an  oversimplified  kinetic  modelling.  In  turn  the  simple  two-step  reaction  assumed  here  also  seems 
to  be  incapable  of  representing  all  important  features  of  explosive  hydrocarbon  reactions.  Thus  for 
quantitative  predictions  one  should  employ  more  sophisticated  reduced  kinetic  mechanisms,  derived 
from  detailed  chemistry.  Such  systematic  reductions,  valid  for  flame  combustion  are  already  devised  by 
Peters  [6],  [7],  whereas  reduced  schemes,  which  reliably  describe  the  properties  of  ignition  processes  are 
work  in  progress  and  have  so  far  been  obtained  only  for  the  hydrogen-oxygen  system  [7].  As  regards  the 
particular  choice  of  the  model  parameters  in  (3),  the  data  of  Schmidt  [8]  as  well  as  curve  fits  for  ignition 
delay  times  of  CH^-air-mixtures  of  Oran  et  al.  [3]  provide  estimates  of  the  overall  activation  energy 
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Bind  a  7, ...  ,20,  which  are  valid  in  the  ranges  of  pressure  and  temperature  considered  here.  (We  let 
Eind  —  Ea  for  the  two-step  mechanism  and  Ein/  =  E  for  the  one-step  Arrhenius-model.)  In  order  to 
obtain  appropriate  values  of  the  frequency  factors  B,  Ba  it  is  useful  to  consider  first  the  characteristic 
time  scales  imposed  by  the  several  physical  effects,  that  are  included  in  our  model.  The  induction  phase 
of  the  chemical  reaction  is  characterized  by  the  ignition  delay  time  t/  3,  referred  to  state  ”3”,  which 
occurs  at  a  fixed  wall  after  the  incident  shock  wave  has  suffered  a  head  on  reflection  (see  Fig.  lb  for 
the  related  position  in  the  model  configuration).  The  rate  of  chemical  heat  release  during  the  stage  of 
exothermal  reaction  provides  the  time  scale  <<j  =  1/rp  zND*  where  r$,ZND  is  the  maximum  rate  of  the 
second  reaction  in  a  Chapman-Jouguet  (CJ)-detonation-wave  described  by  means  of  the  Zeldovich-von 
Neumann-Doring  (ZiVD)-model  (see  e.g.  Fickett  and  Davis  [9]  for  details  of  the  theory).  Finally,  one 
has  to  account  for  pressure  wave  propagation  with  its  characteristic  time  t,  =  h/c,  where  h  is  the 
width  of  the  gap,  and  c  is  a  representative  speed  of  sound  propagation.  In  explosive  gases  at  ambient 
conditions  and  in  systems  with  spatial  extensions  of  a  centimeter  or  more  one  usually  has  the  estimates 
t/  »  t<),  t,  »  tQ  and  often  t;  »  (, .  But  for  the  present  application  the  estimates  of  time  scales 
have  to  be  revisited,  because  we  are  dealing  with  precompressed  gases  at  high  temperatures  and  with 
systems  of  very  small  extensions.  Generally  the  induction  time  t /  goes  down  rapidly  with  increasing 
temperature  and  also  i,  becomes  small  with  decreasing  size  of  the  system  and  increasing  temperatures. 
A  rough  estimate  of  ignition  delay  times  at  higher  temperatures  and  pressures,  derived  from  data  of 
Schmidt  [9]  shows,  that  ignition  delay  times  of  the  order  of  t/: 3  ss  0.5/js  may  occure.  This  is  just  the 
range  of  the  acoustic  timescale,  which  is  f ,  3  sss  0.1/is,  when  an  initial  temperature  of  7j  =  1200K  and 
a  strength  of  the  incident  shock  of  Ap/pi  ss  1.0  is  assumed.  Thus  it  is  reasonable  to  consider  a  regime, 
in  which  at  least  two  of  the  physical  effects  act  on  the  same  time  scale  and  therefore  can  be  expected 
to  show  interesting  mutual  interactions.  Since  in  addition  the  exothermal  reactions  in  general  are  much 
less  sensitive  to  temperature  variations  than  the  induction  phase,  a  crossover  with  Iq  =  0(1/)  will  occur 
under  sufficient  precompression.  For  the  results  presented  below  we  actually  assumed  the  regime 

*7,3  =  */,3/f>,3  =  0(1)  and  tQ  =  tq/t^zND  =  0(1) .  (4) 

Now,  instead  of  choosing  the  preexponentials  B,  Ba  directly,  we  rather  prescribe  t)  3  and  Iq,  which  can 
uniquely  be  related  to  the  former,  once  E,  Ea  are  fixed  (cf.  [5]).  The  a  priori  estimates  (4)  are  also 
crucial  for  numerical  simulations,  since  in  the  usual  regime,  stated  previously,  the  chemical  reactions 
give  rise  to  very  stiff  source  terms  on  the  r.h.s.  of  (1).  In  this  case  one  can  hardly  obtain  reasonable 
numerical  approximations  using  shock  capturing  schemes  on  equally  spaced  grids.  Instead  sophisticated 
automatic  adaptive  gridding  or  front  tracking  methods  would  have  to  be  employed  in  order  to  resolve 
the  thin  shock-reaction  structures,  which  in  general  emerge  under  such  conditions.  Fortunately,  these 
problems  are  less  dominating,  when  the  estimates  (4)  hold. 

For  the  present  application  the  nondimensional  chemical  heat  Q  =  (—Ah)/RTx  is  of  the  order 
0(10).  Although  Q  is  thus  not  a  very  large  quantity,  we  follow  an  advise  by  Oran  and  Boris  [10],  who 
propose  to  restrict  the  time  step  in  an  explicite  numerical  algorithm  such  that  the  heat  released  per 
time  step  in  a  cell  cannot  exceed  a  fixed  percentage  (e.g.  30%)  of  its  internal  energy. 


2.  The  numerical  scheme  for  Euler’s  equations  with  source  terms 

In  order  to  perform  numerical  integrations  of  the  system  (1)  on  domains  with  piecewise  straight,  right 
angled  boundaries  (see  Fig.  lb),  we  use  a  cartesian  numerical  grid,  which  is  equally  spaced  in  each 
direction.  The  directional  operator  splitting  technique  of  Strang  [11]  is  employed  to  extend  a  discrete 
second  order  accurate  one-dimensional  solution  operator  to  two  dimensions.  Thereby  half  the  source 
density  is  assigned  to  each  of  the  one-dimensional  splitted  equations 

U,  +  /’( u)x  =  q(v)/2  ,  w,  +  l2(w)v  =  j(ui)/2  .  (5) 

The  one-dimensional  scheme  used  to  solve  (5)  reads  as 


«?+l  =  *?  -  E  [C+'/z  -  +  T  [<4f/*c/?  -  (42/2)"-+,l/z]]  +  ^4iT/2)  ■ 
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Here  aj*  approximates  the  average  of  the 
cell  [zi-i/2  <  x  <  xj+i/2]  and 

fn+l/2 
iA, i+1/2 


quasi-conserved  quantities  a  at  time  level  t"  within  the  i-th 


_  fHLLE,  n+l/2  n+1/2  ^ 

~  L  l“i'+  i«((+l)_/- 


(7) 


is  the  numerical  flux  of  a  second  order  MUSCL-type  scheme  for  the  homogeneous  version  of  (5).  It  is 
obtained  by  means  of  the  approximate  Riemann  solver  of  Einfeldt  [12],  which  is  based  on  a  proposition 
of  Harten,  Lax  and  vanLeer  [13].  In  the  version  used  here  for  a  7-law  gas  it  is  equivalent  to  Roe’s  [14] 
linearized  solver,  except  that  it  is  much  more  efficient  and  can  be  extended  to  more  general  equations  of 
state  in  a  straight  forward  way  (see  Einfeldt  [15]).  The  preliminary  states  at  the  cell  interfaces 

within  the  i‘th  cell  are  obtained  by  means  of  a  first  order  characteristic  method.  E.g.  for  u"^2  we 
have 

(8) 

1/=1 

wnprp 

A  w.n= 

V'+  \  2 (Ax5^l'),n  - a(l,)A< minmod  , «i7<+’n] ), 

and,  dropping  the  superscripts  (1/),  n  for  the  moment 


if  aM  >  0 
if  <  0 


%+  =  25)?, +i/2  -  6r)i ,  5>7i+i/2  =  Li  ■  (iti+i  —  Jt,)/Ax ,  %  =  5t(5i/,_i/2l5»?i+i/2)  ■  (10) 

is  obtained  by  replacing  i+  with  i-  and  reversing  the  ordering  signs  in  (8)  to  (10).  The  limiters 
used  in  (9)  and  (10)3  are 

minmod(a,  b)  =  sgn(a)max(0,min(sgn(a)a,sgn(a)4)) 

St(a,  b)  =  sgn(a)  max(|  minmod(ia,  i)|,  |  minmod(a,  t5)|) .  V 


The  slope  limiter  St  corresponds  to  a  class  of  flux  limiters  given  by  Sweby  [16],  as  is  shown  by  Munz  [17]. 
The  corresponding  flux  correction  schemes  are  second  order  accurate  and  TVD  for  1  <  k  <  2.  Following 

Munz  [17]  we  use  k  =  1.4,...,  1.6  on  the  genuinely  nonlinear  and  k  —  1.8 . 2.0  on  the  linearly 

degenerate  characteristic  fields.  In  eqs.  (8)  to  (10)  n,  I^'n  are  the  right  and  left  eigenvectors  of 
the  Jacobian  matrix  (d£/du)",  a1-*)  are  the  corresponding  eigenvalues  and  the  several  61 7‘s  represent 
wave  amplitudes  on  the  different  characteristic  fields.  They  are  projections  of  corresponding  differences 
of  the  conserved  quantities  a  onto  the  right  eigenvectors  Especially  is  the  limited  slope  of 

the  i/-th  local  characteristic  variable  within  cell  i.  While  the  relation  for  at*'  >  0  is  a  straight  forward 
evaluation  of  the  characteristic  equations,  based  on  the  linear  distribution  +(x  —  *r)5ijJ*^,n 

for  Xj_i/2  <  x  <  xj+1/2,  the  case  at*)  <  0  requires  an  explanation.  Characteristics  with  (dx/dt)(*)  = 
a(*)  <  0  reach  the  i-th  cell  from  outside  at  the  right  cell  interface  xi+1/2.  Since  we  are  dealing  with 
weak  solutions  of  (quasi-)conservation  laws,  there  may  be  a  discontinuity  within  cells  i,  i+1  in  the  exact 
solution.  Accross  it  the  characteristic  equations  may  not  be  applied.  Colella  and  Glaz  [18]  circumvent 
this  difficulty  by  replacing  the  characteristics  coming  from  outside  by  a  pseudo-characierisUc  with  the 
speed  a*  =  max„(0,a^l).  Thus  their  updating  procedure  <"  — >  tn+1/2  only  uses  information  from  inside 
the  cell  under  consideration.  Obviously  in  that  way  an  unphysical  transport  of  information  is  buildt 
into  the  halftime-step.  However,  Colella  and  Glaz  point  out,  that  this  does  not  restrict  the  performance 
of  the  scheme,  since  the  numerical  fluxes,  used  in  the  final  timestep  (6)  (with  j  =  0),  are  obtained  from 
the  exact  (or  approximate)  solutions  of  a  Riemann  problem  and  the  Riemann  solver  automatically  drops 
out  all  information  that  approaches  from  the  wrong  side.  In  several  tests  for  the  homogeneous  equations 
we  could  verify  these  considerations.  But  in  (6)  with  £  ^  2,  evaluations  of  the  source  terms  at  the  cell 
interfaces  are  required  (see  (12)).  For  this  purpose  it  is  a  self-suggesting  choice  to  employ  the 

Roe-average  which  is  obtained  anyway  when  the  fluxes  l2+i+U2  are  calculated. 

Since  j Lin  is  symmetric  in  both  arguments  (Bee  Roe  [14]),  it  does  not  select  the  right  information  with 
respect  to  the  characteristic  directions.  This  explains,  why  it  was  necessary  to  construct  more  elaborate 
approximations  of  the  interfacial  states  in  order  to  obtain  satisfactory  results,  e.g.  for  the  test  problem 
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of  section  3.1 .  The  essential  idea,  leading  to  (9)j  for  <  0  is  to  choose  reasonable  distributions  of 
the  local  characteristic  variables  outside  a  cell,  such  that  an  evaluation  of  the  compatibility  relations 
does  not  amount  to  an  application  of  a  characteristic  scheme  across  a  discontinuity.  Fig.  2  shows  the 
several  situations,  which  were  taken  into  account  in  the  construction  of  (9)2.  Let  us  consider  the  case 
of  nondecreasing  r)  as  in  Fig.  2a.  In  order  to  avoid  uncontrolled  extrapolations  of  the  linear  distribution 
within  cell  i,  we  use  as  a  basis  the  outer  interpolation  between  (**+1/2,  i}”+)  and  with  slope 

6tff+  outside  the  cell.  Here  rff+  =  1 /"  +  Ax6rff/2.  Since  \a/^\At/2  <  Ax/2  for  all  ft,  due  to  the  CFL- 
condition,  this  Ansatz  ensures,  that  no  value  of  ij  outside  [i/P+ , rjJ*+1]  can  be  selected.  Furthermore,  by 
means  of  the  limitation  (10)3  rj"+  obeys  rj”  <  r)"+  <  rf+1  and  therefore  stays  within  the  range  of  the  cell 
averages.  Nevertheless,  if  there  is  a  large  gradient  between  cells  i  and  i+1,  then  one  has  to  be  careful  in 
employing  the  outer  interpolation.  As  is  shown  in  Figs.  2b, c  there  may  be  a  discontinuity  of  either  the 
local  characteristic  variable  7)  itself  (Fig.  2b)  or  of  its  first  derivative  (Fig.  2c).  In  the  first  case  the  slope 
of  t)  outside  the  cell  must  be  limited  in  order  to  avoid  application  of  a  characteristic  scheme  across  a 
shock,  whereas  in  the  second  case  the  use  of  the  outer  interpolation  is  allowed,  since  discontinuities  of 
slopes  move  with  characteristic  speed  and  do  not  imply  special  jump  conditions.  We  account  for  this 
requirement  by  means  of  the  minmod-function  in  (9),  which  employs  the  limited  slope  of  cell  i+1  as 
soon  as  the  slope  6r) i+  of  the  outer  interpolation  becomes  large.  Comparing  Figs.  2b  and  2c  we  note 
further,  that  <5t)i+  >>  Srji  as  Sr)i+l  in  2b,  while  Sr/i+1  a  £t)i+  >>  fr/,  in  2c.  Therefore  the  use  of 
in  (9)  instead  of  the  more  apparent  choice  6r/i  allows  to  distinguish  between  the  two  cases  of  Figs.  2b, 
2c. 

The  terms  (A</2)(4j)"^11//22  in  (6)  are  second  order  corrections  to  the  numerical  fluxes,  which 
account  for  the  influence  of  the  sources  on  the  wave  interactions  between  adjacent  cells.  This  aspect 
is  discussed  in  some  detail  in  [19],  where  a  formulation  of  these  expressions  in  terms  of  eigenvectors  of 
is  given.  To  evaluate  the  source  wave  corrections  we  employ  the  Roe-averaged  state  utB,  which 

is  obtained,  when  the  homogeneous  fluxes  /£t^22  are  calculated  by  means  of  the  HLLE- Riemann 
solver.  Thus  we  have 

(A&  =  [(aQ  2(!±£r)  ^  >  Hlr  =  1/2> %+*/)-)  •  (12) 


It  should  be  noted  that  we  do  not  apply  the  slope  limiting  procedure  to  the  sources  directly  as  proposed 
by  Roe  [20].  Instead  the  limiting  enters  the  evaluations  of  sources  only  via  the  update  (8)  to  (11). 

The  cell  centered  source  terms  2|*+1^2  are  calculated  by  means  of  the  following  iterative  method. 
For  0  <  j  <  J  —  1  we  let 

14?+lJ+l  =  \  A<  [£."+1'2  +  9,"] ,  (13) 


and  finally 


= «,"+ 1/2  + 1/2  - =  sm1  +  , 

2.n+I/2  =  J[2,n+iy+2.n]- 


As  usual  denotes  j(st2)-  The  results  given  in  section  3  are  obtained  with  7  =  2.  This  completes  the 
description  of  scheme  (6). 

Additional  complications  are  imposed  by  the  sharp  convex  corner  of  the  duct.  In  [19]  special 
boundary  conditions  are  proposed,  which  are  based  on  asymptotic  considerations  of  Euler’s  equations 
in  the  vicinity  of  the  corner.  The  procedure  reduces  numerical  dissipation  next  to  the  edge  and  also  the 
undesired  sensitive  dependence  of  the  results  on  details  of  the  numerical  scheme,  which  was  observed 
by  Woodward  and  Colella  [21]  in  a  comparison  of  several  shock  capturing  algorithms. 


3.  Results 

3.1  Clarice’s  Testproblem 

The  performance  of  scheme  (6)  will  be  demonstrated  in  this  subsection  by  means  of  a  one-dimensional 
test  problem,  given  by  Clarke  and  Toro  [22],  The  sources  of  mass,  x-momentum  and  energy  are  set  to 
j  =  H(\-x){G/c)(p,  m,  e+p)T .  Here  H  is  again  the  heavyside  step-function.  This  choice  amounts  to  an 
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X  - *-  X  - ► 


Figure 2:  The  distributions  of  local  characteristic  variables  ij,  whose  charac¬ 
teristics  meet  the  cell  from  outside,  (a)  Extrapolation  may  lead  to  the  intro¬ 
duction  of  new  extrema;  (b)  discontinuous  distribution  of  rj;  (c)  discontinuous 
slope  dr)/dx\  different  outer  slopes; 

6r)i - - ,  Sr/i+ - ,  %+1  — - 

isentropic  addition  of  mass  in  the  region  x  <  |  at  a  rate  G/c.  Using  homogeneous  quiescent  gas  initial 
conditions,  the  flow  is  also  homentropic  and  one  can  introduce  characteristic  coordinates,  corresponding 
to  the  paths  of  pressure  waves  in  the  x-t-plane.  With  the  present  choice  of  £  the  compatibility  relations 
along  the  characteristic  curves  have  a  constant  r.h.s.,  which  allows  an  analytic  integration. 

Up  to  the  time  when  shocks  or  centered  expansions  form,  the  exact  solution  can  be  constructed  from 
these  characteristic  results.  Fig.  3  shows  results  based  on  the  data  (p  =  latm,  c  —  330.4ms,  m  =  0)  at 
t  =  0  and  G  =  129430  lm/s2  (see  Clarke  and  Toro  [22]).  Exact  and  approximate  distributions  of  the 
density  at  times  0.1,  0.4,  0.7ms  are  given  together  with  the  related  relative  errors  Ap  =  (p—pcxact)/pexact 
on  the  last  time  level.  In  these  calculations  we  employed  the  limiters  Si.s  and  Si  s  on  the  soundwave 
and  particle  path  characteristics,  respectively.  The  results  obviously  are  well  within  the  range  of  second 
order  accuracy  except  at  x  =  0.5  and  x  as  0.75,  where  singularities  in  the  characteristic  solutions 
develop.  There  no  higher  accuracy  can  be  expected  from  a  shock  capturing  scheme,  applied  on  an 
equally  spaced  grid.  (Extended  calculations  can  be  found  in  [5],  where  different  updating  formulae 
t"  — >  tn+l/J  and  different  limiters  are  tested  and  where  a  comparison  with  time  operator  splitttng  for 
the  source  terms  is  performed.) 
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Figure  3:  Distribution  of  the  density  p  and  its  relative  error  A p  for  Clarke’s 
test  problem. 


3.2  Shock  induced  ignition  in  an  L-shaped  duct 

Here  we  present  two  examples  of  the  development  of  reacting  waves  after  shock  diffraction  and  reflec¬ 
tion  within  the  idealized  geometry  of  Fig.  lb.  The  evolution  of  the  flow  is  discussed  mainly  in  terms 
of  sequences  of  density  distributions  represented  by  plots  of  contour  lines.  When  interpreting  the  dia¬ 
grams  it  should  be  kept  in  mind,  that  steep  density  gradients  may  occur  at  shock  fronts,  at  contact 
discontinuities  and  across  thin  zones  of  chemical  heat  release.  The  latter  gradients  are  due  to  thermal 
expansions  of  the  burning  gas  and  can  be  identified  easily  by  comparison  with  related  distributions  of 
the  reaction  progress  variables.  Due  to  lack  of  space  we  will  not  display  these  distributions  throughout. 

Consider  now  the  sequence  of  Figs.  4.  In  this  first  example  the  induction  and  reaction  time  scales 
are  <J  3  =  0.42  and  t'q  =  0.38,  respectively.  We  further  impose  a  high  temperature  sensitivity  letting 
Ett  =  20.0.  Fig.  4a  shows  contour  lines  of  the  density  at  a  time,  when  the  reflected  shock  front  has 
already  removed  from  the  reflecting  wall  a  considerable  distance.  It  interacts  with  the  vortex,  which 
has  formed  downstream  of  the  edge  when  the  incident  shock  diffracted  there.  In  the  present  case,  the 
shock  is  not  yet  supported  and  enhanced  by  chemical  reactions  and  the  vortex  is  able  to  break  up 
the  front.  On  the  right  of  the  vortex  core,  the  shock  is  accelerated  towards  the  wall,  whereas  on  the 
left  it  is  decelerated.  Consequently  the  shock  is  stretched  and  weakened  substantially  in  the  center 
of  the  vortical  region.  At  the  opposite  concave  corner,  the  highly  sensitive  induction  reaction  selects 
those  mass  particles,  which  rested  at  high  temperatures  for  the  longest  time.  The  induction  period  is 
finished  locally  and  chemical  heat  is  released.  Approaching  the  concave  corner  from  inside  of  the  flow 
field,  the  contour  lines  first  show  an  increase  of  the  density  in  a  pressure  wave  which  is  driven  by  the 
local  explosion,  and  then  a  decrease  of  p  towards  the  corner,  which  is  due  to  corresponding  thermal 
expansions.  In  Fig.  4b  the  reaction  driven  pressure  wave  has  steepened  and  is  catching  up  the  initially 
reflected  shock  on  its  way  back  to  the  entrance  of  the  duct.  Ahead  of  the  convex  corner  the  part  of  the 
shock  front,  that  was  previously  accelerated  by  the  vortex,  is  now  reflected  and  begins  to  traverse  the 
duct  again  in  opposite  direction.  A  short  time  later  in  Fig.  4ci  the  wave  system  facing  the  oncoming 
flow  from  the  entrance  has  developed  into  a  slightly  curved  detonation  wave.  It  now  merely  consists  of 
a  strong  precursor  shock  and  a  subsequent  expansion  due  to  combustion.  The  small  front  enclosing  the 
tip  of  the  convex  corner  indicates  a  previous  reflection  of  this  precursor  shock.  The  transverse  wave, 
which  has  emerged  in  Fig.  4b,  now  interacts  with  the  reactive  pressure  wave,  that  spreads  out  from 
the  concave  corner.  It  can  be  read  from  Fig.  4cj,  which  depicts  the  corresponding  distribution  of  the 
reaction  progress  variable  0,  that  a  wedge  of  unburnt  material  has  formed  in  front  of  the  wall.  It  should 
be  emphasized,  that  the  transverse  wave  here  results  from  multiple  reflections  of  an  essentially  inert 
shock  front  and  that  it  is  not  driven  by  chemical  heat  release.  Nevertheless  it  leads  to  a  substantial 
temperature  increase  in  front  of  the  wall  and  accelerates  the  induction  reactions  within  the  wedge  of 
unburnt.  Fig.  4d  shows  the  result  of  a  subsequent  explosion  of  this  amount  of  end  gas.  The  inert 
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Figure  5:  One-step  chemical  model 
£7  =  10.0,  tjt  3  =  0.23,  M,h  =  1.6, 

<£  =  0.21. 


Figure  4:  Two-step  chemical  model 
Ea  =  20.0,  tj  3  =  0.43,  M,h  =  1.6, 

E  =  5.0,  tq  =  0.38 . 


transverse  wave  has  already  passed  the  duct  as  is  indicated  by  the  weak,  nearly  horizontal  gradient  at 
the  top  right  corner  of  the  diagram.  At  the  same  time  the  explosion  in  front  of  the  corner  wall  has 
led  to  high  peaks  of  pressure  and  density  connected  with  a  new  secondary  transverse  shock.  This  wave 
is  now  directly  coupled  to  the  chemical  reactions  and  may  be  considered  as  part  of  a  weak  detonative 
triple  shock,  although  in  the  present  case  the  width  of  the  duct  would  most  likely  be  too  small  to  allow 
the  establishment  of  a  (quasi-)steadily  propagating  reactive  Mach-stem  if  the  whole  structure  would  be 
allowed  to  propagate  down  a  continued  straight  channel.  However,  the  following  example  will  show,  how 
some  changes  of  the  model  parameters,  which  do  not  touch  the  orders  of  magnitude  of  the  characteristic 
time  scales,  can  substantially  support  the  onset  of  typical  patterns  of  multidimensional  detonations. 

We  decrease  the  temperature  sensitivity  of  the  induction  time  to  £,„<*  =  10  and  consider  slightly 
faster  chemical  reactions  according  to  t'l  3  =  0.23  and  Iq  =  0.21.  In  contrary  to  the  constellation  of 
the  first  example  the  present  regime  can  be  and  actually  is  simulated  by  means  of  the  one-step  model. 
Fig.  5a  gives  the  situation  just  before  the  reflected  shock  begins  to  interact  with  the  vortex.  The  density 
gradient  behind  the  shock  indicates  that  there  is  already  a  substantial  progress  of  the  chemical  reaction. 
No  well  bounded,  localized  explosion  takes  place  here  due  to  the  decreased  temperature  sensitivity  of 
the  induction  phase  and  due  to  the  fact  that  there  is  no  sharp  threshold  between  the  induction  period 
and  the  phase  of  heat  release.  In  Fig.  5bi  the  shock-reaction  front  just  passes  the  vortical  separation 
flow  ahead  of  the  corner.  It  is  seen  that  the  vortex  is  no  longer  able  to  break  the  front,  but  only  turns  it 
around  slightly  such  that  a  part  of  it  is  now  nearly  parallel  to  the  wall.  Fig.  5b 2  shows  the  distribution 
of  the  reaction  progress  variable.  Obviously  there  is  again  a  wedge  of  unburnt  material.  But  it  should 
be  noted  that  the  time  of  the  present  situation  corresponds  to  that  of  Fig.  4a  of  the  previous  example, 
where  the  reflected  shock  is  seen  just  before  it  hits  the  corner  wall,  while  Fig.4c2,  which  also  shows  an 
enclosure  of  unburnt,  corresponds  to  a  later  time.  Also  in  the  present  case  an  already  developed  shock 
reaction  wave  reflects  at  the  wall  instead  of  an  inert  shock  as  in  Fig.  4b.  In  consequence  the  resulting 
transverse  wave  is  much  stronger  than  that  of  the  first  example.  In  Fig.  5c  the  subsequent  complicated 
wave  interactions  in  front  of  the  corner  wall  are  depicted.  As  before  a  sharp  peak  of  pressure  and  density 
builds  up  at  a  point,  where  the  reflected  transverse  wave  meets  the  leading  front  and  the  wall.  Later 
on  this  peak,  together  with  the  transverse  wave  departs  from  the  wall  and  passes  the  duct,  thereby 
interacting  with  the  lead  shock.  The  result  is  a  typical  (Mach-stem)  configuration,  which  in  the  present 
case  seems  to  be  strong  enough  to  survive  multiple  reflections  between  the  opposite  walls  of  the  duct. 
Fig.  5d  shows  the  triple  point  after  it  has  developed  a  very  clear  and  presumably  stable  structure. 

4.  Conclusions 

The  shock  induced  reactive-gasdynamic  flow  within  a  two-dimensional  L-shaped  configuration  is  ex¬ 
amined  by  means  of  numerical  simulations.  A  regime  is  considered,  where  ignition  delay,  chemical  heat 
release  and  also  pressure  wave  propagation  all  occur  on  comparable  time  scales  and  thus  show  inte¬ 
resting  mutual  effects.  Some  order  of  magnitude  estimates  suggest  that  this  regime  may  be  particularly 
relevant  for  the  problem  of  knock  damage  in  internal  combustion  engines.  The  calculations  are  based 
on  the  balance  equations  of  an  inviscid  perfect  gas,  supplied  by  a  two-stage  chemical  model.  The  re¬ 
sults  reveal  different  inherently  multidimensional  mechanisms,  which  provoke  the  formation  of  reacting 
Mach-stems.  Violent  reflections  of  these  triple  shocks  at  the  bounding  walls  may  well  be  responsible 
for  erosive  damages,  which  are  typically  observed  within  engines  running  under  knocking  conditions. 

Discrete  approximations  are  obtained  using  a  MUSCL-type  shock  capturing  scheme,  designed  for 
direct  integration  of  the  inhomogeneous  Euler  equations.  Although  the  construction  of  the  scheme 
was  stimulated  by  considerations  of  Roe  [20],  no  upwind  weighting  of  the  sourceterms  in  the  sense 
of  his  suggestions  is  performed.  Instead  second  order  source  corrections  to  the  numerical  fluxes  are 
obtained  by  straight  forward  expansions  about  the  fluxes  of  a  second  order  scheme  for  the  homogeneous 
equations.  Special  attention  is  paid  to  the  determination  of  cell  interface  states,  which  are  employed  in 
the  according  source  evaluations.  Results  for  Clarke’s  [42]  test  problem  are  in  satisfactory  agreement 
with  the  exact  solutions  and  the  approximations  do  not  show  any  source  induced  oscillations. 
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1.  Introduction 

Consider  the  initial  value  problem  for  a  scalar  conservation  law 

Ut  +  V.  f(u)  =  0,  t  >  0,  x  e  Rn  ^  ^ 

u(x,0)  =  u0  (x) . 

For  the  nonlinear  flux  function  even  smooth  initial  data  in  general  may  not  prevent  the 
development  of  jumps  in  the  solution  to  (1.1).  Thus  we  consider  (1.1)  in  the  sense  of 
distributions. 

When  trying  to  understand  the  qualitative  behaviour  of  solutions  to  conservation  laws 
in  more  than  one  space  dimension,  as  a  first  step  one  may  consider  selfsimilar  solutions. 
This  way  the  problem  becomes  more  tractable,  because  the  number  of  independent  variables 
is  reduced  by  one.  In  particular  one  has  considered  Riemann  problems. 

Definition:  If  (1.1)  is  invariant  under  the  transformation 
(cx,  ct)  -»  (x,  t),  c  >  0, 
then  it  is  called  a  Riemann  problem. 

Thus  in  two  space  dimensions  initial  data  in  (1.1)  which  is  piecewise  constant  in 
sectors  meeting  at  the  origin  is  an  example  of  a  two  dimensional  Riemann  problem  (2-d 
R.P.). 

These  arise  naturally  in  front  tracking,  a  numerical  scheme  for  conservation  laws,  see 
e.g.  [GK],  The  essential  feature  of  this  method  is  that  a  lower  dimensional  grid  is  fitted  to 
and  follows  the  "imp  surfaces.  At  the  intersection  points  of  these  discontinuities  2-d  R.P. 
occur.  We  mention  in  passing  that  one  can  give  a  short  list  of  these  generic  types  of  such 
intersection  points  for  two  dimensional  gas  dynamics,  which  presumably  constitutes  the 
pieces  that  the  solution  to  a  2-d  R.P.  for  the  Euler  equations  is  made  up  of,  [GK]. 

Recently  some  progress  was  made  in  understanding  the  2-d  R.P.  for  the  scalar 
conservation  law: 

ut +  f(u)*  +  g(u)y  =  0  .  (1.2) 

One  knows  existence  [CS]  and  uniqueness  [K]  of  the  weak  solution  satisfying  the  entropy 
condition.  It  was  natural  to  ask  next  what  these  solutions  for  the  case  of  a  Riemann  problem 
look  like.  Wagner  [W]  constructed  the  solution  for  a  convex  f  very  close  to  a  convex  g.  In 
[HK]  this  was  extended  to  a  generic  case  with  f  =  g,  where  f  is  a  quadratic  and  g  a  cubic 
polynomial,  see  section  2.  For  general  flux  functions,  for  the  case  f  =  g,  the  solution  was 
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constructed  in  [CK],  see  section  3.  There  something  reminiscent  of  a  large  time  Godunov 
method  for  the  scalar  equation  in  one  space  dimension  was  used.  This  method  inspired  two 
results  for  the  one  dimensional  scalar  equation,  which  are  reported  in  section  4.  We  close 
with  some  examples  in  section  5. 


2.  The  Riemann  problem  for  the  scalar  conservation  taw 
in  two  space  dimensions  with  unequal  flux  functions 


The  selfsimilar  solution  may  be  described  completely  by  giving  the  solution  in  the 
plane,  say  t  =  1.  Far  away  from  the  origin,  the  solution  is  given  by  solving  a  1-d  R.P. 
across  the  jumps  given  in  the  initial  data.  [HK]  proceeded  to  describe  the  interaction  of  these 
waves  for  the  two  flux  functions  being  a  cubic  and  a  quadratic  polynomial. 

We  shall  give  an  illustrative  example  on  what  may  happen.  Suppose  we  consider  the 
equation 

ut  +  (u2)x  +  (u3)y  =  0  . 

Say  across  the  positive  x-axis  there  was  an  initial  jump  that  gave  rise  to  a  jump  followed  by 
a  rarefaction  wave,  see  Fig.  2.1. 


Fig.  2. 1  Part  of  the  solution  of  a  particular  two  dimensional  Riemann  problem  with 
initial  discontinuities  across  the  x-axis  and  the  y-axis. 


The  jump  J  interacts  with  the  rarefaction  wave  R  to  form  a 
surface  S  which  is  a  smooth  continuation  of  J  that  bends  into  R.  To  the  left  of  5  a  new 
rarefaction  appears  which  is  tangential  to  S,  see  Fig.  2. 1.  We  may  now  define  an  ordinary 
differential  equation  for  S,  show  that  it  is  well  defined  on  the  interval  [(u2  +  u)/2,  u2]  and 
satisfies  the  entropy  condition. 
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Depending  on  the  location  of  Uj  relative  to  u2  and  u  we  have  two  possibilities: 

a)  (u2  +  u)/2  <  u(  . 

This  gives  rise  to  a  onesided  contact  discintinuity  (c.d.)  with  the  constant  state  U!  on 
one  side  and  u2  +  u  -  uj  on  the  other  side. 

b)  <  (u2  +  u)/2  . 

At  Z  =  {f((u  +  u2)/2),  g'((u  +  u2)/2)}  the  shock  strength  of  S  has  decayed  to  zero. 
Then  S  continues  on  smoothly  into  a  curve  T  given  by  (f  (u),  g'(u)),  u,  <  u  <  (u  +  u2)/2, 
where  the  two  rarefaction  waves  meet. 

In  this  way  we  could  construct  the  solution  to  our  2-d  R.P.,  see  Fig.  2.2  for  an 
example  of  a  solution. 


Fig.  2.2  An  example  of  a  solution  to 
ut  +  (u2)x  +  (u3)y  =  0 

with  particular  initial  data  constant  in  each  of  the  four  quadrants.  Notice  how 
this  example  contains  the  piece  shown  above  and  mentioned  in  a)  of  section  2. 


3.  The  Riemann  problem  for  the  scalar  conservation  law  in 
two  space  dimensions  with  equal  flux  functions 


The  solution  for  the  2-d  R.P.  to  (1.2)  with  f  =  g  is  constructed  by  considering  an 
equivalent  problem  in  one  space  dimension.  Under  the  coordinate  transformation 
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4  =  (x  +  y)/2  and  r)  =  (x  -  y)/2  the  equation  (2.1)  for  f  =  g  becomes 

ut+f(u)^  =  0  (3.1) 

with  T]  a  parameter.  The  initial  data  for  rj  =  const,  is  piecewise  constant  with  a  finite  number 
of  jumps.  It  is  easy  to  see  that  the  2-d  R.P.  is  now  reduced  to  constructing  the  solution  to 
(3.1)  fort)  >  0  and  fon)  <  0. 

For  small  t,  near  each  jump  we  may  construct  the  solution  to  the  1-d  R.P.  by  the 
method  of  convex  hull  (see  Fig.  3.1).  After  some  finite  time  an  interaction  between  two 
adjacent  waves  is  possible.  This  interaction  may  be  described  qualitatively  by  using  the  a 
timedependent  version  of  the  convex  hull,  see  Fig.  3.2.  For  details  see  [CK],  One  finds  that 
the  union  of  convex  hulls  given  initially  gets  deformed  in  a  unique  way  towards  the  final 
convex  hull,  which  consists  of  the  solution  to  1-d  R.P.  with  the  two  constant  states  being 
the  left  most  state  in  the  initial  data  for  T]  =  const,  and  the  right  most  state  there.  This 
construction  is  reminiscent  of  a  Godunov  scheme  which  is  taken  past  the  time  of  interaction 
of  the  waves. 

Using  this  construction,  for  the  solution  of  the  2-d  R.P.  with  f  =  g  one  may  deduce 
many  qualitative  features  of  the  solution.  One  finds  that  there  are  no  compression  waves  and 
thus  no  shock  generation  points.  Thus  jumps  may  only  appear  through  the  bifurcation  of 
jumps  and  the  interaction  of  jumps.  Also  for  a  fixed  time  t,  the  number  of  jumps  is  bounded 
uniformly  if  f  has  a  finite  number  of  inflection  points.  It  seems  that  for  many  generic  cases, 
such  as  polynomial  flux  functions  f,  the  solution  is  piecewise  smooth. 


Fig.  3.1  The  solution  for  small  time  to  ut  +  f(u)x  =  0  and  initial  data  consisting  of  two 
jumps  is  found  by  solving  the  individual  Riemann  problems.  To  the  left  is  the 
graph  of  f  together  with  the  convex  hull  between  the  jumps.  To  the  right  is  the 
solution  plane  tilted,  so  that  the  slopes  of  the  jumps  in  the  convex  hull  CHf(u) 
and  in  the  solution  plane  are  parallel. 


i 
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Fig.  3.2  The  complete  solution  to  the  problem  in  Fig.  3. 1  after  the  interaction  of  the 
waves.  This  is  constructed  using  a  time  dependent  version  of  the  method  of 
convex  hull.  The  convex  hull  drawn  to  the  left  gives  the  solution  for  large  time. 


4.  The  scalar  conservation  law  in  one  space  dimension  without  convexity 


Consider 

u,  +  f(u)x  =  0  ,  fg  C2  (4.1) 

with  the  initial  condition 

u(x,0)  =  u0  (x)  . 

A  classical  method  for  approximating  the  solution  is  due  to  Godunov  [G].  There  the 
initial  data  is  approximated  by  piecewise  constant  data  on  intervals  of  length  Ax.  At  every 
jump  discontinuity  in  the  new  initial  data  this  leads  to  a  Riemann  problem.  The  Riemann 
problem  resolves  into  a  well  known  fan  solution,  as  mentioned  in  the  previous  section.  For 
Godunov's  method  one  solves  all  the  Riemann  problems  found  by  the  constant  states 
exactly.  One  takes  this  exact  solution  of  the  piecewise  constant  initial  data  up  to  time  At, 
such  that  two  neighbouring  fans  solutions  don't  interact.  At  this  time  level  At  the  solution  u 
is  again  approximated  by  a  piecewise  constant  function,  obtained  by  averaging  over  each 
cellx: 

u  =  ~  f  u(x,At)  dx . 

AX 

Now  we  may  proceed  as  before. 

The  inability  to  determine  the  interaction  between  waves  propagating  from  the  points 
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of  discontinuity  in  the  Riemann  solution  leads  to  small  time  steps  At.  In  [CK],  as  mentioned 
in  the  previous  section,  a  method  for  determining  these  interactions  at  least  qualitatively  was 
given.  In  this  section  we  shall  try  to  combine  these  ideas  with  those  in  [O]  to  get  some 
estimates,  which  might  play  a  role  in  improving  large  time  step  Godunov  methods. 


4.1  A  large  time  flux  written  as  Godunov's  flux 


By  integrating  (4.1)  over  Ax  X  [0,t]  we  obtain 
0=|  u,  +  f(u)xdxdt 

=  J4>  u(x,t)  —  u(x,0)  dx  +  £f(u(x,,s))  -f(u(xo,s))  ds  . 

Take  the  mean  value  of  u  at  time  t  in  Ax  to  be  u  and  at  time  t  =  0  to  u<) .  Then  we  obtain 

u  =  uo-^J><*i,s>)-f(u(xo,s))  ds .  (4-2) 

Now  suppose  the  initial  data  is  piecewise  constant  with  jumps  at  the  points  x;,  i  €  Z, 
and  X;  <  Xj  +  j ,  and  values 

u(x,Q)  =  u4 ,  x  e  [Xi ,  X;  +1]  ,  i  =  ....  -k,  ...,  -1,0,1 . k,  ... 

For  t  small  enough,  the  fans  emanating  from  two  neighbouring  Riemann  problems  in  this 
initial  value  problem  don't  intersect.  The  solution  of  a  Riemann  problem  is  a  function  of 
(x  -  X;)/t  alone.  Thus  for  t  small  u  is  constant  along  x  =  Xj,  say  Uj,  and  S;  is  only  a  function 
of  u;  _  i  and  the  initial  constant  states  to  the  left  and  right  of  x;.  Thus  we  may  define  hG 
as  (now  for  convenience  we  set  i  =  0) 

hG (u_i,uo)  =  f(u0)  =  i  Jo  f(u(xo,t))  dt ,  t  small 

and  (4.2)  becomes 

** =  U°- Ax  (hG(u-1,u°)  -hG(u°,  Uj)) ,  t  small.  (4.3) 

Now  let  t  become  larger.  Then  u  along  x  =  x;  becomes  a  function  of  several  initial 
cells  neighbouring  xj  and  we  may  define 

h(u_jp  ...,uk_1)  =  i£f(u(x0,t))dt>  (4-4) 

with  the  property  that  if  the  initial  constant  values  in  all  the  cells  are  equal  we  obtain 
h(u, ....  u)  =  f(u) . 

Theorem  1  There  exist  a  ^  in  the  convex  hull  of  {u_k, ....  u_k )  and  a  uL  in  the 
convex  hull  of  {uq, ....  uk  _ !  J  such  that 

h(u_k, ....  uk  _ ,)  =  hG  (i^.Ul)  .  (4.5) 

Proof:  Using  the  notaion  in  (4.4)  we  may  write  (4.2)  as 

u  =  u°-^(h(u_k  +  1,  ....u^-hfa,*  ...,uk_ ,)). 

Note  that  u  is  a  nondecreasing  function  of  all  its  variables  since  it  is  the  average  of  the  exact 
solution.  Thus 

3u 

=  -hk  S  0  =>  hk  S  0 
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in  general 


,  9u  _  h 

5HTTT  _  ~hk-1 


+  hk  £  0  =>  hk  _  j  S 


ht  £  h2  < ...  £  hk  <  0  <  h0£  ...  <  h_k  +  2  <  h_k  + ,  . 

We  prove  the  theorem  by  induction.  The  case  k  =  1  is  immediate.  Suppose  the  claim 
is  true  for  k.  Then  add  a  value  of  uk  +  \  on  the  right.  Let  u  e  [uk,uk  +  j].  Now  consider 
g(u)  =  h(uk  +  j,  uk,  ....  u_k  +  j)  -  h(u,  u,  uk  _  x,  ....  u_k  +  j) 

=  (uk  + 1  -  u)  hk  + 1  +  (uk  -  u)  hk  ,  by  M.V.Th. . 


We  have 


g(U|c  +  l)  =  (“k-uk  +  i)hk 
g(“k)  =  (Uk  +  i-“k)hk  +  i  • 

Thus  g(u)  changes  sign  in  (uk,uk  + 1)  or  vanishes  at  the  endpoints.  Thus  there  exist  uk  such 
that 


h(uk  +  ],  uk,  ....  u_k  +  t) 
and  by  induction  hypothesis  the  right  hand  side 

for  some  Uj  and  Ul  • 


=  h(Uk,  uk  _  j,  ....  u_k  +  t) 
=  hc(ur,uL) 


Next  add  a  value  u_k  on  the  left.  For  u  e  [u_k  +  i,u_k]  we  consider 

g(u)  =  h(uk  +  v  uk,  ....  u_k  +1,  u_k)  -  h(uk  +  „  ...,  u,  u) 

by  the  above  result 

=  h(uk  +  j,  uk, ....  u_k  +l,  u_k)  -  hCtik,  uk  _  ,,  ....  u,  u)  . 

By  repeating  the  above  argument  we  see  that  g(u)  vanishes  in  [u_k,  u_k  +  ,].  Thus 
h(uk  +  j,  uk,  ....  u_k  +J,  u_k)  «  hCujp  uk  _  j,  ....  u_k  +  j) 

=  hG(ur,uL) 

some  Uj  and  some  uL,  which  proves  the  induction  step,  and  finishes  the  proof. 

To  recapitulate,  we  have  shown  the  following: 

Consider 

ut  +  f(u)x  =  0 
with  initial  condition 

t  =  0  u-2  u-l  u0  u,  x  (4.6) 

X_1  X(j  Xj 

Consider  the  exact  solution  u(xQ,t).  Then 

I  JTf(u(Xo,t))  dt  =  hG(u,(T),  ul(T)) 

with  some  u,  in  the  convex  hull  of  { u0 . uk  _  i } 

and  some  uL  in  the  convex  hull  of  {u_k, ...,  u_j }  , 


and  where  the  domain  of  dependence  of  u(x0,t)  for  0  <  t  <  T  is  included  in  [u_k,  uk_!]. 
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4.2.  A  formula  for  the  solution  of  the  Riemann  problem 


The  following  theorem  is  mentioned  in  [O],  but  our  proof  is  different  from  that  given 
there.  We  use  the  notion  of  convex  hull  of  a  function  f  between  uL  and  17  as  used  in  section 

3,  denoted  by  CH“jf(u)  and  illustrated  in  Fig.  3.1. 

Theorem  2  The  solution  u  to  the  Riemann  problem  of  U[  +  f(u)x  =0  with  initial 
constant  states  u^  <  u,  is  given  by 

u  =  u(f)={ue  { [u^uj  n  (u  :  f(u)  =  CH“'  f(u)} )  such  that  (4.7) 
CH“[f(u)  -  y  5  is  the  minimum}  . 

Proof:  Minimizing  CHU'  f(u)  -  ~  u  means  that  the  slope  of  CHf(u)  -  7  u  is  horizontal 

L  t  1 

at  the  minimum  value  of  3.  Hence 

A(CHf(»)-Su)ju,5  -0  , 

which  implies  f  '(u)  =  7  • 

This  is  the  definition  of  a  characteristic,  i.e.  the  value  of  u  along  a  ray  through  the  origin 
with  slope  ^  is  u.  Notice  that  in  case  that  there  are  two  such  minima  in  (4.7),  then  they  are 
the  left  and  right  states  bounding  a  contact  discontinuity. 


5.  Some  examples 


Consider  a  special  case  ®  of  flux  functions  as  follows:  let  f  e  C2  be  such  that  for  all 
uL  e  [-M,-l]  and  u,  [1,M],  M  >  1,  we  have  that  min  (CH^(u)  -  su  ,  -e  <  s  <  e}, 

remains  unchanged.  For  an  example  of  f  e  ®  see  Fig.  5.1. 

As  before  consider 

ut  +  f(u)x  =  0,  fix  f  e  8 

with  initial  data  piecewise  constant  with  jumps  as  in  (4.6),  and 

Ui€  (-M,-l),  ie  {-k . -1} 

(1,M),  i  e  {0, ....  k}  . 

Then  by  theorem  1  one  obtains 

ij  f(u(x0,t))dt  =  hC(upuL) 

for  some  uLe  [-M.-1] 
ure  [1,M] . 

By  theorem  2  we  find  that  hG  (Uj,uL)  =  f(umin)  where  umin  e  [-1,1]  and  umin  is  the 
absolute  minimum  of  f  in  [-M.M].  Note  that  by  the  choice  of  f,  um,n  is  always  the  same, 
regardless  of  U;  in  (5.2). 


(5.1) 

(5.2) 
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Now  we  make  use  of  the  assumption  that  not  only  CHf(u)  always  attains  a  minimum  in 
(-1,1),  but  also  CHf(u)  -  su,  -e  <  s  <  e.  By  the  change  of  variable  y  =  x-st  equation  (5.1) 
becomes 

ut  +  (f(u)  -  su)y  =  0  .  (5.4) 

Consider  (5.4)  with  initial  condition  (5.2)  as  before.  We  may  again  conclude  that 

T  f  -  su)  dt  =  f(umin)  “S  umin  - 

where  umin  is  the  absolute  minimum  in  of  f-su. 

Thus  for  (5.1)  and  initial  data  (5.2)  we  conclude  that  a  fan  wave  dominates  the 
solution  for  all  time,  see  Fig.  5.1. 

We  may  extend  this  result  to  an  initial  value  problem  to  (5.1)  with  piecewise 
continuous  initial  data: 


ut  (x)  such  that  -^1  <  f  j  <  1 ,  x  e  [x^xq] 
u2  (x)  such  that  1  <  f2  <  M ,  x  e  [x0,xk] 

f i  (x_»)  x<x_k  (5.5) 

fs  (xk)  X  >  xk 


with  Uj  and  u2  continuous  functions,  for  an  example  see  Fig.  5.2. 

Now  approximate  the  initial  data  u0  in  (5.5)  by  piecewise  constant  data  on  intervals 
of  length  Ax.  For  this  data  the  above  conclusion  holds.  Since  the  flux  function  is  in  class  2, 
regardless  of  the  size  of  Ax  in  the  approximation  of  u0  we  obtain  the  same  value  of  u  along  a 
fixed  ray  y  =  x0-st,  -e  <  s  <  E.  Thus  when  passing  to  the  limit  Ax  -»  0,  we  find  that  the 
solution  u  to  (5.1),  (5.5)  is  also  dominated  by  a  fan  wave  for  all  time  which  depends  only 
on  the  choice  of  f. 

Finally  we  give  a  two  dimensional  example.  Consider 

ut  +  f(u)x  +  f(u)y  =  0  fe  2  (5.6) 

with  initial  condition 

U(x,y,0)  =  {_!  (5.7) 

This  is  a  one  dimensional  Riemann  problem  with  a  fan  as  a  solution.  By  the  above  examples 
we  may  now  give  a  special  perturbation  of  the  constant  states  (5.7)  s.th.  the  fan  wave 
remains  unchanged,  but  the  rest  of  the  solution  changes.  Let  u(x,y,0)  be  constant  on  rays 
through  the  origin,  i.e. 


u(x,y,0)  =  u0  (9),  0  e  [0,2it] 

fi  (0)  such  that  1  <  f(0)  <  M ,  0  e 
f2  (0)  such  that  -M  <  f(9)  <  -1 , 0  e 


uo(0)  = 


Jt  3  it 
'4  ’  4 
3 it  7 it 
4  ’  4 


with  fj  and  f2  continuous  functions. 
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Upwind  Schemes  for  the  Navier-Stokes  Equations 
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SUMMARY 

A  discretization  method  is  presented  tor  the  lull,  steady,  compressible  Navier-Stokes  equations.  The  method 
makes  use  of  quadrilateral  finite  volumes  and  consists  of  an  upwind  discretization  of  the  convective  part 
and  a  central  discretization  of  the  diffusive  part.  In  the  present  paper,  the  emphasis  lies  on  the  discretization 
of  the  convective  part. 

The  applied  solution  method  directly  solves  the  steady  equations  by  means  of  a  Newton  method,  which 
requires  the  discretization  to  be  continuously  differentiable.  For  two  upwind  schemes  which  satisfy  this 
requirement  (Osher’s  and  van  Leer  s  scheme),  results  of  a  quantitative  error  analysis  are  presented. 
Osher's  scheme  appears  to  be  more  and  more  accurate  than  van  Leer's  scheme  with  increasing  Reynolds 
number.  A  suitable  higher-order  accurate  discretization  of  convection  is  chosen.  Based  on  this  higher-order 
scheme,  a  new  limiter  is  constructed.  Further,  for  van  Leer’s  scheme,  a  solid  wall  -  boundary  condition 
treatment  is  proposed,  which  ensures  a  continuous  transition  from  the  Navier-Stokes  flow  regime  to  the 
Euler  flow  regime. 

Numerical  results  are  presented  for  a  subsonic  flat  plate  flow  and  a  supersonic  flat  plate  flow  with 
oblique  shock  wave  -  boundary  layer  interaction.  The  results  obtained  agree  with  the  predictions  made. 

Useful  properties  of  the  discretization  method  are  that  it  allows  an  easy  check  of  false  diffusion  and  that 
it  needs  no  tuning  of  parameters 

1980  Mathematics  Subject  Classification:  65N05,  6SN30,  76N05,  76N10. 

Key  Words  and  Phrases:  upwind  schemes,  Navier-Stokes  equations 
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1.  INTRODUCTION 


1.1.  Navier-Stokes  equations 

The  equations  considered  are  the  full,  steady,  2D,  compressible  Navier-Stokes  equations 
0x  3y  Re[  3x  3y  1  ’ 


with  f(q)  and  g(q)  the  convective  flux  vectors.  Re  the  Reynolds  number,  and  r(q)  and  s(q)  the 
diffusive  flux  vectors.  As  state  vector  we  consider  the  conservative  vector  q=(p,pu,pv,pe)T,  with  for 
the  total  energy  e  the  perfect  gas  relation  e  =p/(p(y— 1))+  ‘/rju1  +  v2).  The  primitive  flow  quantities 
used  are  density  p,  pressure  p,  and  the  velocity  components  u  and  v.  The  ratio  of  specific  heats  y  is 
assumed  to  be  constant.  The  convective  flux  vectors  are  defined  by 


Aq)  = 


and  the  diffusive  flux  vectors  by 

fo 


pu 

pv 

P“2+/> 

.  ?(?)= 

pvu 

nip; 

pv2+p 

pu(c+p/p) 

pv(e+p/p) 

r(q)  = 


xy 

txxu+  rvv  + 


J _ 1  3(c2) 


y-1  Pr  3x 


,  s(q) 


0 

V 

Tyy 

j  V+T  „+_! — LJfcdl 

>  VT  y_l  pr  a \y 


(1.2) 


(1.3) 


with  Pr  the  Prandtl  number,  c  the  speed  of  sound  (for  a  perfect  gas:  c=  Vy p/p)  and  with  r„,  and 
Tyy  the  viscous  stresses.  Assuming  the  diffusion  coefficients  to  be  constant  and  Stokes’  hypothesis  to 
hold,  the  viscous  stresses  are 
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T 


r 


i 


4  du  _  2  dv 
T“  3  3x  3  3y’ 
3«  ,  _3y_ 

^  dy  a** 

—  4  3v  _  2  3u 
_  3  3y  3  3jc' 


(I  4a) 
(1.4b) 
(1.4c) 


Here,  we  present  a  discretization  method  which  allows  an  accurate  (and  efficient)  computation  of 
(steady)  high-Reynolds  number  flows  up  to  and  including  the  Euler  flow  regime.  The  challenge  in 
developing  such  a  method  is  to  find  a  discretization  of  the  convective  part  which  is  accurate  not  only 
for  typical  Euler  flows,  but  also  for  typical  Navier-Stokes  flows,  like  boundary  layer  flows.  Finding  a 
discretization  for  the  diffusive  part  winch  satisfies  the  same  requirements,  is  thought  to  be  easy. 


1.2.  Discretization  method 

To  still  allow  Euler  flow  solutions  with  discontinuities,  the  equations  are  discretized  in  integral  form. 
A  straightforward  and  simple  discretization  of  the  integral  form  is  obtained  by  subdividing  the 
integration  region  Q  into  quadrilateral  finite  volumes  (1,%J  and  by  requiring  that  the  conservation  laws 
hold  for  each  finite  volume  separately: 

J  (/(?K  +g(q]ny)ds  -  -j£  £  (r(q)nx+s(q)ny)ds  =  0,  Vi,y  (1.5) 

This  discretization  requires  an  evaluation  of  convective  and  diffusive  fluxes  at  each  volume  wall. 


1.2.1.  Evaluation  of  convective  fluxes.  Based  on  experience  with  the  Euler  equations  (see  [5]  for  an 
overview),  for  the  evaluation  of  the  convective  fluxes  we  prefer  an  upwind  approach,  following  the 
Godunov  principle  [2].  So,  along  each  finite  volume  wall,  the  convective  flux  is  assumed  to  be  con¬ 
stant  and  to  be  determined  by  a  uniformly  constant  left  and  right  state  only.  For  the  ID  Riemann 
problem  thus  obtained,  an  approximate  Riemann  solver  is  applied.  The  choice  of  the  left  and  right 
state,  to  be  used  as  input  for  the  approximate  Riemann  solver,  determines  the  accuracy  of  the  convec¬ 
tive  discretization.  First-order  accuracy  is  simply  obtained  by  taking  the  left  and  right  state  equal  to 
that  in  the  corresponding  adjacent  volume  (6).  Higher-order  accuracy  is  obtained  by  applying  low- 
degree  piecewise  polynomial  state  interpolation  (MUSCL-approach),  using  two  or  three  adjacent 
volume  states  for  the  left  and  right  state  separately  [4].  For  this  flux  evaluation,  we  make  use  of  tl*e 
rotational  invariance  of  the  Navier-Stokes  equations  in  order  to  reduce  the  number  of  these  evalua¬ 
tions  per  finite  volume  wall  from  two  to  one.  A  more  detailed  discussion  of  the  discretization  of  the 
convective  part  is  given  in  section  2. 


1.2.2.  Evaluation  of  diffusive  fluxes.  For  the  evaluation  of  the  diffusive  fluxes,  it  is  necessary  to  com¬ 
pute  Vu,  Vv  and  Vc’  at  each  volume  wall.  To  compute  for  instance  (Vu),  +(4,y,  where  i  +  A  refers  to 
the  volume  wall  separating  Qiy  and  Q, + tj,  we  use  Gauss'  theorem 

Vty+ay  =  -j— —  4  unds,  (1.6) 

Ai+n,j 

with  3fl/+!4  i  the  boundary  and  Aj+(*,y  the  area  of  a  shifted  quadrilateral  finite  volume  Q,  +  ^  which 
vertices  z=(x,y)T  are  defined  by 

=  T(*i  -!4,;±(4  +*!  -m./iti).  (1.7) 

and  a  similar  expression  for  z,+  j,y±».  The  line  integral  in  (1.6)  is  approximated  by 
^  unds  =  Ui  +  lj  (*i +  l.y  +  t*_Ii +  1,/-#  )  + 

«!  +  (*,y  +  !4  (*i,/  +  #~*i+l,y  +  ti)  + 

“i.j  (*i,y -#_*i,y  +  ti)+ 

“f+»,y-*s  (**  +  l,y — « 

with  for  the  central  expression 

_  1 


(1.8) 


*6  +  ti,y±t4  —  +  “l,/±  I  + “(  +  l.y  +  ty  +  l.ys:  I  )• 


(1.9) 


I 
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Similar  expressions  are  used  for  ihe  other  gradients  and  other  walls.  For  sufficiently  smooth  grids  this 
central  diffusive  flux  computation  is  second-order  accurate.  Notice  that  by  using  central  expressions, 
as  (1.9),  the  directional  dependence  coming  from  the  cross  derivative  terms  is  neglected.  No  significant 
gain  in  solution  quality  is  expected  from  a  biased  approach  as  proposed  in  [1],  Given  the  fact  that  the 
present  diffusive  flux  evaluation  is  rather  cheap,  here,  use  of  rotational  invariance  is  hardly  advanta¬ 
geous. 

1.3.  Solution  method 

For  a  detailed  description  of  the  solution  method,  we  refer  to  [7].  Here  we  give  a  brief  summary. 

For  the  nonlinear  system  of  first-order  discretized  equations,  symmetric  point  Gauss-Seidel  relaxa¬ 
tion  is  used.  In  here,  one  or  more  (exact)  Newton  steps  are  used  for  the  collective  updates  of  the  four 
state  vector  components  in  each  finite  volume.  Nonlinear  multigrid  is  applied  as  an  acceleration  tech¬ 
nique,  the  process  is  started  by  nested  iteration. 

For  the  higher-order  accurate  operator  the  same  method  leads  to  poor  convergence  or  even  diver¬ 
gence.  As  a  remedy,  we  use  iterative  defect  correction  as  an  outer  iteration  for  nonlinear  multigrid 
applied,  again,  to  the  first-order  discretized  equations. 

The  application  of  the  (exact)  Newton  method  requires  the  convective  and  diffusive  fluxes  to  be 
continuously  differentiable  (The  diffusive  fluxes  as  described  in  the  previous  section  already  fulfil  this 
requirement.) 


2.  DISCRETIZATION  OF  CONVECTIVE  PART 

2.1.  Approximate  Riemann  solver 

As  approximate  Riemann  solver  for  the  Euler  equations,  we  preferred  Osher's  scheme  [12).  Reasons 
for  this  preference  were:  (i)  its  continuous  differentiability,  and  (ii)  its  consistent  treatment  of  boun¬ 
dary  conditions.  Here,  the  question  arises  whether  it  is  still  a  good  choice  to  use  Osher’s  scheme  when 
typical  Navier-Stokes  features  such  as  shear,  separation  and  heat  conduction  also  have  to  be  resolved. 
We  should  make  a  choice  again. 

Since  continuous  differentiability  is  an  absolute  requirement  for  the  success  of  our  solution  method, 
and  since  we  know  no  other  approximate  Riemann  solvers  with  this  property  than  Osher's  and  van 
Leer’s  [9],  our  choice  is  confined  to  these  two  only.  So  far,  van  Leer's  scheme  is  more  widespread  in 
the  fidd  of  Navier-Stokes  than  Osher’s  scheme  [13,  14,  18).  Probably,  the  main  reason  for  this  is  its 
greater  conceptual  and  operational  simplicity  appealing  from  its  first  publications.  However,  recent 
publications  on  Osher’s  scheme,  such  as  [6,  16),  may  help  to  reduce  this  difference. 

With  as  next  requirement  the  accurate  modelling  of  physical  diffusion,  in  fact,  the  definite  choice 
can  be  made  already.  In  [9],  van  Leer  stated  already  that  his  flux  vector  splitter  cannot  preserve  a 
steady  contact  discontinuity.  Since  a  discrete  shear  layer  may  be  interpreted  as  a  layer  of  contact 
discontinuities,  doubt  rose  already  about  the  suitability  of  van  Leer’s  scheme  for  Navier-Stokes  codes. 
Recently,  this  doubt  was  confirmed  in  [1 1]  where  van  Leer  et  al  made  a  qualitative  analysis  (supple¬ 
mented  with  numerical  experiments)  for  various  upwind  schemes.  There,  Osher’s  scheme  turned  out  to 
be  better  than  van  Leer’s  scheme,  in  particular  for  the  resolution  of  boundary  layer  flows. 

To  shed  some  light  on  how  large  this  difference  in  quality  is,  here  results  of  a  quantitative  error 
analysis  are  presented  for  both  Osher’s  and  van  Leer’s  scheme.  The  analysis  is  confined  to  the  steady, 
2D,  isen tropic  Euler  equations  for  a  perfect  gas  with  y  =  I : 

with 


pu 

pv 

II 

p(u2+cJ) 

I 

II 

pvu 

puv 

p(v*+c2) 

where  c  is  constant  (The  choice  of  2D  equations  allows  us  to  consider  a  boundary  layer  flow  in  the 
analysis.)  In  [8],  for  both  upwind  schemes,  the  system  of  modified  equations  is  derived,  considering 
(i)  a  first-order  accurate,  square  finite  volume  discretization,  and  (ii)  a  subsonic  flow  with  u  and  v 
positive,  and  pw  constant.  Neglecting  the  density  variation,  the  systems  of  modified  equations  are, 
for  Osher: 
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and  for  van  Leer: 


Mai  -  h-£- 

dy  2c 


Mai  +  Mai  _  h±. 


dx 
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2  dx 

i  2  i  2\ 
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uv|*-  +  uc-^ 
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1. 3(v2)  ]' 

2  dy 

,  ± 

8v  ,  3u 
vt/-r — H  vc-r— 
dy  ay 

dy 

(*2+c2) f  J 

=  0(h2),  (2.3) 


r_L  3(«2> 

1  B(v2)  1 

2  dx 

2  dy 

d 

2cJ— 

+  ± 

I  d ((v2+c2)u) 

dx 

dx 

dy 

2  dy 

l  3((u2+cj)v) 

2c2-^ 

2  dx 

J. 

=  0(h2).  (2.4) 


In  both  first-order  error  terms,  a  typical  Navier-Stokes  flow  solution  is  substituted,  which  clearly 
shows  the  differences  between  both  schemes.  As  flow,  we  consider  an  incompressible  semi-infinite  flat 
plate  flow.  For  simplicity,  for  this  we  do  not  use  the  exact  Blasius  solution,  but  Lamb’s  approximate 
solution  which  reads 


l/sin(- 


VReJx 


• y ) 


v  ,  ,  ,  5  U  ,  VRe/x  , 


i} 


(2.5) 


with  P  and  U  constant.  Substituting  the  solution  vector  (2.5)  into  the  error  vector  of  both  (2.3)  and 
(2.4),  considering  the  boundary  layer  edge 

(2-6) 


at  Jt  =  l,  and  taking  the  ratio  of  absolute  values  of  both  error  vectors,  using  Re»l  (which  is  our 
interest),  we  find 


error  Osher 
error  van  Leer 


1 


5  U 
VRe  C 
1/2 


(2.7) 


where  we  write  c=C.  From  (2.7)  it  appears  that  van  Leer’s  scheme  deteriorates  compared  to  Osher’s 
scheme  for  increasing  Re.  Assuming  the  reliability  of  (2.7)  for  rather  small  Re,  it  appears  that  already 
for  Re>{5(\-2/n)U/C}2,  where  U/C<  1,  Osher’s  scheme  definitely  is  to  be  preferred  above  van 
Leer’s  scheme. 

To  ensure  a  continuous  transition  along  a  solid  wall  boundary  from  the  Navier-Stokes  flow  regime 
to  the  Euler  flow  regime,  for  van  Leer’s  scheme  it  will  be  necessary  to  impose  only  the  Euler  boun¬ 
dary  condition  to  the  convective  part  So,  for  a  n on-permeable  solid  wall  this  means  that  one  should 
only  impose  a  zero  normal  velocity  component  to  the  convective  part  (though  all  boundary  conditions 
to  the  diffusive  part,  i.e.  a  zero  normal  and  tangential  velocity  component,  and  some  temperature  con¬ 
dition).  By  not  imposing  the  no-slip  and  temperature  boundary  condition  to  the  convective  part,  we 
avoid  that  it  ‘feels’  the  severe  contact  discontinuity  in  the  realistic  case  of  a  boundary  layer  flow  on  a 
very  coarse  grid  and  an  outer  flow  with  M  not  small.  Such  a  contact  discontinuity  will  be  erroneously 
spread  by  van  Leer’s  scheme,  and  cause  that  there  is  some  finite,  rather  low  value  of  Re  above  which 
the  solution  is  insensitive  to  Re-variation. 

Osher’s  scheme  can  preserve  a  steady  contact  discontinuity  as  long  as  it  is  aligned  with  the  grid. 
Application  of  (commonly  used)  body-fitted  grids  guarantees  this  alignment  along  solid  walls.  There¬ 
fore,  with  a  body-fitted  grid,  Ostia’s  scheme  does  not  need  the  careful  solid  wall  •  boundary  condition 
treatment  as  proposed  for  van  Leer’s  scheme. 
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2.2.  Higher-order  accuracy 

As  mentioned  in  section  1.2.1,  higher-order  accuracy  is  obtained  by  applying  low-degree  piecewise 
polynomial  functions  through  two  or  three  adjacent  volume  states.  The  polynomials  are  given  by  van 
Lear’s  x-scheme  [10] 


9/-HV  =  9m  +  ^(9.+,,-9m>  +  '4JL(9m-9.-w). 

I  4"  K  l  —  K 

9i+i ij  ~  9.  +  W  +  ~ j~(9m _9i  + 1.;)  +  “y- (9<+w“9/+iA 


(2.8a) 

(2.8b) 


with  xe(-l,l).  For  x=  — 1,0,1,  we  have  the  fully  one-sided  upwind,  the  Fromm  and  the  central 
scheme,  respectively. 

The  aim  now  is  to  optimize  x.  For  this  purpose,  we  consider  the  scalar  model  equation 


i“  +  i“  -  <<-£"  + JhL+llL )  =  o 

dx  dy  ({dx2  dxdy  dy2  1 


(19) 


On  a  square  grid,  a  finite  volume  discretization  which  uses  the  x-scheme  for  convection  and  the  cen¬ 
tral  scheme  for  diffusion,  yields  as  modified  equation 


jto  ,  jto  _  ,  Pa  .  d2u  ,  a2u .  , 
dx  dy  n  dx2  3x3 y  dy2’ 

*  ‘Vs=ifl<&+ &-pr(|^«7fe+2-^r+ £},)  -  «*»> 


(2.10) 

As  optimal  value  for  x,  we  define:  the  value  that  gives  the  highest  possible  accuracy,  i.e.  third-order 
accuracy  in  this  case.  Assuming  the  reliability  of  the  underlying  Taylor  series  expansion,  from  (2.10), 
we  find  for  this  value 


_  1  , ,  ,  „  34u  .  ,  d*u 
K  =  l{‘+t(_+2__ 


+2- 


34« 


3/  )(3x3  3/  )}- 


(2.11) 


‘3x3/  dy*  ’  v  dx3 

Since  convection  dominated  problems,  problems  with  <«1,  are  our  interest,  we  assume  the  above 
diffusion-dependence  of  x  to  be  negligible,  which  simply  leads  to  x=  1/3. 


2.3.  Monotonicity 

To  preserve  monotonicity,  we  construct  a  limiter  which  is  based  on  the  x=  1/ 3-scheme.  For  this,  we 
use  the  monotonidty  theory  of  Spekreijse  [15],  an  extension  of  Sweby’s  theory  (17),  allowing  more 
freedom  in  the  limiter  construction. 

For  the  limited,  higher-order,  left  and  right  state  components,  we  write 


9i‘iW  =  4$  +  T«^X9S5>-9i%). 

(2.12a) 

<r,n,  =  & %  +  jnvRniM%-4khj), 

(2.12b) 

with  k  =  1,2,3, 4,  $(R)  the  limiter,  and 

(2-13) 

The  limited  x=  1/3-scheme  can  be  written  in  the  one-sided  form  (2.12a-b)  as 

</,%.,  =  4k/  +  yft^XT+T 

(2.14a) 

+  I«l  /  m  ,,x|  +  J/R\kl  ,,K^ !,  -  tfhj)- 

(2.14b) 

Notice  that  for  £(ff)=I  we  have  the  (non-limited)  x=  1/3-scheme,  and  that  &R)  defines  the  limiter 
¥.&)  by 

4W  =  flRXT  +  i*)-  (2.15) 
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General  requirements  to  be  fulfilled  by  &R)  are:  ftl)=  1  to  preserve  higher-order  accuracy,  and: 
{(0)=0  and  boundedness  for  large  |/J|  to  preserve  monotonicity.  For  the  latter,  we  require  that 
hm  yH)=l.  To  make  the  limiter  now  a  k=1  /3-limiter,  we  require  that  £'(1)=0.  (This 

last  requirement  makes  the  limiter  tangential  to  the  k=  1/3-scheme  in  the  monotonicity  region  [IS].) 
Imposing  these  five  requirements  to  the  general  form 


«*)  = 

a\R2+a2R  +03 

O^+Ojff+l  ’ 

(2.16) 

we  find  with  (2.1S) 

m  = 

2 R2+R 

(2.17) 

2R2-R+2' 

3.  NUMERICAL  RESULTS 

3.1.  Flow  problems 

To  evaluate  the  discretization  method,  the  following  flow  problems  are  considered:  (i)  a  subsonic  fiat 
plate  flow  with  M  =0.5  and  Re  ranging  from  102  up  to  10  ,  and  (ii)  a  supersonic  flat  plate  flow  with 
oblique  shock  wave  -  boundary  layer  interaction  at  M  =2,  Re =2.96  10s.  The  latter  problem  stems 
from  [3], 

For  the  subsonic  flow  problem,  the  Blasius  solution  is  used  as  a  reference.  The  grids  used  for  this 
flow  problem  are  all  composed  of  square  finite  volumes.  As  coarsest  grid  in  all  multigrid  computa¬ 
tions,  we  use  a  4  X  2-grid. 

For  the  supersonic  flow  problem,  the  experimental  results  from  [3]  are  used  as  a  reference.  Here,  in 
all  multigrid  computations  a  SX  2-grid  is  applied  as  coarsest  grid.  The  grid  was  optimized  for  convec¬ 
tion  by  introducing  a  stretching  in  flow  direction,  and  in  particular  by  aligning  it  with  the  impinging 
shock  wave.  A  grid  adaptation  for  diffusion  was  realized  by  introducing  a  stretching  in  crossflow 
direction. 

For  both  flow  problems,  we  use  y=  1.4  and  Pr =0.71.  For  further  details  about  the  implementation 
of  both  problems,  we  refer  to  [8]. 


3.2.  Osher  versus  van  Leer 

To  show  at  first  the  benefit  of  the  solid  wall  -  boundary  condition  treatment  as  proposed  for  van 
Leer’s  scheme  in  section  2.1,  we  consider  the  subsonic  flat  plate  flow  at  Re=  10lo°.  For  both  Osher’s 
and  van  Leer’s  scheme  we  compute  the  flow  on  a  64  X  32-grid,  using  the  first-order  accurate  discretiza¬ 
tion  and  imposing  to  the  convective  part,  successively:  (i)  non-permeability,  no-slip  and  no-heat- 
transfer,  and  -  carefully  -  (ii)  non-permeability  only.  The  numerical  results  obtained  are  given  in  fig. 
3.1.  For  the  case  with  all  Navier-Stokes  boundary  conditions  imposed,  it  appears  that  van  Leer’s 
scheme  severely  thickens  the  thin  layer,  whereas  Osher’s  scheme  preserves  it.  With  the  careful 
approach,  both  schemes  preserve  the  layer. 


a. 

Fig.  3.1. 


u  =  v  =  0,  =  0. 

dy 


b.  v  =  0  only. 


Velocity  profiles  at  x  =0  for  the  subsonic  flat  plate  flow  at  Re  =  10IO°  and  h  = 
for  two  solid  wall  -  boundary  condition  treatments  (O:  Osher,  □.  van  Leer). 


32’ 
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Using  the  careful  boundary  condition  treatment,  for  both  schemes  we  perform  an  experiment  with 
h-  and  Re-variation,  using  again  the  first-order  accurate  discretization.  Numerical  results  obtained  are 
given  in  fig.  3.2.  The  results  show  the  superiority  of  Osher’s  scheme,  in  particular  for  high  mesh  Rey¬ 
nolds  numbers.  The  deterioration  of  van  Leer’s  scheme  with  respect  to  Osher’s  scheme  which  occurs 
in  fig.  3.2b  for  increasing  Re,  is  in  agreement  with  the  analytical  results  presented  in  section  2.1. 

All  numerical  results  presented  hereafter  were  obtained  with  Osher’s  scheme  only. 


b.  Re-variation  with  h  =  1/32  (left:  Osher,  right:  van  Leer). 


Fig.  3.2.  Velocity  profiles  at  x  =0  for  the  subsonic  flat  plate  flow  ( — :  Blasius  solution). 


3.3.  Monotone  higher -order  accuracy 

To  evaluate  our  monotone  higher-order  accurate  scheme,  we  consider  the  supersonic  flat  plate  flow. 
At  first,  we  evaluate  monotonicity,  and  next  higher-order  accuracy. 

For  monotonicity,  we  compute  the  Euler  flow  solution  on  the  80  X  32-grid  given  in  fig.  3.3a.  using 
the  k=  1/3-scheme  with  and  without  limiter.  Numerical  results  obtained  are  given  in  fig.  3.3b.  The 
results  clearly  show  that  the  limiter  does  what  it  is  supposed  to  do:  making  the  solution  monotone. 

For  higher-order  accuracy,  we  compute  on  the  same  grid  the  Navier-Stokes  solution,  using  now  the 
limited  k=1 /3-scheme  and  the  first-order  scheme.  A  comparison  is  made  with  the  experimental 
results  from  [3J.  The  results,  given  in  fig.  3.3c,  clearly  show  the  need  for  higher-order  accuracy.  The 
first-order  accurate  surface  pressure  distribution  lacks  the  plateau  in  the  pressure  distribution,  which 
indicates  that  its  solution  has  no  separation  bubble  (i.e.  no  separation  and  no  re-attachment).  In 
agreement  with  the  experimental  results,  the  limited  higher-order  accurate  surface  pressure  distribu¬ 
tion  does  have  a  separation  bubble.  The  quantitative  differences  still  existing  between  the  limited 
higher-order  and  measured  surface  pressure  distribution  must  be  due  to  uncertain  influences  in  both 
the  experiment  and  the  computation.  (As  far  as  the  experiment  is  concerned,  this  might  be  crossflow 
influences,  non-observed  though  influential  turbulence,  some  slight  heat  transfer  through  the  wall,  and 
so  on.  Concerning  the  computation,  this  might  be  for  instance  the  neglect  of  temperature  dependence 
in  the  diffusion  coefficients.) 
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a.  Finest  grid  applied  (80  X  32). 


b. 


Inviscid  surface  pressure  distributions 
(  O  :  limited  □  :  non-limited  tc= y). 


c.  Viscous  surface  pressure  distributions 
(  O  :  limited  k= j,  A  :  first-order, 
•  :  measured). 


Fig.  3.3.  Results  supersonic  flat  plate  flow  on  oblique  grid. 


3.4.  False  diffusion 

It  should  be  noticed  that  by  presenting  for  the  supersonic  flat  plate  flow,  besides  the  viscous  solution 
(obtained  with  the  limited  k=1 /3-scheme)  also  the  corresponding  inviscid  solution,  insight  was  given 
about  the  amount  of  false  diffusion  present  in  the  viscous  solution.  The  fact  that  the  present  method 
is  hybrid  in  the  sense  that  it  can  be  used  for  both  Navier-Stokes  and  Euler  flows  makes  it  easy  to  do 
this  investigation.  Omitting  this  investigation  for  the  supersonic  flat  plate  flow,  when  applying  a  com¬ 
monly  used  rectangular  grid,  such  as  for  instance  the  80  X  32-grid  shown  in  fig.  3.4a,  leads  to  a  viscous 
surface  pressure  distribution  which  seems  to  be  very  close  to  the  experimental  data  (fig.  3.4b).  How¬ 
ever,  the  corresponding  inviscid  distribution  indicates  that  this  good  resemblance  is  absolutely  fake 
(fig.  3.4c). 


Fig.  3.4.  Results  supersonic  flat  plate  flow  on  rectangular  grid. 

4.  CONCLUSIONS 

Theory  and  practice  show  that  Osher’s  scheme  leads  to  a  more  accurate  resolution  of  boundary  layers 
than  van  Leer’s  scheme.  The  difference  in  accuracy  becomes  larger  with  increasing  Reynolds  number. 
Already  for  rather  low  Reynolds  numbers,  the  difference  is  such  that,  for  engineering  purposes, 
Osher’s  scheme  is  to  be  preferred  above  van  Leer’s  scheme.  An  accidental  circumstance  is  that  Osher’s 
scheme  needs  no  special  care  in  the  application  of  solid  wall  -  boundary  conditions,  whereas  van 
Leer’s  scheme  does.  (To  avoid,  when  still  using  van  Leer’s  scheme,  that  there  is  some  rather  low  Rey¬ 
nolds  number  above  which  the  flow  solutions  are  insensitive  to  Reynolds-variation,  only  the  Euler 
boundary  condition  should  be  imposed  to  the  convective  part.) 

It  is  important  to  investigate  the  reliability  of  any  computed  Navier-Stokes  solution  with  respect  to 
the  numerical  errors  in  the  discretization  of  the  convective  part.  The  present  code  allows  an  easy 
check  of  false  diffusion:  the  same  code  can  be  used  for  both  viscous  (1/Re>0)  and  inviscid 
(1/Re  =0)  flow  computations. 

The  discretization  method  is  parameter-free;  it  needs  no  tuning. 
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SUMMARY 

Using  a  semi- inverse  method  proposed  by  Wright  [1]  a  normal  reflection 
and  transmission  of  a  finite  elastic  plane  shock  wave,  at  a  plane  interface 
of  two  rigidly  coupled  rubber- like  elastic  solids  is  examined.  It  is  assumed 
that  the  material  solids  in  front  of  the  shock  wave  are  unstrained  and  at 
rest.  It  is  found  that,  depending  on  the  material  properties,  the  reflected 
wave  is  either  a  single  simple  wave  or  a  shock  wave;  the  transmitted  wave 
is  always  a  shock  wave. 


INTRODUCTION 

The  equations  expressing  balance  of  momentum  for  differentiable  fields 
(stress  and  velocity)  or  in  the  case  of  the  discontinuity  surface  t  rep¬ 
resenting  a  shock  wave  are  given  by  (la,b),  respectively. 

T.  =  p  u . ,  [T.  ]N  =  -p  V[u .] ,  ( la,b) 

ia,a  l  *•  la*  a  R  l  ' 

where  T.  -  the  first  Plola-Kirchoff  stress  tensor,  u.  -  particle  veloc- 
la  l 

ity,  pR  -  the  density  in  the  reference  configuration  BR,  V  -  shock  wave 
speed  along  the  normal,  N^  -  material  unit  normal  to  the  discontinuity  sur¬ 
face.  The  dot  and  comma  notation  signify  partial  differentiation  with  respect 
to  the  time  and  coordinates,  respectively.  The  bold  square  brackets  indicate 
the  jump  in  the  quantity  enclosed  across  2.  {xa}  and  {xj  are  the  Cartesian 
coordinates  of  a  particle  in  BR  and  B,  respectively.  The  jump  conditions 
on  I  for  deformation  gradient  and  velocity  are  given  by 

[xia3  =  HiV  tui]  “  'HiV'  <2> 

where  KL  -  amplitude  vector  of  the  jump. 

The  strength  of  the  shock  wave  is  defined  by 

m  H.H.  ,  and  H.  =  md.,  (3) 

li  ii 

where  d^  -  vector  of  polarisation. 

The  equation  of  motion  and  the  compatibility  condition  in  the  region 
of  the  simple  wave  are  given  by 


(Q*  .  -  p„U  6 .  .  )u .  =  0,  Ux.„  +  u.N.  =  0  (4) 

X1J  R  ID  J  3  3  3  3 

a2  a 

where  Q*  .  =  Q .  .  -  Q,  .n.  n . ,  Q.  .  =  o.  ,„N  N„,  o.  . „  =  - - ; - ,  o  -  de- 

lj  l]  xk^  k  i'  i]  iajg  a  g  ia]g  ax^^ax^' 

notes  the  internal  energy  per  unit  mass  in  BR,  Q*j'  are  the  components 

of  the  acoustic  tensor  and  the  reduced  acoustic  tensor,  respectively,  the 
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prime  indicates  differentiation  with  respect  to  A  -  simple  wave  parameter , 
U  denotes  the  normal  speed  of  propagation.  For  expression  (4)^  to  have  a 
non  zero  solution  in  u^  it  is  necessary  that 

det  (Q*.  -  pRU26.j)  =  0,  u'  =  kr.,  (5) 

where  r .  is  the  right  proper  vector  of  the  reduced  acoustic  tensor ,  k  - 
-  arbitrary  parameter.  Assuming  k  =  U  in  (5)  we  obtain 


Uj  =  Uf<xi*>rj' 


=  -f(x.  )r.Na. 
'  ItL'  ]  P 


(6) 


These  are  the  ordinary  differential  equations  for  the  deformation  gradient 
and  particle  velocity  in  the  region  of  the  simple  wave.  They  can  be  solved 
with  the  initial  conditions  taken  from  the  region  of  constant  state.  The 
right  proper  vectors  can  be  determined  exact  to  an  arbitrary  scalar  func¬ 
tion  of  the  deformation  gradient  f  (x^) . 


INCIDENT  SHOCK  WAVE 

Consider  an  unbounded  medium  consisting  of  two  elastic  half-spaces  of 
different  material  properties,  joined  along  the  plane  =  0.  Suppose  that 
a  plane  shock  wave  of  strength  mQ,  unit  normal  Nq  =  (0,-l,0)  and  polar¬ 
isation  vector  dQ  =  (0,0,1)  propagates  in  the  half-space  x2  >  0  with 
speed  V  (Fig.  1).  Such  a  wave  has  displacement  component  in  the  x,  di- 

O  ^ 

rection  only.  The  material  regions  0,  0  ahead  of  the  incident  shock  wave 

are  unstrained  and  at  rest  and  are  compatible  with  the  interface  conditions. 


Fig.l.  Incident  shock  wave  Fig. 2.  Assumed  shock  reflection- 

transmission  pattern. 

The  jump  conditions  for  deformation  gradient  and  particle  velocity  are 
given  by 
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[x32l  ^x32  ^  ~  -mo'  =  moVo'  (7.8) 

where  mQ  =  |Hq|  -  incident  shock  wave  strength. 

Both  material  solids  are  isotropic  incompressible  and  are  defined  by 
the  constitutive  equations  proposed  by  Zahorski  [3]. 


"(W  =  Pr°<I1'12>  =  C1(I1 


3)  +  C2(I2  -  3)  +  C3(I‘  -  9), 


(9) 


where  1.^,  -  invariants  of  the  left  Cauchy-Green  strain  tensor  jB  and 

C1'C2'C3  ”  elastic  constants. 

Using  the  momentum  conservatioon  law  (1)  we  obtain  an  equation  for  the 
shock  wave  speed 

2  c2 

V  =  f-  (1  +  nm  ),  (10) 

PR 

where  c2  =  2(C1  +  +  6C3>  >0;  n  =  4C3c~2  >  °- 

For  real  elastic  materials  constants  p  and  c  are  positive.  The 
squared  speed  of  the  shock  wave  is  a  quadratic  function  of  the  shock  wave 
strength.  If  the  wave  propagates  in  the  medium  which  is  unstrained  and  at 
rest,  the  results  are  independent  of  the  direction  of  propagation  and  pola¬ 
risation.  The  state  behind  the  propagating  shock  wave  (region  1)  is  now 
completely  specified  by  the  shock  strength  m  .  Eqs.  (7,8)  determine  the 
deformation  gradient  and  the  particle  velocity 


(x.  )B  = 
'  ia 


10  0 
0  10 

0  v  1 


u  =  (0,0, u). 


For  the  convenience  we  denoted  here 


<X32> 


u. 


REFLECTION-TRANSMISSION  PATTERNS 

When  the  incident  shock  wave  strikes  the  interface  x2  =  0,  part  of 
it  is  reflected  and  part  transmitted  across  the  interfaces;  in  a  form  of 
reflected  and  transmitted  waves.  We  assume  that  both  reflected  and  trans¬ 
mitted  waves  are  simple  plane  waves,  travelling  in  the  direction  of  the  x.,- 
-  axis  away  from  the  interface.  In  some  cases  the  assumed  reflection-trans- 
mission  pattern  may  fail  the  admissibility  test,  the  pattern  must  be  then 
modified  to  include  shocks.  Both  shock  and  simple  waves  are  given  by  one 
parameter  family  of  functions.  It  is  also  assumed  that  the  state  1  behind 
the  incident  wave  and  the  state  3  at  the  interface  are  connected  by  means 
of  a  sequence  of  one  parameter  families  of  reflected  and  transmitted  waves, 
and^constant  state  regions.  The  analogous  connection  exists  between  states 
0,  3.  The  constraint  of  incompressibility  restricts  the  propagating  waves 
to  transverse  waves  only.  In  general,  two  such  simple  waves  families  in 
every  material  are  required.  This  means  that  there  are  four  free  parameters, 
with  six  interfacial  continuity  conditions  for  velocity  and  traction  to  be 
met.  However,  solution  may  exist  in  particular  cases  as  presented  here.  We 
have  chosen  the  coordinate  system  such  that  the  direction  of  polarisation 
given  by  unit  vector  d  is  parallel  to  -  axis  and  the  motion  is  re- 
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stricted  to  x3  direction.  It  appears  that  for  this  case  the  reflected  and 
transmitted  wave  are  single  simple  waves  (regions  2,  2,  Fig. 2).  The  wave¬ 
lets  X  =  const  of  the  reflected  wave  are  parallel  planes  with  normals 
N  =  (0,1,0);  the  wavelets  u  =  const  of  the  transmitted  wave  are  planes 

with  normals  N  =  (0,-1 ,0).  The  reflected  wave  propagates  into  the  just 
fixed  state  (region  1);  the  transmitted  wave  propagates  into  the  "zero" 
state  (region  0).  All  remain  regions  indicated  in  Fig. 2  are  regions  of 
constant  state.  The  reflection-transmission  problem  reduced  then  to  an  in¬ 
itial  boundary  value  problem  for  differential  equations  governing  the  vari¬ 
ation  of  the  deformation  gradient  and  velocity  in  the  region  of  the  simple 
wave.  The  problem  now  is  to  fit  these  waves  so  as  to  connect  the  states  at 
the  interface  (region  3  and  3)  that  are  compatible  with  the  interfacial 
coeditions,  with  the  states  of  region  1  and  0.  The  deformation  gradient 
and  velocity  in  the  regions  2,  2  are  of  similar  to  (11)  form.  Since  the 
components  n^  (and  n^)  of  the  normals  referred  to  the  present  configu¬ 
ration  B  remain  the  same:  n.  =  N.  (n.  =  N.),  the  acoustic  tensor  Q? . 

l  i  i  l  “ij 

assumes  a  simpler  form: 


!ij  =  PR°i2j2 

for 

i  =  1,3, 

Q*  . 
13 

=  0  for 

=  =0  for 

i  *  3 

and 

^33  = 

PR°3232  * 

The  simple  form  of  the  acoustic  tensor,  leads  to  the  propagation  con¬ 
dition  (4)^  for  simple  waves  reduced  to  a  single  equation  for  reflected 
and  transmitted  wave 

<°3232  '  U2)U'  =  °'  <°3232  ’  =  °*  <14> 

The  characteristic  root  U  =  '/'^2222  "‘•s  a  rea]-  sin9le  valued  function  of 

v,  and  its  represent  the  speed  of  the  simple  wave 

U  =  c[p^(l  +  3nv2)]*;  (15) 

the  corresponding  characteristic  vector  function  u'  is  given  by 

u'  =  (0,0, f(i))  (16) 

where  f  is  an  arbitrary  function  of  the  wave  parameter  X.  Any  particu¬ 
lar  choice  of  f  affects  only  the  parametrisation  of  the  field  quantities. 
Analogous  for  the  transmitted  wave. 

The  differential  equations  relating  the  particle  velocity  and  the  de- 


formation  gradient  in  the  region  of  the  simple  wave  is 
compatibility  condition  (4)2-  We  have  in  regions  2,  2 

obtained  form  the 
,  respectively 

Uu'  +  v'  =  0, 

Uu'  • 

-  v'  =  0 

(17) 

where  U  is  given  by  (15).  It  is  convenient 
From  Eqs.  (16),  (17)  it  follows  that 

to  assume 

f  =  -U  and  f  =  0. 

in  region  2:  u'  = 

-u. 

v'  =  1, 

(18) 

in  region  2:  u'  = 

V. 

<  > 

\ 

)] 

(19) 
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The  deformation  gradient  and  velocity  are  assumed_to  be  continuous  through¬ 
out  regions  1,  2,  3  and  throughout  regions  0,  2,  3  (Fig.2).  Thus  the  in¬ 
itial  values  for  differential  equations  that  describe  region  2  are  the  con¬ 
stant  values  of  region  1:  u(0)  =  -mQVo ,  v(0)  =  -m  ,  and  the  initial  values 


for  these  equations  in  region  2 
=  v(0)  =  0. 

are  the  constant  values  of  region 

6: 

u(0) 

Integrating  Eqs.  (18),  (19) 

we  obtain 

v(A)  =  A  -  mQ, 

A 

u(A)  =  -  X  U(A)dA  -mV, 
o  o 
o 

(20) 

v(y)  =  y. 

y 

u(y )  =  X  u(y)dy. 

O 

(21) 

There  are  three  conditions 
sider  at  x2  =  0: 

for  stresses  and  one  for  velocity 

to 

con- 

Ti2  =  *i2  for  1  =  3'2'3'  U  = 

(22) 

On  the  part  of  the  interface  which  is  situated  in  front  of  the  incident 
shock  three  sections  are  satisfied  identically.  The  fourth^  one  gives  the 
relation  between  the  static  pressures  of  regions  0  and  0  across  the  in¬ 
terface 

T22  =  *22  ->  Po  '  Po  =  2  •  <VCl>  +  2<£2  -  C2>  +  6<£3  “  C3>-  (23) 

'S 

On  the  interface  between  regions  3  and  3  the  condition  T^2  =  TJ2  is  sat¬ 
isfied  identically,  the  condition  T22  «  T22  is  equivalent  to  (23)  and  in¬ 
dependent  of  the  deformation  gradient.  Finally,  substitution  of  a.  .  „(x.  ) 

~  -  let  J  p  let 

into  Eqs .  (22)  leads  to  two  nontrivial  equations  involving  A,y. 

T32  =  *32  ~>  c2(1  +  t1V2(A))v(A)  =  £2(1  +  nv(y))v(y),  (24) 

u(A)  =  u(y). 


However,  for  U(A),  (U(y)),  to  represent  a  simple  wave  it  is  necessary 
that  it  is  a  monotonically  decreasing  function  of  the_wave  parameter  A  , 
when  A  changes  from  zero  to  its  terminal  value  A  =  A.  Whether  the  solu¬ 
tion  represent  a  simple  wave  depends  on  the  sign  of  the  derivative 


dU  _  3c2n 
dv  "  UpR 


v(A), 


¥< 

dv 


if 


A  =  (0,roo), 


(25) 


which  is  negative  when  A  belongs  to  the  interval  (0,mj.  For  this  reason 
according  to  (20)^  the  final  value  v(A)  must  be  negative.  The  requirement 

that  v(A)  is  negative  falls  into  two  cases  (26  a),  (26  b). 


■m  < 
o 

v(A)  < 

v(A)  <  0 

for 

0  <  A  <  A, 

(26 

a) 

v(A) 

<  v(A) 

<  -m 

o 

for 

A  <  A  <  0. 

(26 

b> 
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The  counterpart  of  (26)  for  the  transmitted  wave  are 

v(p)  <  v(p)  <  0  for  u  <  vi  <  0.  (27) 

We  recall  that  each  of  the  propagating  wavelets  is  identified  by  a  fixed 
value  of  the  wave  parameter  A  changing  from  0  to  its  final  value  A.  It 
follows  that  a  wavelet  A  precedes  the  wavelet  A  +  dA.  Consequently,  if 
the  wave  speed  U  is  a  decreasing  function  of  A  changing  from  0  to  A, 
the  wavelet  A  +  dA  propagates  at  a  lower  speed  than  the  wavelet  A  and 
the  reflected  wave  is  a  single  wave  (26  a).  If  U  is  increasing  with  A  the 
wavelet  A  +  dA  travels  faster  than  the  wavelet  A  and  in  due  course  a 
shock  is  formed  (26  b) .  It  may  happen  that  U  is  not  a  monotone  function  of 
A.  If  such  is  the  case,  the  reflected  wave  may  be  formed  by  a  combination 
shock  and  simple  wave. 

We  modify  the  solution  pattern  in  case  (26  b)  assuming  now,  that  the 
reflected  wave  is  a  shock  propagating  in  direction  N  (Fig. 3) 


Fig. 3.  Shock  reflection-transmission  patterns 


Equations  of  motion  ( 1 ) ^  are  now  replaced  by  jump  conditions  (2)  connecting 
the  corresponding  quantities  in  region  1  and  3  across  the  wave.  The  con¬ 
stant  state  ahead  of  the  wave  is  given  by  (7),  (8).  We  denote  the  constant 

B  B 

values  of  the  region  behind  the  wave  by  u  ,v  .  Thus  the  jump  of  the  de¬ 
formation  gradient  and  velocity  across  the  wave  are: 

[v  ]  =  vB  +  m  ,  [u]=uB  +  mV.  (28) 

o  o  o 

Eliminating  the  jump  of  velocity,  from  equation  expressing  balance  of  mom¬ 
entum  on  the  discontinuity  surface,  we  obtain  the  equation  for  the  reflected 
shock  wave  speed: 

2 

V2  =  ( 1  +  h((vB)2  -  vBmQ  +  mo)).  (29) 

According  to  Lax  [2],  for  (29)  to  represent  an  admissible  shock  it  must  al¬ 
so  satisfy  a  stability  criterion: 

UF  S  V  S  U®  (30) 

where  U0  and  UF  is  the  characteristic  (acoustic)  speed  (15)  in  the  ma- 
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terial  region  behind  and  ahead  of  the  shock,  respectively.  Thus 

(uV  =  (1  +  3n(vB)2);  (UF)2  =  f-  (1  +  3nm2).  (31) 

PR  PR 

From  (30)  it  follows  that 

3(v8)2  >  (vB)2  -  vBm  +  m2  >  3m2  (32) 

o  o  o 

and  the  stability  criterion  ( 30 )  is  satisfied  for  arbitrary  positive  value 
of  the  incident  shock  strength  mQ  >  0  ^ 

vB  <  -m  or  [v]  <  0.  (33) 

Amplitude  vector  of  the  reflected  shock  is  given  by  (34).  The  jump  of  the 
deformation  gradient  component  is  negative  (35).  For  this  reason  d^  must 
be  equal  -1.  This  means  that  the  directions  of  polarisation  for  incident 
and  reflected  wave  are  opposite. 


H  =  md  =  (0,0, md3),  (34) 

[v]  =  md3N2  =  md3  <  0  =>  d3  =  -1,  (35) 

[u]  =  -md3V  =  mV  =>  [u]  >  0.  (36) 

Constant  state  region  behind  reflected  shock  wave  is  described  by 


B 

v 


-m  -  m, 
o 


B 

u 


mV  -  m  V  . 
o  o 


(37) 


An  analogous  analysis  for  region  2  shows  that  the  transmitted  wave  cannot 
be  a  simple  wave.  According  to  interface  compatibility  conditions  the  com¬ 
ponents  vB  and  vB  have  the  same  negative_sign.  The  assumption  that  .  re¬ 
gion  2  is  a  shock  propagating  in  direction  $  -  (0,-1, 0)  into  region  0  of 
"zero"  state  leads  to  the  following  equations: 


vB  =  [v]  =  md3N2  =  -ffi  <  0  if  d3  =  1, 
uB  =  [u]  =  -md3V  =  -mV  <  0 
where  V  is  the  shock  speed  and  m  is  the  transmitted  shock  strength. 

V2  =  5-  (1  +  h(vB)2). 

PR 

Since  the  characteristic  speed  calculated  in  region  3  and  0  is 
<UB)2  =  f-  (i  +  3n(v3)2),  (UF)2  = 


H  =  md  =  (0,0, md3) , 


(38) 

(39) 

(40) 


the  stability  criterion  (30)  is  always  satisfied.  The  results  presented  here 
were  obtained  under  assumption  that  the  system  (24)  has  a-  solution.  The 
question  to  be  considered  now  is  whether  a  combination  of  the  parameters 
defining  the  two  materials  and  the  incident  shock  is  possible  for  which 
such  a  solution  exists. 


'i 


A 


...i 
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REFLECTION-TRANSMISSION  SOLUTION 

Let  US  Consider  a  case  (26  a)  when  the  reflected  wave  is  a  simple  wave 
and  transmitted  wave  is  a  shock.  The  terminal  values  of  the  simple  wave  are 
given  by  (41)  and  the  constant  values  of  region  3  behind  the  transmitted 
wave  are  given  by  (39) 

A 

v(A)  =  A  -  m  ,  u(A)  =  - J~  U(A)dA  -mV.  (41) 

^  o 

Substituting  Eqs.  (39),  (41)  into  Eqs.  (24)  we  obtain  two  equations  for  two 
unknown  values  of  parameters  A,m. 


c2  ( 1  +  U  ( A  -  ) 2 )  -m 

~2  /n  ~  2  r 

c  (1  +  )  a  -  m 

A  0  (42> 

mV  =  f  U(A)dA  +  m  V  • 
o  o 
o 


Let  us  consider  the  case  when  both  waves  are  shocks.  For  convenience 
in  calculations,  we  have  assumed  that  d  has  opposite  direction  as  follows 
from  (35).  The  parameter  A  must  be  replaced  in  (42^  by  m  -  the  reflected 

shock  wave  strength  and  (m  -  m^)  replaces  in  this  equation  (A  -  mQ). 


mV  =  mV  +  in^V^.  (43) 

We  can  use  (43)  and  (42) 1  with  this  modification  to  obtain  unknown  values 
of  the  reflected  and  transmitted  shock  wave  strength  m,m. 


PARTICULAR  CASES 

The  shock  is  completely  transmitted  if  m  =  0  or  A  =  0  and  m  *  0. 
For  equal  mass  densities  in  both  materials  we  obtain 

V  =  V  ,  m  =  m  (44) 

o  o 

provided  the  incident  shock  and  the  combined  materials  satisfy  the  condi¬ 
tion: 

'2  2 

c  -  c  , . 


4(C3  -  C3) 


Unfortunately,  the  possible  value  for  mo  is  outside  of  the  admissibility 
interval.  In  cases  considered  here  transmission  is  always  associated  with 
reflection  and  reflection  without  transmission  is  not  possible. 


NUMERICAL  CALCULATIONS 

A  numerical  analysis  is  conducted  for  six  media  composed  of  two  differ¬ 
ent  kinds  of  rubber.  The  sets  of  values  for  three  kinds  of  rubber  are  given 
in  [4],  they  are:  I  material  C^  *  0.64,  =  0.09,  C3  =  0.07,  II  ma¬ 

terial  Cj  =  2.14,  C2  =  0.13,  C3  =  0.04,  III  material  C  =  3.52,  C2  = 
=  0.00,  C3  =  0.25.  The  constants  are  expressed  in  KG/cm2.  For  each  of 

the  following  material  combination  A,B,C  (Fig.  4a)  and  material  combina¬ 
tions:  D,E,F  (Fig.  4b)  exist  a  real  positive  solutions  for  (m,A)  and 
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Fig. 4.  Components  of  the  deformation  gradient  as  function  of  m: 

(a)  behind  the  reflected  and  transmitted  shock,  (b)  behind 
the  transmitted  shock  and  reflected  simple  wave. 


(m,m) ,  respectively,  as  a  function  of  mQ.  The  results  are  displayed  in 
Fig.  4.  Components  vB  and  vB  of  the  deformation  gradient  in  the  region 
behind  the  transmitted  and  reflected  shocks  are  plotted  in  Fig.  4a  as  func¬ 
tions  on  the  incident  shock  parameter  mQ  for  combinations  A,B,C.  compo¬ 
nents  vB  and  v(A)  of  the  deformation  gradient  in  the  regions  behind  the 
transmitted  shock  and  reflected  simple  wave  are  plotted  in  Fig.  4b  as  func¬ 
tions  of  m  for  combinations  D,E,F.  The  graphs  on  both  Figures  shows 
o 

that  the  curves  intersect  for  some  value  of  m  .  Thus  different  material 

o 

combinations  are  possible  for  which  the  transmitted  (or  reflected)  waves  are 
characterized  by  the  same  parameters  while  the  corresponding  reflected  (or 
transmitted)  waves  have  different  parameters.  The  graphs  in  Fig. 4  also  show 

that  in  >  m  when  the  reflected  wave  is  a  shock  and  m  <  m  when  the  re- 
o  o 

fleeted  wave  is  a  simple  wave.  The  strength  m  of  the  reflected  shock  is 
comparatively  small,  and  the  range  of  variation  of  the  reflected  simple  wave 
is  also  small.  The  type  of  reflected  waves  depends  on  the  material  proper¬ 
ties  of  the  composite  medium,  and  through  which  of  the  two  materials  the 
incident  shock  propagates.  In  combinations  A,B,C  the  reflected  wave  is  a 
shock.  In  the  reversed  combinations  D,E,F  the  reflected  wave  is  a  simple 
wave. 
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SUMMARY 


A  general  system  of  quasi-linear  first  order  equations  written  in  the 
divergence  form  and  constrained  by  a  differential  inequality  (the  second 
law  of  thermodynamics)  is  analysed.  Compatibility  conditions  are 
presented.  In  the  BV-space,  which  is  a  subspace  of  those  regular 
distributions  that  are  represented  by  functions  of  bounded  variation,  a 
weak  solution  to  the  system  is  defined.  In  the  proposed  definition, 
written  as  a  kind  of  a  variational  inequality,  the  system  of  equations  and 
the  thermodynamic  admissibility  condition  are  accommodated.  The 
application  of  this  concept  in  the  investigation  of  uniqueness  of  an 
admissible  weak  solution  to  a  Cauchy  problem  in  the  BV-space  is  shortly 
presented. 


INTRODUCTION 

In  the  paper  we  shall  be  concerned  with  a  general  system  of  first 
order  partial  differential  equations,  written  in  the  divergence  form 

f°  (U)  +  Div  f(U)  =  B(U,  t,x) .  (1) 

Such  systems,  called  systems  of  balance  laws,  are  common  features  of 

individual  theories  of  continuum  physics.  Particular  constitutive 

relations  characterizing  the  medium  in  question  havj  supplied  the  system 

o 

(1)  with  the  expllcite  function  relations  between  f  ,  the  flux  f,  the 
source  term  B  and  a  vector  field  U.  Here  we  assume  that  those  relations 
are  expressed  by  smooth  functions.  We  should  add  at  this  stage  that  in  a 
number  of  practical  situations  it  is  possible  to  choose  the  function  f°  as 
the  identity  map  ;  then  further  calculations  simplify.  The  variables  (t,x) 
vary  in  some  domain  9  s(0,T)  x  and  the  vector  field  U  is  a  map  from  9 

into  V  s  R“  ,  in  general  m  *  n  >  1 . 

The  operator  Div  denotes  the  differantiation  with  respect  to  the 
spatial  variable  x.  One  should  notice  that  in  particular  problems  x  may  be 
the  material  variable,  often  denoted  by  X  or  y.  Of  importance  is  that  t 
and  x  are  regarded  as  independent  varalables  in  the  description. 
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In  order  to  make  the  notation  more  compact,  we  may  introduce  the 
(n+l)  D  divergence  operator  div  acting  on  F:  t>  — >  R1*®  Rn+1  ,  defined  by 

F(U):  =  (f°  (U).f(U))  -  (f°  (U),f‘  (U) . fn(U)), 

as  follows 

f°  (U)  *  Div  f  (U)  =  ^  f°  +  f1  +  •  •  •+  f"  *  :  div  F(U)  . 

Then  the  balance  laws  (1)  can  be  written  as  follows 

div  F(U)  =  B(U,x) ,  with  x:=  (t.x)  .  (2) 

Physical  observations  show  the  irreversibility  of  processes  in 
nature.  Since  solutions  to  the  system  of  balance  laws  (1)  have  to  describe 
real  processes,  in  the  sense  they  may  take  place  in  the  nature,  one  needs 
a  physical  criterion  which  will  rule  out  unrealistic  processes.  That 
criterion  is  the  second  law  of  thermodynamics,  commonly  written  as  the 
unilateral  differential  constraint 

5^  J?  (U)  +  Div  k(U)  a  r(U,t,x).  (3) 

It  states  that  within  the  medium  and  during  any  process,  i.e.  along  any 
solution  of  the  system  (1),  the  production  of  the  entropy  must  be 
non-negative.  Here  )?  (U)  represents  the  entropy  function  for  the  medium 
described  by  (1).  k(U)  is  the  entropy  flux  function  (the  entropy,  efflux, 
exactly),  while  r(U.t,x)  represents  the  entropy  supply  term  within  the 
medium.  Defining  the  vector  function  K:  Z>  — >  Rn+1  by 

K(U) :  =  (17  (U).  k(U) )  *  (r?(U).kl  (U).k2(U),..,kn(U)), 
we  write  the  above  constraint  as 

div  K(U)  a  r (U.x) .  (4) 

Before  consequences  of  (3)  will  be  consider,  we  should  point  out  that 
the  system  of  balance  laws  (1)  as  well  as  the  inequality  (3)  are  the  local 
counterparts  of  integral  balance  laws  and  an  integral  inequality, 
respectively,  written  for  the  whole  material  system  considered.  The  local 
forms  have  been  obtained  by  a  localization  procedure  in  which  the 
essential  assumptions  are:  the  Lipschitz  continuity  of  the  field  vector  U, 
Jointly  in  t  and  x,  and  the  conjecture,  that  the  integral  laws  have  the 
same  forms  for  the  whole  material  system  as  well  as  for  its  every 
subsystem. 

Hence  in  the  above  expressions  the  differentiation  as  well  as 
solutions  to  the  system  are  understood  in  the  classical  sense.  In  the  case 
of  non-smooth  processes,  when  the  Lipschitz  continuity  of  the  field  U  is 
lost ,  the  local  forms  of  the  laws  and  the  Inequality  are  nonderivable  from 


the  integral  forms.  Consequently  we  are  free  in  choosing  their  forms,  in 
particular  weak  forms  are  acceptable. 

The  entropy  production  inequality  is  a  constraint  on  particular 
constitutive  relations  appearing  in  (2)  and  (4)  through  the  forms  of  the 
functions  F  and  K.  Hence  to  be  compatible  with  the  second  law  we  ought  to 
find  conseqences  of  the  constraint. 

The  following  result,  obtained  with  the  help  of  I-Shih  Liu's  theorem 
[10]  and  Boillat's  approach  [1]  applied  to  (2)  and  (4),  gives  the  required 
consequences : 

LEMMA  0.  The  system  (1)  is  compatible  with  the  inequality  (3),  i.e.  every 
Lipschitz  continuous  solution  U:  P  — >  ®  of  the  system  (2)  satisfies  the 
constraint  (4),  iff 

A 

a)  the  constitutive  functions  rj  ,  k  and  t  ,  k  -  0,1,.., n,  are  such  that, 

—  m 

there  exist  a  Lagrange  multiplier-valued  vector  U  £  R  ,  as  a  function  of 
U,  i.e.  U  =  W(U)  and  a  function  K:  S®->Kn+^  K(U)  =  (if  (U),  kl  (U)  ■  •  >  k"  (U)) 
such  that 

(VufA)To  =  V  .  and  f&  =  -  V-  A  ,  A  =  0 , 1 ,  . .  ,  n,  (5) 

b)  the  source  term  B  and  the  supply  term  r  are  such  that 

U-  B(U, •  )  -  r (0, •  )  a  O.o  (6) 

For  the  proof  of  that  result  consult  the  more  general  approach 
presented  by  Hugger!  and  Strumia  [12],  when  the  case  of  a  covariant  vector 
field  was  considered  (cf.also  [2,11]).  In  their  termonology  U  is  called 
the  main  field. 

—It 

The  both  differential  relations  (5)  imply  that  the  potentials  k  are 

k, 

related  to  k  by  a  Legendre  transformation 

k*-  =  k*  -  U- A  (7) 

Moreover,  the  change  of  variables  U  =  W(U)  transforms  (2),  at  least 
locally  (where  V—  w  is  nonsingular),  into  a  symmteric  system  of  balance 
laws  in  0 

div  (7-K)  -  B  =  0.  (8) 

u 

which  forms  a  symmetric  hyperbolic  system  (in  the  sense  of  Friedrichs),  if 
the  matrix  li*  :=  V—  7—  k°  is  positive  definite. 

We  should  notice  that  for  a  particular  system  (1),  in  which  f°  is  the 
identity  map,  we  have  from  (5)j 

U  -  \  37  <U) ,  (9) 

and  the  strict  concavity  of  the  entropy  function  !?(U),  or  likewise  -  the 
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strict  convexity  of  the  potential  k  as  a  function  of  U,  is  sufficient  for 

the  positive  definiteness  of  ^  .  We  see  that  in  this  case  thanks  to  Lemma 

0,  the  compatibility  of  the  system  (1)  with  the  thermodynamic  inequality 

(3)  is  enough  for  (1)  to  be  written  as  a  symmetric  hyperbolic  system  in 

the  new  variable  11=7^17,  provided  the  entropy  function  is  strictly  concave. 

It  means  that  in  the  class  of  first  order  systems  of  balance  laws  of  the 
o 

form  (1),  with  f  (V)  =  V  and  with  strictly  concave  entropy  functions 
appearing  in  the  unilateral  constraint  (3),  the  hyperbolicity  and  the 
symmetry  are  equivalent  to  the  compatibility  of  (1)  with  the  second  law  of 
thermodynamics . 

COROLLARY.  Any  Lipschitz  continuous  solution  of  the  system  (2)  satisfies 
automatically  an  additional  balance  law 

div  K(U)  =  U- B(U,x) .□  (10) 

The  last  result  means  that  the  system  of  balance  laws  (1)  (or 
equivalently.  (2))  possesses  the  suplementary  balance  law  in  the  form  of 
the  balance  law  for  the  entropy  (10).  On  the  other  hand,  in  the 
thermodynamics  (6)  is  called  the  internal  dissipation  inequality.  Hence  it 
is  natural  to  call  any  thermodynamic  system  non-dissipative,  if  the 
quantity  ,  def  ined  by  the  left-hand  side  of  (6).  vanishes  Identically  in 
V;  for  the  name  an  entropy  production  density  is  reserved  [9].  Besides 
the  system  of  equations  of  ideal  (barotropic)  compressible  fluid  the 
system  of  equations  of  finite  thermoelasticity,  both  under  adiabatic 
conditions,  serve  the  examples  of  a  non-dissipative  system  provided  the 
absolute  (thermodynamic)  temperature  is  Identified  with  the  empirical  one. 
For  example,  for  the  latter  system  we  have 

0  =  (  P0  v,  F,  E  )T  .  F  =  (U.  -S,  -v  ®  1,  -vS)T,  K  =  (  i?  ,  0) , 

U  =  (-v,  -S,  1)  *_1,  K  =  (  &r\  +  pQv2  +  S-  F  -  E,  -vS  )  a"1, 

2 

where  E  =  PQ  (0.5v  +  £  (F,J? ) )  and  S  =  PQV  ^  =  pQV ,  with  c  as  the 

Internal  energy  function.  Here  v  is  the  particle  velocity,  F  -  the 
deformation  gradient  tensor,  PQ  -  the  reference  mass  density;  17  is  the 
specific  entropy  per  unit  mass  and  S  -  the  1st  Plola-Kirchhoff  stress. 

We  would  like  to  point  out  that  dissipative  hyperbolic  systems  appear 
in  thermodynamics  with  internal  state  variables,  where  dissipation  results 
from  a  nondifferential  type  of  a  viscosity.  It  is  manifested  by  a 
nonhomogeneity  of  the  system  (1),  and  may  follow  from  non-elastic 
properties  of  the  matter,  for  example  (cf.  {7,9]). 
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It  is  wortwhile  to  point  out  that  in  a  dissipativeless  continuum 
medium  the  entropy  production  may  occure.  However,  it  may  only  happen  in 
non-smooth  processes  and  on  n-di»ensional  hypersurfaces  of  discontinuity 
ot  solutions.  In  such  a  case  we  face  with  a  concentrated  entropy 
production  [1-4,9,11,12],  If  a  concentrated  production  of  entropy  appears 
in  a  non-smooth  process,  it  cannot  be  negative,  due  to  the  thermodynamic 
principle.  This  observation  prompts  us  the  form  of  thermodynamic  inequality 
for  the  non-smooth  vector  field  U  as  follows 

div  K ( U )  2  U-  B(U,x).  (11) 

This  form  plays  the  role  of  an  admissibility  criterion  for  non-smooth 
solutions,  because  the  second  law  of  thermodynamics  has  been  already 
exploited  and  is  not  able  to  rule  out  all  nonrealistic  weak  solutions  of 
the  system  of  balance  laws.  The  inequality  should  be  regarded  in  a 
generalized  sense,  e.g.  in  the  sense  of  distributions  or  measures.  To 
explain  what  we  mean  by  this  we  have  to  characterize  the  space  in  which 
weak  solutions  to  (2)  will  be  defined. 


WEAK  SOLUTION  IN  THE  BV-SPACE 


Letj)'(^)  be  the  space  of  distributions,  where  ^  is  open  in  Rn+1  .  In 

!>'  (*»)  we  are  selecting  J>'  (P)  the  subspace  of  all  regular  distributions 

r&S 

and  1>’(*)[0]  -the  subspace  of  all  zero-order  distributions.  It  is  well- 

known  that  L1.  (P)  »h'(P)  ch’(f)rfti  ,  and  u  e  1>  1  (P)  rnl  if  for  each 

loc  rs£  LOJ  oplOJ 

compact^c^  there  exists  u>  0,  such  that  for  V  <p  s  CQ  (P) ,  supp  <P 

|  <u,4>>|  s  K  |  |<p|  |  =  K  sup  {  |«iP  (x)  |  ). 

4.W  as* 

The  characterization  of  BV(P,^m)  is  as  follows:  >  Rm  belongs  to 

BV($>,Rm )  if  each  component  function  Ua,  a  =1,2 . m,  is  an  element  of 

BV(^) ,  where 


BV(*) :  = 


u  e  Jj  >  (P) 


el?  'IP) 


reg 


(12) 


^  2°  D1  u  e  1>  1  (P)  [0]  J 

where  D1  u  means  a  first  order  distributional  derivatives  of  u.  Hence  the 
existence  of  a  matrix-valued  Borel  regular  measure  p  .  of  a  locally 

grad  u 

bounded  variation  (i.e.  locally  finite  matrix-valued  Radon  measure) 

CD  A 

follows,  such  that  for  every  <P  e  CQ  {?) 


f- 


grad  f  d  1 


n+  1 


V  d  p 


grad  u 


(13) 
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We  shall  write  grad  u  for  the  measure  A'gradu  ■  If  grad  u  is  absolutely 
continuous  with  respect  to  the  Lebesgue  measure  Xn+1  ,  then  due  to  the 
Radon-Nlkodym  theorem  we  can  write  grad  u  =  G  Xn+1  ,  for  some  matrix-valued 
measurable  function  G  ^  L  ^  (P) .  Of  importance  is  that  for  u£  B  VIP),  in 

general,  grad  u  is  not  absolutely  continuous  with  respect  to  X.n+1;  it  is 
often  concentrated  on  an  n  D  hypersurf ace,  on  which  u  is  discontinuous. 
Hence  the  concept  of  the  n  D  (surface)  measure  Hn  well  defined  in  Rn+1  is 
essential.  Due  to  the  known  properties  [5-6,13-14]  for  any  U  e  BV(P,Rm) 
the  splitting 

p  =  C  (U)  u  T  (U)  u  A  (U)  with  Hn(A  (U) )  =0  (14) 

is  possible,  where  €  (U)ur  (u)  forms  the  set  of  regular  points  of  U,  i.e. 
the  union  of  two  sets:  C  (U)  -  the  set  of  all  points  of  approximate 

continuity  of  U  and  T  (U)  -  the  set  of  all  points  of  approximate  jump 
discontinuity  of  U,  called  the  jump  set,  with  *n+1  (r  (U)  =  0. 

Other  properties  of  the  class  BV  can  be  found  for  example  in  [6,  Sec. 
3.23]  together  with  the  evidence  of  the  importance  of  sets  with  finite 
perimeter,  which  are  characterized  by  the  fact  that  their  characteristic 
functions  are  elements  of  BV(Rn+1  ).  Since  on  those  sets  functions  from  BV 
possess  their  traces,  formulating  of  a  version  of  the  Green-Gauss  theorem 
is  possible. 

Now  with  the  help  of  F  and  K,  we  define  the  main  concept;  it  is  a 
function  of  two  vector  variables  given  by  the  formula 

S(U.V)  ;=  -  (K(U)  -  K(V) )  +  V  (F(U)  -  F(V) ) ,  (15) 

where  V  =  W(V)  is  associated  with  F  and  K  by  (5),  i.e.  V  V—  F(V)  =  V—  K. 
Hence  we  get  immediately 

S(U,V)  =  K(V)  -  K(U)  -  V-  K(U)(V  -  U)  =:  S  ( V  ,  U )  .  (16) 

The  properties  of  the  function  S  are  fundamental  in  the  derivation  of 
an  evolutionary  inequality  for  the  stability  analysis  [2-4, 7, 8].  From  (16) 
fallows  that  each  component  of  S(U,V)  is  of  quadratic  order  in  the 

difference  U  -  V,  Moreover  the  gradient  of  "V  7yF(V)  contracted  with  an 

arbitrary  vector  d  e  Rn+  is  a  symmetric  tensor,  and  consequently  the 
tensor  7yW(V)  VyFfvJd  is  symmetric.  Now  we  Introduce  the  main  notion. 
DEFINITION.  A  bounded  (Hn-a.e.)  function  Ue  BV(P,Rn’  )  is  said  to  be  a  weak 

solution  to  the  system  (2)  if  for  any  vector  C  e  r“  and  a  set  £  with 

finite  perimeter,  the  following  inequality  holds: 

div  S(U.C)  (6)  s  -  |(W(U)  -  W(C))-  B(V,x)d  *  "+ 1  (x ) .  (17) 
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We  should  point  out  that  the  left-hand  side  of  (17)  is  a  scalar  Borel 
regular  measure  of  the  set£,  for  the  superposition  U  — >  S(U,C)  is  an 
element  of  BV(P,Rm).  The  following  results  support  our  definition. 

LEMMA  1.  If  U  is  a  weak  solution  and  the  function  W  is  onto  ,  then  (2) 
and  (11)  hold  in  the  sense  of  measures,  i.e. 

div  F ( U )  (£)  -  j  B(U,x)d  *n+1  (x)  .  (18) 

£ 

div  K(U)(0  s  J  U- B(U,x)d  An+1  (x)  (19) 

t 

for  any  set£  with  finite  perimeter. 

Proof.  In  view  of  (17),  we  have 

0  2  div  S(U,C)  (£)  -  J  (W(C)  -  W(U) )-  B(U,x)d  A  1  (x)  = 

£ 

=  -  (  div  K ( U )  (£)  -  |w(C) '  B(U,x)d  An+1  (x)  )  + 

t 

+  W(C ) '  (  div  F  ( U )  (£)  -  |B(U.x)d  An+1  (x)  ). 

t 

Now,  since  the  map  W  is  surjective,  W(C)  may  take  any  value.  Consequently 
(18)  and  (19)  have  to  hold.ci 

COROLLARY".  If  r  (u)  is  the  jump  set  of  V,  then  for  any  C  ej) 

s(Un,C)(x)- n  £  S(U_n.C) (x) * n,  H°-  a.e.  on  T  (U)  .  (20) 

where  n  is  the  (Federer)  normal  vector  to  T (U)  at  x,  while  U_n  and  Un  are 
distinct  one-sided  approximate  limits  of  U,  when  the  point  x  is  approached 
from  either  halfspace  determined  by  the  hyperplane  with  its  normal  n.  This 
inequality  splits  into  the  Rankine-  Hugoniot  relation 

(F(Un)  -  F(U_nj)(x)n  =  0,  (21) 

and  the  entropy  increase  inequality 


(K(Un)  -  K(U_n))(y)-n  *  0.  (22) 

Proof.  From  the  known  result  (cf.[13,  Th.  15.2]  )  it  follows  that  there 
exists  Borel  setCc  Rn+1  0f  class  T  such  that  T  (U)  l,  where  Hn  = 
0.  Since  An+  (0"i£)  •  o  for  any  Borel  setf,  from  (17)  we  get 


div  S(0,C)(ffi©  s  0. 

Using  the  Green-Gauss  theorem,  we  obtain 


div  S(U,C)^£) 
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=  J(  S(Un,C)  -  S(U  n,C)(x)n  dHn(x)  s 

en€ 


0. 


* 


The  arbitrariness  of  S  and  the  representation  of  T  (U)  imply  (21).  To  con¬ 
clude  the  proof  we  substitute  S  from  (15)  into  the  last  inequality,  to  get 

(K(U_n)  -  K(Un))(x)‘ n  +  W(C)(F(Un)  -  F(U_n)(x)' n  s  0 
Hence  (21)  and  (22)  follow. □ 

If  we  normalize  the  normal  vector  to  r (U)  at  x  In  the  space-time  so 
that  n  =  (-s,N),  with  N- N  =  1  (  with  N  as  the  space  direction  and  s  as  the 
speed  of  propagation  of  the  spatial  surface  of  discontinuity  of  V,  e.g.  a 
shock  wave),  then  the  above  Inequality  can  be  rewritten  in  the  form 

-s(f°(D_n)  -  f°(Un))  *  (f(0_n)  -  f(Un))  N  =  0,  (23) 

s(»7<U_n)  -  (k(U  n)  -  k(Un))  Ni  0  (24) 

The  proposed  definition  is  supported  by  the  following  result. 

LEMMA  2.  If  U  is  a  bounded  element  of  BV,  then  conditions  (18)  and  (19) 
imply  (17),  i.e.  a  necessary  and  sufficient  condition  for  a  Hn -bounded 
function  U  from  BV  to  satisfy  the  system  (2)  in  the  sense  of  measures,  and 
the  condition  (11),  both  in  the  region^,  is  that  (18)  and  (19)  hold.n 
(The  proof  is  similar  to  that  pesented  in  [8].) 

To  give  the  concept  of  a  weak  solution  to  the  Cauchy  problem  we  use 
the  notion  of  symmetric  mean  value  U  of  U  from  BV  [13,14].  Note  that  at 
regular  points  2U  =  Un  +  U_n-  We  say  that  U  from  BV(^,Rm)  is  a  solution  of 
the  Cauchy  problem 

div  F(U)  =  B(U.t,x),  U(O.x)  =  g(x ) ,  x  e  Rn,  (25) 

if  U  is  a  weak  solution  to  (25)  j  and 

lim  U(t,x)  =  g(x),  Xn-  a.e.  on?"  ,  t>  0. 

t->  0, 

Note  that  the  initial  condition  cannot  be  satisfied  as  an  equality, 
for  the  function  U  is  defined  on  the  open  seta’s  (0,T)  x  Rn. 

The  concept  of  weak  solution  to  (25)  was  used  in  [8],  when  a 
uniqueness  result  in  8V  was  shown.  It  has  been  done  by  the  method  of  a 
parabolic  regularization  of  the  initial  system  (1),  i.e.  instead  of  the 
function  f  in  (1)  into  another  one,  namely  f'(U,GradU)  =  f ( u)  -  £1  GradU, 
where  t  is  a  positive  parameter,  was  substituted.  It  was  show  that  the 
unique  weak  solution  has  to  be  a  limit,  when  £  tends  to  zero,  of  a 
sequence  of  regular  (classical)  solutions  to  the  parabolized  problem.  The 

method  used  in  [8]  requires  that  the  limit  solution  has  a  regularity  of  a 
1  ® 

function  from  W j'oc-  In  the  next  paper  the  concept  of  a  weak  solution  to 
the  initial  boundary-value  problem  will  be  discussed. 


327 


REFERENCES 


[1]  80ILLAT,  G.  :  Sur  une  fonctlon  crolssante  contme  l'entropie  et  genera- 
trice  des  chocs  dans  les  syst&mes  hyperboliques .  C.  R.  Acad.  Sci. 

Paris,  283  A  (1976),  pp.  409-412. 

[2]  DAFERMOS,  C.M. :  Hyperbolic  systems  of  conservation  laws,  in:  Systems 
of  Nonlinear  Partial  Differential  Equations.  J.M.  Ball  (ed.),  D.  Rei- 
del  Publ.Comp.,  Dordrecht,  Holland,  1983,  pp.  25-70. 

[3]  DAFERMOS,  C.M.  and  KOSlflSKI,  W. :  Continuous  dependence  results  for 

quasi-linear  hyperbolic  systems.  SFB  72-Preprint  no.  666,  Universitat 

Bonn  1984. 

[4]  DIPERNA,  R.J.:  Uniqueness  of  solutions  to  hyperbolic  conservation 
laws.  Indiana  U.  Math.  J.  28  (1979),  pp.  137-188. 

[5]  FEDERER,  H. :  Geometric  Measure  Theory.  Springer,  Berlin,  Heidelberg, 
New  York  1969. 

[6]  HANYGA,  A.:  Mathematical  Theory  of  Non-Linear  Elasticity.  Ellis  Hor- 
wocd  Ltd.,  Chichester,  Halsted  Press:a  division  of  John  Wiley  &  Sons, 
and  PWN-Polish  Scientific  Publishers,  Warsaw  1985. 

[7]  KOSlfiSKl ,  W.  :  A  note  on  stability  of  dissipative  bodies.  Arch.  Mech., 
34.  3  (1982),  pp.  401-407. 

[8]  KOSlftSKI,  W. :  Admissibility  and  uniqueness  of  weak  solutions  to  hy¬ 
perbolic  systems  of  balance  laws.  Mathematical  Methods  in  Applied 
Sciences,  in  print. 

[9]  KOSlflSKI,  W.  :  Field  Singularities  and  Wave  Analysis  in  Continuum  Me¬ 
chanics.  Ellis  Horwood  Ltd.,  Chichester,  Halsted  Press:  a  division  of 
John  Wiley  &  Sons,  and  PWN-Polish  Scientific  Publishers,  Warsaw  1986. 

[10]  LIU,  I-Shih,:  Method  of  Lagrange  multipliers  for  exploitation  of  the 
entropy  principle.  Arch.  Rat.  Mech.  Anal.,  46  (1972),  pp. 131-148. 

[11]  RUGGER I ,  T.:  Entropy  principle,  symmetric  hyperbolic  systems  and 

shock  waves,  in:  Wave  Phenomena:  Modern  Theory  and  Applications.  C. 

Rogers  and  T.  Bryant  Moodie  (eds.),  Nor th-Hol land,  Amsterdam,  New 

York,  Oxford,  1984,  pp. 211-220. 

[12]  RUGGERI ,  T.  and  STRUMIA,  A.:  Main  field  and  convex  covariant  density 
for  quasi-linear  hyperbolic  systems.  Relativistic  fluid  dynammics. 

Ann.  Inst.  H.  Poincare,  34,  a  (1981),  pp.  65-84. 

[13]  VOL'PERT,  A. I.:  The  space  BV  and  quasilinear  equations.  Matem.  Shorn. 

Akad.  Nauk  23.  115  (1967),  pp.  225-302  (in  Russian).  English  transla- 

lation:  Mathem.  USSR-Sbornik  2  (1967),  pp.  225-267. 

[14]  VOL'PERT,  A. I.  and  CHUDAYEV,  S.I.:  Analysis  in  a  Class  of  Discontinu¬ 
ous  Functions  and  Equations  of  Mathematical  Physics  (in  Russian). 
Izdatelstwo  "Nauka",  Moskwa  1975. 


328 


t - r 


Numerical  Solution  of  the  Euler  Equations  Used  for 
Simulation  of  2D  and  3D  Steady  Transonic  Flows 

Karel  Kozel,  Miroslava  Vavrincova 

Dept,  of  Comp.  Techniques  and  Informatics,  Faculty  of  Mechanical  Engineering 
TU  Prague,  Suchbatarova  4,  166  07  Prague  6 
(CSSR) 

and  Nguyen  Van  Nhac 

Dept,  of  Mathematics  ,  Faculty  of  Nuclear  Engineering 
TU  Prague,  Trojanova  13,  120  00  Prague  2 
(CSSR) 

Summary 

The  work  deals  with  the  numerical  solution  of  the  system  of  Euler  equations 
for  the  case  of  2D  steady  transonic  flows  in  a  channel  or  through  a  cascade  and  3D 
steady  transonic  flows  in  a  channel. 

The  2D  weak  solution  of  the  problem  is  computed  by  the  conservative  finite 
volume  formulation  of  the  explicit  MacCormack  difference  scheme  with  a  nonlinear 
artificial  dissipative  term  of  second  order  and  a  linear  dissipative  term  of  fourth 
order.  The  steady  solution  is  obtained  by  a  time  dependent  method  by  integrating 
t  to  infinity  and  using  appropriate  steady  boundary  and  periodical  conditions. 

The  explicit  MacCormack  difference  scheme  in  conservation  form  is  used  for 
computing  the  numerical  solution  of  3D  transonic  flows  in  a  channel. 

The  presented  2D  numerical  results  are  compared  with  numerical  results  of 

Ron-Ho-Ni  in  the  case  of  channel  flows  for  M„ 0  <  1  and  with  interferometric 

measurements  of  the  Institute  of  Thermomechanics  of  Czechoslovak  Academy  of 

Sciences  in  the  case  of  transonic  flows  through  8%  DCA  cascade  for  upstream  , 

Machn  umbers  Moo  <  1  as  well  as  Moo  >  1.  j 

• 

The  presented  3D  numerical  results  of  transonic  flows  in  a  channel  are  compared  : 

to  numerical  results  computed  by  ID  theory  and  2D  theory. 
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1.  2D  Steady  Transonic  Flows  in  a  Channel  and  through  a  Cascade 

Consider  the  2D  system  of  Euler  equations  in  conservation  form 


Wt  +  F(W)z  +  G(W)y=  0  (1.1) 

where 

W  =  col  ||p,pu,pu,e|j, 

F  =  col  \\pu,pu2  +  p,puv,(e  +  p)u||, 

G  =  col  \\pv,  puv,  pv2,  (e  +  p)u||, 

p  =  (/c-l)  e-  ^p{u2  +  v2)  . 

We  use  dimensionless  values  of  density  p  =  p/poo,  velocity  (u,  v)  =  (u/aM,t)/floo), 
energy  per  unit  volume  e  =  e/iPocO^)  and  pressure  p  =  p/(pooa£o)t  t  =  t  “oo/c, 
where  p,  (5,  v),  e,  p,  t,  a  are  density,  velocity  vector,  ernergy  per  unit  volume, 
pressure,  time,  sonic  velocity;  poo  is  the  upstream  density  etc.  and  c  is  the  length 
of  the  chord  of  the  given  profile.  Also  x  =  x/c,  y  =  y/c,  z  =  z/c  where  i,  y,  z  are 
space  coordinates  in  the  physical  plane. 

A  piecewise  smooth  function  W(x,y,t)  is  called  a  weak  solution  of  (1.1)  if  it 
satisfies  ,  . 


/  f  W\\\  dxdy  =  -  /  |  <f 
D  <»  v  dD 


Fdy  —  Gdx  >  dt 


for  every  suitable  Jordan’s  curve  dD  <Z  $1,  D  —  Int  dD,  Vti,t2  >  0.  Let  the  domain 
D  be  sufficiently  small,  then  we  can  rewrite  (1.2)  using  the  mean  value  theorem  in 
D  on  the  left  hand  side  of  (1.2)  and  in  interval  on  the  right  hand  side  of  (1.2): 

[W(x,y,t2)  -  W(x,y,ti)]p  =  -  j>  F{x,y,t)dy  -  G{x,y,t)dx  -(t2-ti),  (1.3) 

.dD 

(x,y)  e  D,t  e]<x,<2[,  p  =  //  dxdy.  We  consider  the  finite  volume  formulation 

D 

of  the  numerical  scheme.  The  difference  scheme  satisfies  relation  (1.3)  for  each 
computational  cell  (see  Fig.  1.1) 

Dij  =  D£>D™D™D£\  D™  =  (x?,y?),  PH  =  J  J  dxdy. 

D<j 

W"+1  -  W"  =  I  {Fdy -gdx),  (1.4) 

Pm  J 

a  Dm 

where  Wm  is  the  mean  value  of  W  in  the  computational  cell  Dm;  F,  Q  are 
approximations  of  i',(W'r),  G(W)  along  dDm,  At  =  t2  —  <i  =  tn+1  —  tn ,  pm  = 
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f  f  dxdy.  The  steady  state  solution  of  our  problem  has  to  satisfy  the  integral  relation 

Dm 

j  (1.4)  for  W"+1  -  W»  =  0  for  all  Dm  C  fi. 

To  obtain  the  numerical  solution  we  use  the  time  dependent  method.  Steady 
state  is  reached  by  letting  t  tend  to  infinity  and  using  steady  boundary  conditions. 
MacCormack’s  explicit  difference  scheme  [7]  in  finite  volume  formulation  is  used. 

The  predictor  step  has  the  form 

( Fndy  -  Gndx) 

Pij  J 

dDij 

=  wZ-~  [fW**  -  *i)  -  G?+lli(y2  -  VI )+ 

Pi) 

^”j+i(*3  -  x2)  -  Gij+1(y3  -  y2)+ 

Fij(x*  ~  x3 )  -  G"  (y4  -  y3)+ 

F"(r1-x4)-Gr>(y1-y4)] 

=  ^  -  —Res  (1.5a) 

Pi) 

where  F"  =  F(W?+ij).  F2"  »  F{W?J+1\  F3"  =  F”  =  F{W%),  analogous  for  G£; 
Ax*  =  -  xj1,  Ay*  =  yj^  -  y*1  and  X™  =  x™,  y™  =  y™.  A  similar  form  is 

used  for  the  corrector  step 

WZ+l  =  l  +  *b+i)  -  |^  / 

U  dDij 

=  |  (W5  +  w”+i)  -  ~  [i!S+i(*3  -  *0  -  ~  yi)+ 

F^+’(x3  -  x2)  -  G";+’(y3  -  y2)+ 
Fi-ij{x*  -  x3)  -  G”^(y4  -  y3)+ 
Kj~-i(x i  -  x4)  -  G"^\(yi  -  y*)] 

=  \(w?j  +  -  i^ResW^,  (1.5b) 

where  F(jn  =  F(Wi”).  The  final  value  W'i"+1  is  corrected  by  an  artificial  dissipative 
term. 

W"+1  =  W-+1  +  DW*,  (1.5c) 
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where 


and 


DW*  =  DtW*  +  DyWPj 


(1.6) 


~  e ^  =  <9(A<Az2).  (1.7) 

A  similar  expression  is  used  in  conservative  finite  volume  formulation  for  DyWp. 


Boundary  conditions  along  a  profile  surface  (wall)  are  treated  as  follows.  We 
consider  a  fictitious  computational  cell  e.g.  Dij-i  (inside  a  profile)  with  fictitious 
values  Gij~  1.  Let 


-  ~(Fij  +  Fij- 1)>  ~  ~(Gij  +  Gi,i- 1)- 

Then  we  can  express  Fij-i,  Gij- 1  and  use  this  in  (1.5b)  together  with  (v/u  =  f'(x), 
f(x)  describes  the  profile  surface)  the  following  relation  which  is  valid  along  the 
boundary 

j  Fdy  —  Gdx  =  F4Ay4  -  G4AX4  =  col  |jO,Ay4,  — Ar4,0||  •  p4  (1.8) 

if  is  a  line.  If  D\^ D\lj*  is  not  a  line  one  has  to  replace  (1.8)  by  the  expression 

J  Fdy  —  Gdx  =  J  p4  ■  col  ||0, dy, —dr, 0||.  (1.9) 

Pressure  p  is  extrapolated  by  double  quadratic  extrapolation  or  computed  using  the 
relation 

£  =  pS/R  (i.io) 

in  difference  form,  q2  =  u2  +  v2,  R  is  the  radius  of  curvature  of  the  boundary 
streamline,  n  is  the  outer  normal. 

Periodical  conditions  are  considered  in  the  usual  way.  For  steady  state 
computation  of  2D  channel  flows  we  use  ID  theory  to  fulfill  upstream  and 
downstream  boundary  conditions.  For  2D  cascade  flows  all  components  of  W  are 
considered  along  the  upstream  boundary;  along  the  downstream  boundary  the  first 
three  components  of  W  are  extrapolated  using  Ws)  =  0  (meaning  of  s-directionis 
given  below)  and  e  is  computed  using  the  given  downstream  pressure  P2  and 
extrapolated  values  p2 ,  (pv) 2,  (pu)2.  The  grid  directions  in  the  case  of  channel 
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flows  are  aligned  with  the  y-direction  and  the  s -direction  (approximated  streamline 
direction),  in  the  case  of  cascade  flows  with  the  s-direction  and  the  pitch  direction. 

In  the  next  part  we  present  several  numerical  results.  A  good  agreement  of  our 
results  and  Ron-Ho-Ni’s  numerical  results  for  2D  channel  flows  with  M*,  =  0.675 
is  presented  in  [3].  The  first  part  of  our  numerical  results  dealing  with  cascade 
flows  is  devoted  to  a  comparison  of  our  results  and  interferometric  measurements 
published  in  [2].  We  can  compare  our  numerical  results  using  lines  M  =  const,  not 
only  qualitatively  (shape  of  lines  M  =  const,  and  shape  of  black  and  white  stripes 
in  the  interferogram)  but  also  quantitatively  because  the  sonic  line  is  denoted  in  the 
interferogram  by  a  dotted  (broken)  line  and  difference  2.5  strips  in  the  interferogram 
corresponds  to  AM  =  0.05  in  our  numerical  results.  Fig.  1.2a-f  show  a  comparison 
of  interferometric  measurements  and  computed  results  for  increasing  M The 
downstream  pressure  for  numerical  results  is  observed  to  be  approximately  the  same 
as  for  experimental  results.  The  same  is  true  for  the  angle  of  attack  a.  Constant 
difference  AMm  in  experimental  (e)  and  computational  (c)  results  is  considered 
AM*,  =  M£,  -  M£,  =  0.06;  M£,  €  (0.91;  1.13). 

We  can  observe  the  behaviour  of  the  first  sonic  line  (near  leading  edge)  for 
increasing  upstream  Mach  numbers  in  the  experimental  and  numerical  results  as 
well  as  the  appearance  of  a  bowed  detached  shock  wave.  The  reflection  of  this  shock 
wave  and  the  behaviour  of  the  strong  shock  wave  near  the  trailing  edge  of  the  upper 
profile  is  also  similar  for  experimental  and  numerical  results. 

The  next  results  (Fig.  1.3a)  show  the  back  pressure  (downstream  pressure) 
effect  in  transonic  cascade  flows  for  CKD1  compressor  cascade  [3],  Mx  =  0.87, 
a  =  22.82°.  The  back  pressure  is  considered  in  relation  to  Poo  =  Pi  by  constant  k: 
p2  =  k  ■  pi  (k  >  1  for  compressor  cascade).  We  can  observe,  that  for  increasing  k 
the  shock  wave  is  moving  in  the  direction  to  the  leading  edge,  the  jump  in  the  shock 
wave  is  decreasing  and  the  maximal  Mach  number  on  the  upper  profile  surface  is 
also  decreasing.  Fig.  1.3b  shows  a  comparison  of  numerical  results  of  transonic  flows 
through  CKD1  compressor  cascade  for  Mx  =  0.87,  a  =  22.82°,  p2  =  1.285/u ,  using 
a  Mach  number  distribution  along  the  upper  and  lower  profile  surface  computed  by 
the  numerical  solution  of  the  full  potential  equation  [4]  and  by  the  finite  volume 
solution  of  the  Euler  equations.  All  numerical  results  were  achieved  by  an  ICL-4- 
72  computer  using  3000  iterations  for  channel  flows  and  1200  -  2000  iterations  for 
cascade  flows. 


2.  Numerical  Solution  of  3D  Transonic  Flows  in  a  Channel 

Consider  the  3D  system  of  Euler  equations  in  conservation  form 

W,  +  F(W)X  +  G(W)y  +  H{W)Z  =  0  (2.1) 
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where 


W  =  col  \\p,  pu,  pv,  pw,  e||, 

F  =  col  \\pu,pu 2  +  p,  puv,  puw,(e  +  p)u||, 
G  =  col  | \pv,puv,pv 2  +p,pvw,(e  +  p)v||, 

H  =  col  \\pw,pwu,pwv,pw 2  +  p,(e  +  p)u>j|, 


P  =  («-!)  e 


|p(u2  +  v2  +  w2) 


(u,v,w)  is  the  velocity  vector 

In  this  case  a  finite  method  is  use  for  the  numerical  solution.  The  cross-section  of  the 
considered  3D  channel  is  oblong  (see  Fig.  2.1).  The  governing  curve  of  the  channel 
is  given  by  x  —  /i(y),  z  =  fi(y)  and  the  cross-section  is  considered  to  be  oblong 
with  the  sides  a(y)  and  b(y),  where  /i(y), h{y),a(y)My)  e  Ck{I),  I  ==  (0,Vo). 

The  transformation  ( x,y,z )  - — >  (x,s,z)  is  used,  s  is  the  approximated 
streamline  direction.  Then,  system  (2.1)  is  transformed  to  the  following  form 

Wt  +  F(W)x+G(W).+S(W),  =0  (2.2) 

which  is  used  for  our  numerical  computation.  We  do  not  consider  grid  points  on 
the  walls.  Fig.  2.2a-b  show  a  grid  used  in  the  cross-section  y  =  y}  =  j  •  Ay, 
z  =  zk  —  (k  +  |)Az  +  h(Vj)-  A  similar  grid  is  used  in  the  cross-section 
x  =  Xi  =  (t  4-  i) Ax  +  f\(yj)-  Similar  to  the  2D  case  we  use  MacCormack’s  explicit 
difference  scheme  in  the  following  form: 

Predictor  step 


U/n+i  =  w _  —  ( j?”  ..  _  Fn  . 'l 

VV%}k  (^i+l ,)k  rijk) 


A t_ 
Ax 
At 
As 
At 


a,  (%»+,  -  %) 


Corrector  step 


=  -  fw",  +  Wn+M  —  -  ( Fn+^  —  Fn+*  'l 

w,)k  2\^,}k  +  W,jk  )  2  Ax  Vijk 


Ax 

,  At  (rn+>  rn+%  ^ 
+  ’As\Giik  -G^~uk) 


(2.3a) 


(2-36) 
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(2.3c) 


Because  we  have  no  other  suitable  3D  numerical  or  experimental  results,  we 
compare  our  3D  results  with  our  ID  and  2D  numerical  results.  Fig.  2.3  shows  a 
comparison  of  our  numerical  results  using  Mach  number  distribution  in  the  midpoints 
of  the  channel  and  in  the  points  near  the  wall  with  numerical  results  computed  by 
ID  theory  for  p2  ~  0.45  •  pi.  We  can  only  compare  our  ID  and  2D  numerical  results 
qualitatively  with  other  3D  and  ID  results  [1].  Fig.  2.4  shows  a  comparison  of  3D 
and  2D  results.  The  2D  ones  were  computed  using  cross-section  A(x)  =  a(x)2,  not 
A(x)  =  a(x)  as  it  is  used  in  many  cases.  Fig  2.5  shows  3D  and  2D  results  mapped 
by  lines  M  =  const.,  the  3D  ones  for  cross-section  z  =  23  (mid-cross-section).  We 
use  an  1CL-4-72  computer  (with  double  precission)  and  3000  iterations. 
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Figures 


Fig.  1.1  Computational  cell  used  for  equation  (1.4) 
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Fig.  2.3  Comparison  of  ID  and  3D  results 


Fig.  2.4  Comparison  of  2D  and  3D  results  using  Mach  number  distribution 
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Fig.  2.5  Comparison  of  2D  and  3D  results  using  lines  M  =  const. 
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Abstract 

We  consider  a  numerical  scheme  for  the  nonlinear  Euler  equations  of  gasdynamics  in  2-D.  The 
algorithm  doesn’t  use  any  dimensional  splitting.  It  is  a  generalization  of  a  scheme,  which  was 
developped  by  Roe  for  the  linear  Euler  equations.  In  1-D  perturbations  can  propagate  only 
in  two  directions  but  in  2-D  there  are  infinite  many  directions  of  propagation.  Therefore  the 
algorithm  should  be  able  to  select  the  most  important  directions  and  to  ensure  that  the  scheme 
takes  this  fact  into  account.  In  this  paper  we  shall  describe  some  details  of  this  algorithm  and 
we  shall  present  some  numerical  results  in  1-D  and  2-D. 


Introduction 

In  this  paper  we  consider  numerical  schemes  for  the  Euler  equation  of  gasdynamics 

dtV  +  dxF{V)  +  d,G(V)  =  0,  (1) 


where 


U  :=  (p,u.v.p)‘, 


F(U)  :=  (udxp  +  pa2dxu,  -dzp  +  udxu,  udzv,pdxu  +  udxp). 


G(U)  :=  (vdyp  +  pa2dyv.  vdyu,  -djp  +  vdyv,pdyv  +  vdyp). 

Here  p  denotes  the  density,  u  and  v  the  components  of  the  velocity  with  respect  to  x  and  y,  e 
the  energy  density  and  p  the  pressure.  For  an  ideal  gas  we  have  the  following  equation  of  state 

p  =  (~l-  l)(e  -  0.5p(u2  +  v2)).  (2) 


Up  to  now  there  is  no  general  existence  result  in  particular  no  convergence  result  for  a  numerical 
scheme  for  the  Euler  equation  in  two  space  dimension  .  On  the  contrary  to  one-dimensinal  pro¬ 
blems  in  two  dimensions  ,  perturbations  can  spread  into  infinite  many  directions.  The  schemes 
using  dimensional  splitting  don’t  take  care  of  this  fact  and  there  are  examples  for  which  they 
do  not  work  (see  Roe  [9]).  Recently  Roe  (Cjand  [7  ]has  published  some  basic  ideas  for  schemes 
which  use  the  direction  of  propagation  and  which  work  without  dimensional  splitting.  For  other 
schemes  which  do  not  use  dimensional  splitting  in  two  dimensions  we  refer  to  Hirsch  et  al.  [3], 


Colella  (1  J,  Davis  [2],  LeVeque  [4j,  [5].  Now  let  me  describe  Roe’s  scheme  for  the  linear  Euler 
equations. 


Roe’s  scheme  for  the  linear  Euler  equation: 

In  the  papers  [6]and  (7|Roe  has  developped  a  numerical  scheme  for  the  linearized  Eider  equation 
in  2-D  The  algorithm  is  able  to  select  the  most  significant  directions  and  to  ensure  that  the 
information  propagates  numerically  in  the  same  directions  as  it  would  propagate  physically.  The 
basic  idea  of  Roe  consists  in  using  the  gradients  of  the  last  time  step  to  approximate  locally  the 
unknown  solution  by  a  modelflow  of  travelling  waves  of  the  form 


u(zcos(0)  -t-  yain(B)  -  St) 

where  v  is  some  smooth  function  and  0  is  related  to  the  direction  of  propagation.  Then  Roe 
constructs  a  monotone  scheme  of  first  order  for  scalar  equations  in  two  space  dimensions  and 
generalizes  it  to  linear  systems.  In  particular  the  Roe  scheme  works  as  follows  for  the  linear 
Euler  equation 


d,U  +  PdxU  +  QdyU  =  0, 


(3) 


where  U  is  as  above. 
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and  a  —  y/'ip/p  is  the 


sound  velocity.  Since  for  solutions  of  the  form 


v(zcos(  9)  +  ysin(B)  —  S(B)t) 


it  turns  out  that  v’  is  an  eigenvector  of  Pcoa(B)  +  Qsin(B),  let  us  start  to  compute  the  eigen¬ 
vectors  of  cos(0)P  +  iin(B)Q.  They  are 


*i(®)  = 


pa  \ 

SS  •«•»- 

P  / 


/  pa  \ 

-ZTnl  *’<e>  = 

P  / 


.*4(9)* 


/  0 

—asm© 

acosO 

V  0 


(G) 


and  the  corresponding  eigenvalues 


Ai  =  ucosQ  +  vsrnB  +  a, 
A2  =  -ucosB  -  osinB  +  a, 


(7) 


A3  =  ucosS  +  vsinO, 
A4  =  ucoa  0  +  vainO. 


The  first  and  the  second  eigenvector  are  related  to  acoustic  waves,  the  third  one  to  an  entropy 
and  the  fourth  one  to  a  shear  wave.  Roe  chooses  the  following  six  eigenvectors 

where  <j>  is  an  additional  unknown  parameter.  Now  let  us  assume  that  we  have  already  an 
approximation  tej  of  V  at  time  f„  :=  nAt  at  the  point  A  of  a  given  triangulation  (see  Fig.l). 

Then  we  have  to  describe  how  to  compute  wJJ+1.  Because  of  the  travelling- wave- Ansatz, 
for  each  neighbour  point  B  of  A  we  have  to  compute  ,k  =  1 . 6,  ©  and  <t>,  such  that 

X>®('*)'*(e*)  =  Vu'3'  (°> 

where 

0i  =  0. 02  =  0  +  t/2, 03  =  ©  -  x/2,  04  =  0  +  x,  0s  =  <j>.  0o  =  0, 

Ck  =  co.s(0it),Sfc  =  stn{9k)  and  r4  are  the  eigenvectors  (8).  This  is  a  system  of  eight  equations 
for  the  unknowns  ,k  =  1,...,G,0  and  <f>.  Let  us  assume  that  it  is  solvable.  Actually  by  this 
special  choice  of  eigenvectors  there  is  an  explicit  formular  to  solve  it.  Then  we  set 

:=  l/2(ti»3  +  wS)  -  l/2^4«yn(nB^^At)#f  -  B)rk,  (10) 

where  n/j  is  the  inner  normalvector  to  the  dual  mesh  (see  Fig.l,  cell  with  dotted  line)  with 
respect  to  B.  Then  for  w^+1  we  define 

«*+*:-«5-At/(A^)^»B(^").  (ID 

(10)  and  (11)  define  a  two-dimensional  upwind  scheme  of  first  order,  which  is  monotone  and  in 
conservation  form  for  scalar  linear  equations  (see  Roe  (0)and  [7].) 

As  far  as  we  know  there  are  no  numerical  experience  for  this  algorithm  even  in  the  linear  case. 
Therefore  it  remains  to  test  this  scheme,  to  generalize  it  to  nonlinear  systems  and  to  compare  it 
with  other  existing  schemes.  Therefore  we  started  to  do  this.  The  most  important  question  is 
how  to  generalize  it  to  nonlinear  systems.  We  have  tried  two  different  ideas  which  we  are  now 
going  to  describe. 


Generalization  to  nonlinear  systems, first  version: 

Consider  a  local  part  of  the  grid  (see  Fig.l).  In  order  to  update  the  solution  in  A  for  the  timestep 
t«+i  we  have  to  take  into  account  the  points  B,,  t  =  1,..., 6.  Let  me  describe  the  procedure  for 
By  which  we  have  to  repeat  successively  for  B,-,  i  =  2,...,  6.  In  order  to  get  an  approximation 
for  Vw’Jy  in  formular  (9)  we  use  the  values  of  w"  in  the  neighbour  points  B2,  A.  Bo  of  By.  For 
defining  the  eigenvectors  nt{0),  k  =  1,  ...6  we  need  u,  v,p  and  p,  evaluated  at  a  suitable  point  or 
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some  meauvalues  of  .  wa  ■  wBa-  our  case  we  choose  tlie  Roe-mean-value  (see  (8))  of 

WD,’  wa  which  's  defined  for  instance  for  u  as 


Umean  — 


\Apd,)ub,  +  \T(pa)ua 

\Apb,  )  +  \/(pa) 


(12) 


We  solve  (9)  in  order  to  get  /?£”.  k  =  1.  ...G,  0  and  <f>  using  an  explicit  formular.  Then  we  compute 
WjtD  as  defined  in  (10).  In  the  same  way  we  treat  the  other  points  B,,i  =  2.....G.  The  new 
value  K+1 »  then  defined  as 


Since  the  eigenvectors  change  with  each  C,-,  this  scheme  applied  to  a  scalar  equation  is  in  general 
not  monotone. 


Testproblem  1 

Shock-tube  problem:  As  a  first  testproblem  for  this  version  of  the  Roe-scheme’  we  consider  the 
flow  through  a  two  dimensional  tube  with  one-dimensional  Riemann  data.  The  basic  domain  fl 
for  our  calculations  is  Q  =  (0, 0.3)z(0, 0.1).  In  particular  we  choose  the  following  data: 

grid  :  20xG0.  Ax  =  0.005,  Ay  ~  0.005.  At  =  0.0025. 


Initial  conditions: 


u<j  =  0.  vo  =  0 inQ 


and 

if  t  ^  (O.O.l).ie  (0,0.015): 
if  (0.0.1).  *6(0.015.0.03); 


if  y  e  (0,0.1).ze  (0.0.015): 
if  y  €  (0, 0.1),  x  S  (0.015,0.03). 

These  initial  conditions  are  known  as  Sod’s  testproblem’  (sec  Sodjllj).  On  the  boundary  we 
use  mixed  Dirichlet  and  Neumann  boundary  conditions. 

These  data  are  of  1-D  structure  but  we  use  it  as  a  testproblem  for  th»  2-D  scheme  of  Roe.  For 
the  result  we  expect  the  functions  shown  in  Fig. 2  (see  Sod[  11]).  The  density  is  plotted  against 
the  length  x  of  the  tube.  The  dotted  lines  refer  to  the  numerical  solution  computed  with  the 
Godunov  scheme  and  the  solid  line  to  the  exact  solution.  The  solution  is  a  shockwave  going 
to  the  right-hand  side,  followed  by  a  contactdiscontinuity  and  a  rarefaction  wave  going  to  the 
left-hand  side. 

The  results  of  this  scheme  are  shown  in  Fig.3,  where  we  have  plotted  the  density  p  as  a  function 
of  x  for  T=0.15  There  arise  some  problems  concerning  the  stability.  After  some  time  iterations 
we  obtain  oscillations  near  the  contactdiscontinuity  which  increases  in  time.  We  believe  that 
this  is  due  to  the  fact  that  the  scheme  is  not  monotone  (for  the  scalar  equation).  Therefore  let 
us  study  a  second  version  of  this  scheme,  which  avoids  this  oscillations. 


Po(x.y)  =  {q  J25 
eo(2!/)=  {o25, 


j 


i 
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Generalization  to  nonlinear  systems,second  version: 


Now  let  us  consider  the  Euler  equations  in  conservative  variables. 

d,U  +  dxF(U)+dyG(U)  =  0, 


(14) 


where 

(!5) 

V  :=(/),  pu.  pv.e)',F(U)  :=  (pu,  pu2  +  p,  puv,  u(e  +  p))‘  ,G(U)  :=  ( pv ,  puv,  pv2  +  p.  v(e  +  p))'. 
Again  we  write  the  equations  in  the  form  ^  ^ 

d,U  +  PdxU  +  QdyU  =  0.  (1G) 


with  suitable  matrices  P  and  Q. 

We  consider  again  a  local  part  of  the  grid  as  in  Fig.l  .  Now  in  the  first  step  we  compute  the 
local  direction  of  propagation  by  approximating  the  discontinuity  by  travelling  waves.  Assume 
that  for  instance 

p(t,x,y)  =  p0{xcos(&)  +  ysm(0)  -  At) 
for  some  unknown  function  po  6  Cl(R.  R)  and  0,  A  6  R.  Then 

dxp  =  p„cos&,  dyp  =  pnstn& 


and 


tan©  = 


_  ayP 


d*P 


This  gives  a  condition  for  0  if  dxp  /  0.  Otherwise  we  choose  ©  =  |  or  the  solution  is  smooth 
and  the  approximating  solution  should  not  depend  on  0. 

Now  let  me  explain  the  local  linearization  using  geometrical  arguments.  We  draw  a  line  g 
orthogonal  to  the  direction  given  by  0  through  the  point  A  (see  Fig.l).  Then  on  each  side  of 
this  line  we  compute  the  meanvalues  Af(  and  Mr  of  the  state  vectors  in  all  neighbour  points  and 
afterwards  we  take  the  Roe-mean-value  R  of  Mi  and  Mr  (see  (12)).  Now  for  evaluating  P  and 
Q  in  (1C)  we  use  the  values  of  R.  Before  going  to  more  details  of  the  numerical  scheme  let  us 
derive  the  local  equation  which  we  shall  approximate  later  on  by  the  numerical  scheme.  Define 


V(t.£.„)  :=(/(<.*,!,), 


where 

£  =  £(0)  =  zcos  0  +  ysin0,»j  =  r;(0)  =  -a  sin©  +  y  cos  0. 

For  V  we  obtain 


d,V  +  D(B)dtV  +  D(0  +  ^  )dnV  =  0, 


(17) 


where  D(0)  =  Pcos©  +  Qstn0.  While  Roe  chooses  six  eigenvectors  (see  (8))  we  take  only  four 
linear  independent  eigenvectors  of  D{&): 


/M0)  := 


(  1 

/  1  \ 

U  +  OCO30 

,/M0):  = 

u  -  acosQ 

v  +  asm© 

v  -  asm© 

\H  +  a(ueos  9  +  usinO)  / 

k  H  -  a(ucos©  +  usm0)  I 
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;  ).*•<»>=-(  ""fe  )  US) 

V  j(u2  +  t>2)  /  \a(vcosQ  —  uain&)  J 

where  H  =  (e  +  {>)/ 1>  is  the  enthalpy.  The  corresponding  eigenvalues  are  the  same  as  in  (7). 
Then  there  exists  ay(t,  (,  r/).j  =  1,  ...4  such  that 

4 

V(t.Z,rt)  =  ^ay(t,  {,•))«, •.  (10) 

j=i 

Because  of  (17)  we  obtain  for  ay: 

^(d,ay  +  D(e)d(dj  +  D(9  +  |)  3,  ay)  By  ~  0  .  (20) 

i 

Now  we  assume  that  the  derivative  of  V  tangential  to  the  discontinuity  vanishes:  dnV  =  0.  This 
is  satisfied  for  instance,  if  the  states  in  front  and  behind  of  the  discontinuity  are  constant  or  if  the 
problem  is  rotationally  symmetric.  Therefore  we  obtain  for  ai .....  a*  the  following  equations: 

d,a]  +  Ay^ay  =  0  (21) 

or  in  the  original  coordinate-system 

d,ay  +  Ay  cos(0y)3Iay  +  Ay  sin(0y)dsay  =  0.  (22) 

Assume  we  have  already  computed  V"  (this  means  an  approximation  of  V  at  time  nAt).  Then 
define  a"  by  solving  a  system  of  linear  equations.  For  any  j  we  have 

X>".^  =  VA  (23) 

>=t 

for  any  point  A  of  the  grid.  Then  for  any  j  we  compute  an  approximation  a"^1  of  (22).  with 
respect  to  the  initial  conditions 

tty+l(0,  .)  =  <*"•  (24) 

(22)  is  a  scalar  equation  and  we  solve  it  using  Roes  scheme.  If  one  applies  it  to  (22), (24)  we 
get: 


ai ,ab  ■=  ^(ay.*  +  ay ,b)  ~  \si9n(nB  -  a"fi)  •  (25) 

Depending  on  the  flow  direction,  ay ,ab  is  either  equal  to  a"  A  or  equal  to  a"B.  For  alV  we 
obtain 


si 


and  therefore 


v;+1  k  -  At/(  a*2)  (?haUB  *>• 
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This  is  again  a  first  order  upwind  scheme  for  (14).  It  can  be  seen  very  easily  that  the  scheme 
(25),  (26)  is  monotone. 


Testproblem  2 

Shock-tube  problem:  Again  we  have  tested  this  scheme  with  Sod's  data  as  in  Testproblem  1  and 
obtained  the  results  shown  in  Fig. 4.  Now  the  oscillation  obtained  by  the  first  version  disappeared 
and  the  qualitative  behaviour  agree  with  the  results  computed  with  the  Godunov  scheme(see 
Fig-2). 


Testproblem  3 

Comparison  with  an  exact  solution:  In  order  to  get  some  informations  about  the  correctness  of 
the  solution  we  have  solved  the  Euler  equation  (14)  with  respect  to  initial  conditions,  satisfying 
the  Rankine-Hugoniot  conditions.  For  the  values  of  the  left  side  we  choose  pi  =  1,  p(  =  1, 
u<  =  0,  U[  =  0,  and  for  the  pressure  on  the  right  side  we  choose  pr  —  5.  Then  we  compute  p, ,  ur. 
vr  and  the  shock  velocity,  such  that  the  Rankine-Hugoniot  conditions  are  satisfied  (see  Smoller 
[  10]) .  It  turn  out  that  the  exact  shock  velocity  is  a  =  -2.4899....  The  numerical  experiments 
for  At  =  0.003,  Ax  =  0.01.  and  T  =  0.15  show  (see  Fig.5.6).  that  a  Ri  -2.4  and  that  the  error 
in  the  descret  Ll-Norm  is  equal  to  0.05975.  For  At  =  0.006.  Ax  =  0.02.  and  T  =  0.15  we  obtain 
for  this  error  0.16160. 


Testproblem  4 

Interacting  blast  waves:  strong  shocks:  We  have  applied  our  scheme  to  the  problem  of  two 
interacting  blast  wave  in  a  tube  of  finite  length  with  strong  shocks  (see  Woodward.  Colella 
[12]).  As  the  input  data  we  have  used  the  same  one  as  in  Woodward.  Colella  [12].  i.e.  reflecting 
walls  and  for  the  initial  conditions:  p  —  1000  in  the  leftmost  tenth  of  the  tube,  p  =  100  in 
the  rightmost  tenth  and  in  between  p  =  0.01.  The  density  p  is  equal  to  1  everywhere,  and  the 
velocities  are  u  =  0,  v  =  0.  The  numerical  results  for  At  =  0.00002.  Ax  =  0.001.  and  T  —  0.016 
and  T  —  0.026  are  shown  in  Fig. 7.8.  If  one  compares  the  result  with  those  of  Woodward.  Colella 
[12  |it  turns  out  that  the  shock  velocity  of  the  left  shock  is  a  little  bit  too  small. 


Testproblem  5 

Converging  cylindrical  shockwaves  in  2-D:  As  initial  conditions  we  choose  radial  symmetric 
values.Within  an  interior  circel  we  prescribe  the  density  and  the  energy  density  equal  to  1  and 
in  the  exterior  domain  equal  to  4.  Initially  the  velocities  are  equal  to  zero  everywhere.  On  the 
boundaries  of  the  basic  domain  we  use  reflecting  boundary  conditions.  Then  we  should  expect 
a  radialsynimetric  solution.  In  our  experiments  we  have  used  a  grid  of  100x100  points  and  we 
have  chosen  At  =  0.05.  Ax  =  0.1.  The  results  for  the  time  T  =  1.25  are  shown  in  Fig.  9  for 
a  3-D-view,  in  Fig. 10  for  a  cross  section  through  the  center,  and  in  Fig.ll  for  level-lines.  We 
have  plotted  the  density  p  as  a  function  of  x  and  y.  We  should  mention  that  it  would  be  more 
convenient  to  solve  this  problem  in  polarcoordinates  because  of  its  radial  symmetry.  But  on 
the  other  hand  it  seems  to  be  a  good  testproblem  for  our  scheme.  The  obtained  results  are  of 
the  same  structure  as  the  exact  solution.  At  the  moment  the  algorithm  does  not  compute  the 
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angle  0  automatically.  Up  to  know  we  compute  it  explicitly  using  tlxe  radial  symmetry  of  the 
problem. 

All  the  computations  have  been  done  on  an  IBM  3090.  The  CPU-time  can  be  used  only  for 
internal  comparisons  since  the  program  was  not  optimized  with  respect  to  the  CPU-time. 
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Summary 

Initial-boundary  value  problems  for  nonlinear  equations , 
modelling  nonsteady  3-D  transonic  gas  flows  near  a  body,  which 
differs  only  sligtly  from  a  slender  cylinder,  are  considered. 
Local  in  time  existence  and  uniqueness  of  classical  solutions 
for  viscous  and  inviscous  flows  are  proved. 


The  Hyperbolic  Problem 

When  studying  a  transonic  flow,  model  equations  governing  the 
development  of  perturbations  near  a  known  solution  are  widely 
used.  These  equations  are  derived  under  various  assumptions 
from  Navier-Stokes  equations  for  a  compressible  heatconducting 
gas.  The  Lin-Reissner-Tsieghn  equation 


u  .  +u  u  -  A  u  =  0  . 
xt  x  XX  y  ’ 


2  2  2  2 

where  Ay  =  3  /3y1  -fS  /3y2,  u  is  a  potential  of  disturbances, 

simulates  the  development  of  perturbations  in  nonsteady  non- 
viscous  transonic  flow  near  a  body,  which  differs  only  slight¬ 
ly  from  a  slender  cylinder  [1]*  It  is  easy  to  verify,  that  (1) 
is  hyperbolic  for  all  finite  values  of  u  .  (1)  is  considered 

in  the  domain  G  =  D  x(o,T),  where  D  =  R2"-  0.  Here  y  £  0  cR2 , 

x  £  R^  :  R,  I)  is  a  domain  with  a  boundary  30  ,  which  is  suffi¬ 
ciently  smooth.  Denote  S  =  30  *  R,  ST  =  S  x(0,T);  n  is  an 

outward  normal  vector  on  30  ,  then  on  ST  Neuman's  condition 
is  given  1 

3u/3n|„  =  3*/3n|c  ,  (2) 

s>T  *>T 

where  *(x,y,t)  is  a  known  function.  We  recall,  that  (2)  is 
a  linear  version  of  the  impermeability  condition.  At  t  =  0 
the  initial  data  are  given 

u(x,y,0)  s  uQ(x,y)  .  (3) 

At  the  infinity  the  decay  of  perturbations  is  given 
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r  T 


0,  lim  u  *  0,  lim  u  =  0.  (4) 

x  "•  I  y  I  — 

be  *  £  W®(G),  uQ  €  WjCD),  Jzu0(t,y)dt  € 

W~  (D) .  ♦  =  0,  if  I x I  +  I y  1  £  r;  3u  /3n|  =3*/3nl(x,y,0) . 

l.  0  5  5 

Then  one  can  find  such  a  TQ  £  (0,T),  that  in  Gq=  D  *  (0,Tq) 
there  exists  a  unique  solution  of  (1)  -(4):  3^ux  €  Lw(0,To; 
W3-1(D)),  sjAyu  £  L^CO ,TQ ;Wj”^ (D) ) ;  (i  =  0,1, 2;  j  =  0,1). 

Here  and  further  on  Wp(D) ,  1.^(0, TjWp(D))  denote  respectively 

isotropic  and  anisotropic  spaces  of  S.L. Sobolev  [3]  . 

Remark .  We  mean  it  in  all  our  assertions  on  uniqueness,  that 
u(x,y,t)  is  defined  except  up  to  a  constant. 

In  order  to  prove  Theorem  1  we  consider  the  following 
auxiliary  problem. 


lim  u  = 
l  x  I  +  I  y  1  ■*» 

Theorem  1.  Let 


The  Vis cous  Problem 


Consider  in  G  the  equate 


yxt 


u3  u  +  uu  -  A  u  =  0 
x  p  |ix  pxx  y  U 


(5) 


where  y  is  a  positive  small  number.  (5)  is  also  a  physical 
equation.  It  describes  the  development  of  nonstationary  per¬ 
turbations  in  a  viscous  heatconducting  transonic  flow  [2  ]  . 
Unlike  (1),  it  is  nonclassical  one.  We  study  for  (5)  the  fol¬ 
lowing  initial-boundary  value  problem 


3uu/3nlsTa3*u/3n*S  ,  uy(x,y,0)  =  uyo(x,y), 

3uyo/3nlS  =  a*u<x.y,0)/3n|s,  lim  u  =  0,  lim  u  =  0, 
M  •*  |x|  +  |y|-»B»  x-*— 


lim  u„„  =  0 

|yh-  wy 


(6) 


Here  u  are  smooth  approximations  of 

The  following  assertion  holds. 

7  6 

Theorem  2.  Let  be  a  e  W„(G),  u  _  e  W°(D) 
-  *y  *  2  yo  2 


*,  Uo* 

»  Jxv<t,y)dt  £ 


Wj(D) i 


■i^"*-*A'w3(G)  ■  °- 


lim 

y*o 


(Mu. 


w2 


N/Z<uyo(t,y>- 


i 
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uQ(t,y) )dt| Iw5(Dj )  =  0.  Then  for  any  y  >  0  such  T1  €  (0,T), 

Tj  £  TQ,  can  be  found,  that  there  exists  in  G1  s  D  x  (0,1^) 

the  unique  solution  of  (5), (6):  ^uyx  €  k»^°»Ti*W2  = 

°.i»2) ;  aj^uy  €L-<°»T1iW2"j<D))*  3tVp  6L»<°»Ti;w2'j(D)) 

(j  =  0,1),  and  the  following  inequality  holds 

i^  |3tUpx!  lL-(0,T1iW3'i(D))  +^0ul/2|3t!xuyi  '  L»(0  ,T1  jW*"3  (D) ) 

+  l|3tAyuy  W^fD))  *  C* 

where  a  constant  C  does  not  depend  on  y;  3^+;)  s  31+-1/3t13x^ . 

t  ,x 

It  is  clear,  that  existence  assertion  in  Theorem  1  follows  from 

Theorem  2  and  from  a  *-weak  convergence  of  sequences  {u  }  { 

y  x  » 

A  u  }  if  one  pass  to  the  limit  in  (5), (6)  as  y  tends  to  zero. 

jf  M 

A  crucial  point  therefore  is  to  prove  Theorem  2.  To  do  it  we 
investigate  at  first  a  linear  version  of  (5), (6)  in  a  sequen¬ 
ce  of  domains  G  ,  bounded  in  y-variables.  We  will  construct 
solutions  of  these  problems  by  Galerkin's  method  and  prove  a 
priori  estimates,  which  make  it  possible:  1)  to  prove  conver¬ 
gence  of  Galerkin's  approximations,  2)  to  prove  solvability  of 
a  linear  problem  in  G„,  3)  to  prove  Theorem  2  with  the  help 
of  the  Contracted  mapping  theorem  and  hence  Theorem  1. 

The  linear  problem.  1)  Define  Gm  as  follows:  Gm  =  D^CO.T), 

Dm  =  n  *  R>  n  =04  K  :  =  {  |  y  |  <  m  },  m  >  r.  S  =  3!1  *Rx 
mm  mm  m  '  m  m 

(0,T).  We  construct  in  D  a  sequence  of  functions  vmo^x»y^: 
vmo  €W®CD),_J‘vmo<t,y)dt  €  W®(D),  vmQ=  0,  if  |y  |>m, 

®vmo/®  nl  S  =  0;  ^m(NVmo  -  vollw6,(D)  +  I  l/f  vmo(t,y)  "  v0lt^)]x 
HVt-00  2  -os 

dtiTW6(D))  =  0.  Consider  in  Gm  the  linear  problem 

V  -  vxt  ~  wvxxx  +  K(x*y«t>vxx  +  a(x*y*t)vx  - 

Ayv  =  f(x,y,t),  C  7 ) 


3v/3nL  =  0,  v(x,y,0)  =  v  <x,y),  lim  v  =  0, 

bm  mo  x  -• «  x 
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lim  v  =  0,  (8) 

x-*-  y 

Here  K(x,y,t),  a(x,y,t),  f(x,y,t)  are  known  functions. 

2)  We  fix  m  <  •  and  construct  approximate  solutions  of  (7), 
(8)  by  Galerkin's  method 


VN(x,y,t)  =  ^g^(x,t)w.(y) , 

j  =  l3  3 


Vj  +  x:wj  =  0 


3w./3n|  =  0;  (w.,w.)  =  «...  (u,v)  =/  u(x,y  ,t)v(x,y,t)dy. 

3  aftm  13  13 

m 

We  find  unknown  functions  g.(x,t)  as  solutions  of  the  follow¬ 
ing  evolution  problem  3 


(LpvN,w.)  =  (f,w.)  =  f .  (j  =  1,...,N).  (9) 

gj  (x,0)  =  gjo(x)  =  <vmo,w.),  -  0, 


lim  A.g.  -  0.  (10) 

X+  —  00  J  J 

Lemma  1.  Let  be  3^K,  3^a  CL.CO ,T;W^-;l(D) ) ,  3^f  €  L2(0,T; 

W2_i(D)),  i  =  0,1,2.  Then  for  any  fixed  p  >  0,  m<°»  ,  N<  “ 
there  exists  the  unique  solution  of  (9), (10):  La>(0,T; 

W2"i(R))nL2(0,T;W^_i(R)),  3tgjxx  €  L2(0*T;L2(R) 5 ’  gj€W^(0, 

T;L2(R)) .  i  =  0,1,2;  j  *  1,. . . ,N. 

Proof  of  Lemma  1.  Assume,  without  a  loss  of  generality,  that 
In  2  the  following  inequality  is  fulfilled 


2a  -  5 1  Kx|  >  6  >  0  . 

Indeed,  we  have  after  changing  in  (7)  the  unknown  function 
At 

as  v  =  e  u: 

L^u  =  uxt  -  y3xu  +  K(x,y,t)uxx  +  (a(x,y,t)  +  A)ux  - 
Ayu  =  e_Xtf(x,y,t) . 

We  obtain  the  desired  inequality  choosing  A>  0  big  enough. 
Divide  segment  [0,T]  in  L  equal  parts:  h  =  [0,T]  /L.  De¬ 
note  g^(x)  =  g(x,lh),  1  =  0 , . . . ,L,  and  consider  the  discre¬ 
tization  of  (9)  in  t: 


Vj  *  <*jx  -  +  <^,w.)  ♦  (a^f.w.)  ♦ 
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Xjgj  =  f j  .  <3  =  1 » • • • »N*  1  =  1 . L) .  (11) 

g?(x)  =  g.  (x),  lim  g^  =  0,  lim  ).g|  =  0.  (12) 

J  I  x  | -*•«  x-f.n  J  J 

Lemma  2 .  Let  conditions  of  Lemma  1  be  fulfilled.  Then  for  any 
Fixed  U >  0 ,  N<  00  and  for  any  IS  1  S  L  there  exists  in  R 
the  unique  solution  of  (11), (12): 

g^x  e  Wj(R),  xjgi  e  l2(R)  (j  =  1 . n). 

Proof  of  Lemma  2.  Rewrite  (11)  in  the  form 

-W3xgj  +  (KVJl.w.)  +  ((a1  +  l/h)uxlw.)  +  X^g*  = 

f1  4.  a1-1/v,  -  f1 

fj  gjx  /h  "  fjl-  (13) 

It  is  easy  to  verify,  that  for  any  smooth  solution  of  (13), 
(12)  the  following  estimate  holds 


N  i  2.  N  1 

j=Jl lgjx| |W2(R)  +  |  |Xj8j|  |l2(R)  £??llfjlH* 


IS  1  s  L, 


which  imply  a  weak  solvability  of  (13), (12).  One  can  show  the 
regularity  of  solutions  by  standard  methods.  Lemma  2  is  proved. 
Now  we  can  continue  to  prove  Lemma  1.  Let  us  define: 

vJh  ■  (vx  -  ''xhh'  <vxh'  vih1>/h-  “‘V1- 

Lj^g1  1)/h,  Lj^g1:  (L2h®1_  L2h®1  and  consider  in- 

tegrals :  -  fjlg^dx  =  0,  /3  ‘(1.^  -f  ^ ‘*3g^x  =  0, 

i  =  1,2,3;  j  =  1,...,N.  After  some  calculations  one  can  get 
the  estimate 

£|  I  3®v1 1  |2+i|  |3®vn|  |2h  S  C(E|  |3®v°|  |2+IZ|  lf?l  Iu3mh)  .(14) 
s=l  x  n=l  x  s  =  l  x  n=l .  ,  3  «2UU 

3  =  1 

Here  | |u| |  2  =  <u,u  >,  <u,v>  =  /  u(x,y,t)v(x,y,t)dxdy ;  a  con- 

D 

m  1 
stant  C  in  (14)  does  not  depend  on  h.  To  be  sure,  that  g^ 

are  regular  functions  of  h,  consider  integrals: 
fgjhxL2hgjdX’  J3x  gjh3xL2hgjdx’  1=0,1 »2;  J  «jhhxL3hgjdx» 


I  3x+3gjhh3xL3hgjdx  *  =  whence  one  come  to  inequalities 
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&il^ll2-*l|aMll2h  sc(i!|  |a*v£|  |2+l  s||f?v 


ll[xw h"  "  ~)  =  l  x  h  n=l  jji j  jh 1  1  W^CR) ‘ 

!ii9xvihl|2*»=il8Xi»IUh  sC(JilsXh112  * 


J?ilf3hhl  l5|<R»h>- 


ie^define  values  for  v°^  as  follows:  v^x=  vxt(x,y,0), 

v°hx=  vxtt(x,y,0),  and  calculate  values  of  vxt(x,y,0), 

vxtt(x,y,0)  with  the  help  of  v  (x,y)  and  (7).  Constants  C 

in  (14),  (15)  do  not  depend  on  h  >  0,  that  makes  it  possible 
to  pass  to  the  limit  in  (11)  as  h  tends  to  0,  that  means,  to 
prove  Lemma  1.  The  next  step  is  most  complicated  in  technical 
sense.  It  consists  of  finding  a  priori  estimates  for  solutions 
of  (9), (107  in  suitable  Sobolev  spaces. 

A  priori  estimatea.  The  structure  of  domains  G  let  it  pos¬ 
sible  to  differentiate  (9)  in  t  and  x.  The  differentiation 
in  y  is  created  with  the  help  of  the  equality  A^w^  =  ywj * 

In  order  to  prove  existence  of  a  solution  for  (9), (10)  in  a 
classical  sense,  it  is  sufficient  to  show, that  uxt»  uxx»  Ayu€ 

2 

L_(0,T;W_(D  )).  Then  smoothness  of  a  solution  will  follow 

0°  2  m 

from  the  embedding  theorems  [3]  .We  consider  with  this  purpose 
scalar  products  of  the  form 

<3i+j(L  u  -  f).at+iu  >=  0  (i  +  j  =  0,1, 2, 3;  j  =  0,1,2), 

^  |  *  A  |  L  X 

<a*+i(L  u  -  f),A  >  =  0,  k  +  1  =  0,1,2;  1  =  0,1. 

aj i  y  x } 1  x 

Now  we  will  show,  for  example,  how  posessing  the  estimate 

I luxl I (t)wJ(D  )+  ul|aju||(t)  ♦||uxt||(t)  + 

2  m 


||AyU||(t)  S  C  , 
to  obtain  the  inequality 


V  t  £  (0,T) 


MuxM(t>W2(D  )  +^IVll(tM(D  >  +llVl|(tM(D  )  + 


I  lU*J  •  5  C> 

where  constants  C  do  not  depend  on  p  ,  N,m; 


(t)  = 


/ u^(x,y,t)dxdy.  Indices  p  ,N,m  will  be  omitted.  Consider  the 

t  n  ,  - 

equality  |«3‘(Lu  -  f),a*u>-  <(Lu  -  f  ).A  a*u» dt  =  0. 

0  x  V*  *  M 
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After  integrating  by  parts,  using  (16)  and  the  multiplicative 
inequality  llgllL(D)(t)  ^  C | | g | | 1 7 ^ ( t )  |  | Vg | | 3 / 4 < t ) ,  13  ]  , 
we  come  to  the  expression 

II8x“I&(D  >«>  *  )<T,dT  s  c<1* 

2  m  °  2  m 

/Ua^Hw^D  )<T)dT)- 

o  x  W2'  nr 

The  constant  C  does  not  depend  on  y,  N,  m.  From  here,  accord¬ 
ing  to  Gronwall's  Lemma 

I i aJul lwl(D  )(t)  ^  C  v  t  €  (0,T). 

2V  m ‘ 

Consider  further  the  equality 


After  some  transformations  with  the  help  of  yearlier  obtained 
estimates  for  a^u,  we  come  again  to  the  inequality 

IKtllkcD  >(t)  SC(1  *  hl»„l5l(D  ><’>“').  vt  «<0.T). 

2  m  o  2  m 


From  here  lluxt^W1(D  5  C.  Now  we  may  differentiate  (9) 

2  m 

4 

in  x  and,  using  the  fact,  that  <A  u^,  xu>  =  0,  to  find: 

HV*ll(t’  5  "W  <K“**>*‘  !<-«  *  C, 


i8x"II„i(d  ,<t) 

2  m 


luxt+  Kuxx+  aux~  fl 


'w*(D  )(t) 
2  m 


5  C. 


At  last,  one  can  see,  rewriting  (9)  in  the  form 


A  u  =  u  .  ■ +  Ku  +  <*u  -  f 
y  xt  xx  x 


yu 


XXX, 


that  A  u  G  L  (0,T;W«(D„) ) .  Proof  of  (17)  is  accomplished.  Pro- 

\r  m  '  III 


ceeding  successively  in  the  same  manner,  one  may  be  sure,  that 
the  following  assertion  holds. 

Lemma  3 .  A  solution  of  (9), (10)  satisfies  the  inequality 


Ux  'Wj<D  )(t)  + 
i  m 


!uxtl ^ W? (D  )(t)  + 
i  m 


IVH2«  >(t)  * 

l  m 


l3xul ^ W? (D  )(t)  S  C‘ 
2  m 


V  t  €  (0,T) 


and  a  constant  C  does  not  depend  on  y,  N,  m.  Now,  having 
sufficient  estimates,  we  can  prove  Theorem  2.  The  sketch  of 
the  proof  consists  of  Lemmas  1,3  and  making  use  of  the  Contrac- 
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T 


r 


ted  mapping  Theorem. 

Corrolary  1.  Let  Lemmas  1-3 

u  >  0  there  exists  in  G 
K  m 


hold.  Then  for  any  fixed  m  <  <= 
the  unique  solution  of  (7),(8): 


>j“x£  L  (O.TlwfXu  (i 


0,1,2  ); 


V  t 


3u  €  L  (0,T; 


> 


WM 

W2 


(D  )) 
m 


(j  =0,1);  p3xu  £  Lo(0,T;W2(Dm)),  p3®u  £  LJO.T; 


L_(D  )),  and  the  inclusions  do  not  depend  on  m,  p. 

i.  ITL 

To  prove  Corrolary  1  it  is  sufficient  to  pass  to  the  limit  in 
(9)  as  N  tends  to  <» . 

Corrolary  2.  Let  Lemmas  1-3  hold.  Then  for  any  fixed  p  >  0 
there  exists  in  G  the  unique  solution  of  (7),  satisfying  the 
following  initial  and  boundary  conditions 
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Proof.  We  continue  solutions 
iary  1,  from  G 
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in  G,  conserving  smoothness  properties,  and 
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due  to  Lemma  3. 

Proof  of  Theorem  2.  Introduce  a  new  unknown  function  z=u-  $ 
in  (5),  (6)  and  define  in  G  compact  set  s^:=  iv  (x,y,t): 


8tvx  e  Lo(0,T;W^‘i(D)) 

2  i 
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i=o  l 


( i=0 ,1,2),  3vx/3nlsT  =  °» 

£  M,  vx(x,y,0)  =  vox(x»y>  >. 


We  substitute  an  arbitrary  function  from  into  the  nonli¬ 

near  term  in  (5),  rewritten  in  terms  of  z.  Thus  we  come  to 
linear  problem  (7), (8).  For  any  fixed  M  <  <=  all  conditions 
of  Lemma  1  will  be  fulfilled,  therefore  one  can  define  an  ope¬ 
rator  P:  z^  =  Pvx<  It  is  easy  to  verify  by  choosing  T^  £ 

(0,T)  sufficiently  small,  that  Contracted  mapping  Theorem 
takes  a  place.  It  permits  us  to  prove  Theorem  2.  Uniqueness 
of  solutions  of  problems  (1),(2);  (5), (6)  etc  is  proved  in  a 
standard  way.  Let  uj»u2  be  *wo  solitions,  then  z=  u1~u2 

satisfies  the  following  homogeneous  linear  problem 


Lz  =  z  .-  pz  +  u.  z  +  u„  z  -  A  z  =  0. 
xt  M  xxx  lx  xx  2xx  x  y 

3z/3n|_  =  0,  z(x,y,0)  =  0. 

bT 

Considering  the  scalar  product  <Lz,zx>  =  0  and  integrating 
it  in  x  from  0  till  t,  come  to  the  inequality 
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t 

llz  I  I ( t )  £  c/llz  ll(T)dT  ,  V  t  €  (0,T  ), 

X  Q  X  o 

where  C  does  not  depend  on  p  >  0,  Hence,  zx  =  0  in  Gq, 

and  z(x,y,t)  is  defined  up  to  a  constant,  that  is  typical 
for  gasdynamics. 
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ABSTRACT 

For  nonlinear  hyperbolic  systems  in  nonconservation  form,  we  consider  weak  solutions  in  the 
class  of  bounded  functions  of  bounded  variation  .  A  generalized  global  entropy  inequality  is  proposed  and 
studied.  In  this  mathematical  framework,  we  solve  the  Riemann  problem  and  prove,  for  the  Cauchy 
problem,  the  consistancy  of  the  random  choice  method  for  systems  in  nonconservation  form.  Our  theory 
of  entropy  weak  solutions  is  applied  to  nonconservative  systems  of  elastodynamics  and  gasdynamics.  In 
particular,  we  give  here  a  nonconservation  form  of  the  system  of  conservation  laws  of  gasdynamics, 
which  is  equivalent  for  weak  solutions  in  BV. 

1.  INTRODUCTION 

We  are  interested  in  nonlinear  hyperbolic  systems  In  nonccnservation  form  : 

A0(u)  dtu  +  A(u)3xu  =0,  u(x,t)  e  U,  x  6  IR,  t  >  0.  (1.1) 

Here,  U  is  an  open  subset  of  (Rp;  A0  and  A  are  continuously  differentiable  functions  defined 
from  U  into  the  space  of  pxp  matrix.  For  each  u  in  U,  we  assume  that  A0(u)  is  invertible,  and 
for  the  sake  of  simplicity  the  matrix  A0(u)~’.A(u)  has  p  distinct  eigenvalues  : 

X,(u)<  X2(u)  <  ...  <  Xp(u), 

with  a  corresponding  basis  of  right  eigenvectors  r,(u),  r2(u),  ....  rp(u).  Each  i-characteristic 
field  is  supposed  to  be  globally  either  genuinely  nonlinear  or  linearly  degenerate  ([12]). 

Generally,  the  nonlinear  hyperbolic  system  (1.1)  is  not  a  system  of  conservation  laws,  i.e. 
of  the  form 

3tf0(u)+  aK  »(u)  -  0,  u(x.t)  e  U,  x  €  IR.  t  >  0,  (1.2) 

with  C2 -functions  f0  and  f:Uc  IRP  -*>  1RP,  so  that  the  theory  of  conservation  laws  (Lax  [5], 
Glimm  [4])  does  not  apply :  the  notions  of  weak  solutions  and  entropy  conditions  have  no  sense 


for  (1.1).  But  such  nonconservative  systems  appear  In  some  applications  in  elastodynamics 
(where  the  evolution  of  the  stress  into  an  elastic  medium  is  given  by  physicists  by  a 
nonconservative  equation)  or  in  gasdynamics  (where  it  may  be  very  useful  to  work  with 
nonconservation  forms  of  the  well  known  conservation  laws  for  the  construction  of  new  efficient 
numerical  schemes);  see  [6-10]  and  Section  4.  below.  Thus  a  theory  of  entropy  weak  solutions 
for  systems  in  nonconservation  form  is  needed. 

Here  we  define  a  notion  of  entropy  weak  solution  for  (1.1)  in  the  space  of  bounded 
functions  of  (locally)  bounded  variation  (BV).  Let  us  recall  that  the  relevance  of  this  space  BV 
for  studying  systems  of  conservation  laws  is  recognized  by  many  authors  as  Glimm  [4],  DiPerna 
[2],  DiPerna-Majda  [3],. ..In  this  paper,  we  extend  the  usual  definition  of  entropy  weak 
solutions  for  (1.2)  to  the  systems  (1.1). 

First,  we  have  to  define  in  which  weak  sense  the  equations  must  be  understood.  To  seek 
weak  solutions  to  (1.1)  in  the  space  L"PlBV([RxlR*)  of  bounded  functions  u  of  (locally)  bounded 
variation,  the  main  tool  here  is  the  notion  of  "functionJ  superposition*  introduced  by  Voipert  in 
[13];  roughly  speaking,  to  make  sense  to  products  as  those  appearing  in  (1.1)  for 
discontinuous  functions,  the  idea  is  to  complete  a  discontinuous  function  by  specifying  ‘its* 
value  at  points  of  discontinuity.  In  fact,  the  way  to  complete  is  not  trivial  at  all  and  is  contained 
into  the  definition  of  functional  superposition  of  Voipert  (Section  2.,  below). 

Second,  for  the  sake  of  uniqueness  of  weak  solutions,  it  is  necessary  as  in  the  context  of 
systems  of  conservation  laws  ([5], [12]...)  to  add  a  so  called  entropy  condition.  Here,  we  propose 
such  a  condition  for  systems  in  nonconservation  form.  It  takes  the  form  of  a  global  entroov 
inequality,  in  general  in  nonconservation  form, 

(«.tA0)(u)  8tu  +  (  *tA  ){u)  3xu  5  0.  <13) 

where  the  function  $ :  IRp-»-IRp  is  assumed  to  satisfy  some  positivitness  and  compatibility  (with 
respect  to  A0  and  A)  properties.  We  emphasize  that  a  lot  of  properties,  well  known  for 
conservation  laws,  may  be  generalized  to  (1.1)  thanks  to  this  new  notion  of  entropy  condition 
(Le  Floch  [6-9]). 

The  coherence  of  our  definitions  is  shown  by  the  following  result :  if  the  matrix  A0  and  A 
in  (1.1)  are  Jacobian  matrix  of  some  fluxes  f0  and  f,  so  that  the  system  in  nonconservation  form 
(1.1)  may  be  written  In  the  conservation  form  (1.2),  then  our  new  notion  of  entropy  weak 
solution  for  (l.l)  and  the  usual  notion  (in  the  sense  of  distributions,  see  for  instance  Glimm  ) 
are  equivalent.  At  the  contrary,  let  us  recall  that  a  completely  mathematical  framework  is 
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proposed  by  Leroux-Colombeau  in  {10]  to  define  products  of  distributions  as  those  appearing  in 
(1.1)  :  their  solutions  are  more  general  than  distributions  and  thus  are  not  at  all  “classical" 
solutions. 

In  the  proposed  mathematical  framework,  we  find  the  entropy  weak  solution  of  the  Riemann 
problem  associated  with  (1.1)  for  small  initial  data.  Our  result  is  a  generalization  of  the  Lax 's 
theorem  for  systems  of  conservation  laws  [5].  We  also  establish  the  equivalence  between  our 
nonconservative  entropy  condition  (1.3)  and  the  usual  Lax  entropy  criterium  for  speeds  of 
shocks  (Lax  [5]). 

Section  3.  is  devoted  to  the  Cauchy  problem  for  (1.1).  Because  we  are  now  able  to  solve 
Riemann  problems  for  a  nonconservative  system,  it  is  a  simple  matter  to  follow  the  construction 
of  the  random  choice  method  of  Glimm  14]  and  hence  to  define  a  sequence  uh  of  approximate 
solutions  of  a  Cauchy  problem  with  small  data  in  uniform  and  BV  norms.  We  are  concerned  with 
the  convergence  of  this  sequence  to  an  entropy  weak  solution  of  (1.1), (1.3).  First,  we  prove 
that  the  sequence  u  remains  uniformly  bounded  in  sup  and  BV  norms  and  uniformly  Lipschitz 
continuous  in  time.  By  a  standart  compactness  argument,  it  results  that  a  subsequence  tends  to  a 
limit  function  u  almost  everywhere  in  the  sense  of  the  Lebesgue  measure.  Using  the  previous 
estimations  we  give  a  proof  of  the  consistancv  of  the  seouence  uh  with  respect  to  both  the  system 
(1.1)  and  the  entropy  inequality  (1.3).  Finally  the  last  point  is  to  pass  to  the  limit  into  the 
product  A0(uh)  3tuh  and  A(uh)  3xuh.  To  this  purpose,  we  note  that  the  convergence  almost 
everywhere  is  not  sufficient  in  general  I  However,  being  the  results  of  sharp  convergence  of  the 
random  choice  method  proved  theoretically  for  instance  by  Liu  [11],  we  may  conjecture  that 

A0(uh)dtuh  -  A0(u)3tU  and  Afu^d,/  Afuja^u  (1.4) 

weakly  in  the  sense  of  measures.  If  (1.4)  holds,  then  the  limit-function  u  is  an  entropy  weak 
solution  of  (1 .1  )(1 .3). 

In  Section  4„  our  theory  is  applied  to  nonconservative  systems  issued  of  elastodynamics 
and  gasdynamics.  The  modelisation  of  an  elastic  medium  (tridimensional  but  with  propagation  in 
only  one  direction)  yields  a  system  of  four  equations:  the  usual  three  conservation  laws  of  mass, 
momentum  and  total  energy,  plus  an  equation  for  the  evolution  of  the  stress  deviator  of  the 
material.  This  latter  is  given  by  physicists  in  nonconservation  form  [10],  as  a  consequence  of 
the  Hookers  law.  it  seems  that  it  is  not  possible  to  express  it  in  conservation  form,  so  that  a 
direct  “nonconservative"  study  is  needed.  Here,  we  use  our  theory  of  Section  1 .  to  analyse  a 
simplified  version  of  this  system  assuming  the  pressure  is  constant.  The  study  of  the  complete 
system  will  be  published  later  in  [8].  For  this  system  of  3  equations  (conservation  of  mass  and 


momentum  and  the  equation  for  the  deviator  of  stress),  we  solve  the  Riemann  problem  -for  non 
necessarily  small  initial  data-  and  we  find  the  entropy  inequalities  (1.3)  for  this  system. 

Moreover,  we  are  also  interested  in  the  conservation  laws  of  gas  dynamics.  For  this  system 
we  get  a  nonconservative  form  which  is  equivalent  for  weak  solutions  In  the  sense  of  Section  1 . 
As  noted  in  a  different  mathematical  context  by  (10],  such  nonconservation  forms  of  systems  of 
conservation  laws  may  be  very  useful  to  construct  new  numerical  finite  difference  schemes. 

2.  AN  ORIGINAL  DEFINITION  OF  ENTROPY  WEAK  SOLUTIONS 

Let  us  briefly  recall  a  regularity  property  of  BV  functions,  i.e.  functions  whose  partial 
derivatives  are  locally  bounded  Borel  measures  (Volpert  (13]).  For  an  element  u  in  L°°n 
BV(IR x IR*;(RP),  it  turns  out  that  -with  the  possible  exception  of  a  set  with  zero  1-dimensional 
Hausdorff  measure  -each  point  (x,t)  of  R  x  IR  *  is  regular,  that  is  :  either  a  point  of 
approximate  continuity  (u(x,t)  -  u  (x,t)  -  u+(x,t))  or  a  point  of  approximate  jump  where 
one  may  define  two  distinct  values  u_(x,t)  and  u^(x,t).  So  we  may  consider  representants  of 
BV-functions  modulo  1 -dimensional  Hausdorff  measure- 

Following  Volpert  (13],  we  define  the  "functional  superposition"  of  a  BV  function.  Consider 
a  continuous  function  f  in  C°(RP;R)  and  an  element  u  of  L°°nBV(RxR,>:RlY  The  functional 
superposition  of  u  by  f.  denoted  by  ?(u),  is  the  function  of  L°°r>BV(Rx  R*;RP)  given  by  the 
formula 

1 

?(u)(x,t)  -  j  f(  ujx.t)  +  a  (u+(x,t)  -  u.(x.t)))  do,  (2.1) 

o 

valid  for  each  (x,t)  in  RxR*  withf  t  a  set  of  zero  1 -dimensional  Hausdorff  measure.  If  A  is  a 
matrix  valued  function,  A(u)  is  defined  similarly.  The  main  result  of  Volpert  we  need  here  is : 
for  each  arbitrary  bounded  BV  function  v,  the  function  f’(u)  given  by  (2.1)  is  measurable  and 
locally  integrable  with  respect  to  the  Borel  measure  defined  by  a  partial  derivative  dv/dt  or 
dv/dx.  Thus  a  product  ?(u).dv/dt  or  f(u).dv/dx  makes  sense  as  a  locally  finite  Borel  measure. 
Indeed,  for  systems  of  conservation  laws,  this  concept  of  superposition  is  known  to  be  very 
useful  by  many  authors  (DiPerna  (2],  DIPerna-Majda  [3]).  Using  the  notion  of  functional 
superposition,  we  propose: 

Definition  2.1  A  function  u  in  L°°nBV{RxRt;U)  Is  a  weak  solution  to  the  nonlinear 
hyperbolic  system  (1.1)  if  the  equality 

A0(u)  3tu  +  A(u)  dxu  »  0  (2.2) 
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holds  in  the  sense  of  Borel  measures. 


Let  us  apply  this  definition  of  weak  solutions  to  discontinuous  functions  consisting  of  two 
constant  states  and  get  a  practical  formula  for  computing  jump  relations  for  systems  in 
nonconservation  form. 

Theorem  2.1  The  discontinuous  function  u  given  by: 

u(x,t)  -  uL  for  x-otcO,  ufi  for  x-ot>0,  (2.3) 

with  uL  and  uR  in  U.  a  In  IR,  Is  a  weak  solution  to  the  system  (1.1)  if  and  only  if 
the  following  generalized  Ranklne-Huoonlot  lump  relation  holds 

1 

j  {  -a  A0(uL+o(uR-uL))  +  A(uL+a(uR-uL))  }  da  (uR-uL)  «=0.  (2.4) 

0 

Then,  for  the  sake  of  uniqueness,  we  need  a  so  called  entropy  condition  which  applies  to 
systems  in  nonconservation  form.  Here  let  us  define  for  the  system  (1.1)  a  notion  of  (global) 
entropy  inequality  which  generalizes  the  well  known  Lax  entropy  inequalities  [5]  for 
conservation  laws.  We  set 

Definition  2.2  A  p-vector  valued  function  $  :U  -♦  (R p  of  C1 -class  Is 
an  admissible  function  for  the  system  (1.1)  if  it  is  Increasing  and  satisfies  the 
compatibility  property 

D4>tA0  =  Aqt  D4>,  D*t  A  -  At  D$.  (2.5) 

In  general,  there  do  not  exist  admissible  functions  for  an  arbitrary  nonlinear  hyperbolic 
system.  However,  as  for  entropy  -entropy  flux  of  conservations  laws,  we  hope  that  physically 
meaningfull  systems  admit  admissible  functions.  Namely,  examples  of  admissible  functions  for 
nonconservative  systems  are  presented  in  (7,8J ;  see  also  Section  4.  Finally,  our  definition  of 
entropy  weak  solution  to  (1.1)  is  : 

Definition  2.3  Suppose  there  exists  an  admissible  function  <>  for  (1.1).  A 
function  u  In  L°°  nBV(IR  x  IR  +)  which  Is  a  weak  solution  to  the  system  in 
nonconservation  form  (1.1)  (in  the  sense  of  Definition  2.1)  Is  an  entropy  weak 
solution  to  (1.1)  (with  respect  to  the  admissible  function  <t>  )  If  the 
generalized  eritroov  Inequality 
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(  4>TA0f(u)  3tu  +  <  4>TA  )"{u)  3xu  5  0 


(2.6) 


holds  in  the  space  of  measures. 

Inequalities  (2.6)  are  really  a  generalization  of  the  usual  entropy  inequalities  derived  for 
conservation  laws  by  the  viscosity  method.  An  important  fact  is  that  the  usual  notion  of  entropy 
weak  solution  to  conservation  laws  is  contains  into  our  new  definition:  suppose  Aq  and  A  are 
Jacobian  matrix  and  thus  (1.1)  is  equivalent  to  (1.2)  for  smooth  solutions;  then  we  prove  in 
[7]  that  a  BV  function  is  a  solution  of  the  system  in  nonconservation  form  (1.1)  in  the  sense  of 
definitions  2.1 -2.3  if  and  only  if  it  is  a  solution  of  the  conservation  laws  (1.2)  in  the  sense  of 
distributions.  Henceforth,  in  that  case,  our  notion  of  entropy  weak  solution  reduces  exactly  to 
the  usual  notion  of  Glimm  [4]  and  Volpert  (13]. 

3.  RIEMANN  PROBLEM  AND  RANDOM  CHOICE  METHOD 


To  get  existence  of  entropy  weak  solutions  of  the  Cauchy  problem  for  systems  in 
nonconservation  form,  we  use  the  random-choice  method  introduced  by  Glimm  (4]  for  systems 
of  conservation  laws. 

First,  concerning  the  Riemann  problem  for  (1.1)  (which  is  the  basis  of  the  random  choice 
method),  we  give  briefly  our  main  results.  It  is  a  Cauchy  problem  with  a  piecewise  constant 
initial  data  u0  of  the  form: 

u0(x)  »  Uj  if  x<0,  uR  if  x>0,  (31) 

with  uL  and  uR  in  U.  On  one  hand,  the  usual  notion  of  rarefaction  waves  [5]  is  clearly  still 
valid  for  (1.1).  On  the  other  hand,  we  remark  that  the  Lax  admissibility  criterion  on  the  speed 
of  a  discontinuity  (5]  makes  also  sense  for  (1.1);  thus,  using  the  definition  2.1  of  weak  solution 
to  systems  in  nonconservation  form,  we  have  defined  in  (7]  the  notion  of  shock  waves  and  contact 
discontinuities  for  (1.1).  Then,  as  in  Lax  [5],  it  is  a  simple  matter  to  get: 

Theorem  3.1  For  an  initial  Jump  |uR-uL|  small  enough,  there  exists  a  unique 
weak  solution  (Definition  2.1)  of  the  Riemann  problem  for  the  nonconservative 
system  (1.1)  In  the  class  of  self-similar  functions  composed  with  at  most  p 
rarefaction  waves,  shock  waves  or  contact  discontinuities. 

Then,  we  prove  that  this  solution  which  an  entropy  solution  in  the  sense  of  the  Lax 
criterium  is  also  an  entropy  solution  in  the  sense  of  our  definitions  2. 2-2.3. 
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Theorem  3.2  Suppose  there  exists  an  admissible  function  $  for  (1.1) 
(Definition  2.2).  For  weak  shock  wsves  (associated  with  genuinely 
characteristic  fields)  of  the  system  in  nonconservation  form,  the  entropy 
inequality  (2.6)  is  equivalent  to  the  Lax  admissibility  criterion.  Thus,  when 
ail  the  characteristic  fields  of  (1.1)  are  genuinely  nonlinear,  the  weak  solution 
of  the  Rfemann  problem  given  by  Theorem  3.1  is  an  entropy  solution  in  the 
sense  of  Definition  2.3. 

In  fact,  in  the  case  of  linearly  degenerate  fields,  the  signification  of  (2.6)  is  not  clear  in 
general.  Nevertheless,  refer  to  Section  4.  where  we  analyse  a  physically  meaningfull  system  of 
3  equations  with  a  linearly  degenerate  field. 

Then,  let  us  pass  to  the  Cauchy  problem  for  (1.1).  Glueing  together  solutions  of 
different  Riemann  problems  as  in  the  random-choice  method  of  Glimm  (4],  we  easily  contruct 
approximate  solutions  {  uh }  of  the  problem  (1.1)  and 

u(x,0)  =  u0(x).  (3.2) 

The  initial  data  u0  is  assumed  to  sufficiently  small  in  sup  norm  and  BV  norm.  We  refer  to  []  for 
the  precise  definition  of  uh:  recall  only  that  this  construction  needs  an  (equidistributed) 
sequence  a-(an).  As  usual  in  the  frame  of  systems  of  conservation  laws,  this  family  of 
approximate  solutions  is  uniformly  bounded  in  norms  L°°  and  BV  and  is  uniformly  Lipschitz 
continuous  in  time.  Hence,  by  the  Heliy  compactness  theorem,  it  (or  a  subsequence)  converges 
almost  everywhere  with  respect  to  the  Lebesgue  measure  to  a  boundedand  Lipschitz  continuous 
BV-function  u  =  u(x,t). 

We  are  able  to  prove  the  consistancv  of  the  family  of  approximate  solutions  {  uh }  with  both 
the  system  in  nonconservation  form  (1.1)  and  our  nonconservative  entropy  condition  (2.6),  in 
the  following  sense  : 

Theorem  3.3  Consider  E=[-1,+1]N  with  the  equidistributed  measure.  There 
exists  a  subset  E0  of  E  with  zero  measure  and  a  subsequence  (hn)n  f  N  tending  to 
zero,  such  that 

|  I  e(x,t)  {  r,0(uh)  atuh  +  A(uh)  ay  }  dx  dt  -*•  0,  h  -  hn  -  0,  (3.3) 

IRR  + 

for  every  function  8  in  C°(IRxlR+,  IR)  with  compact  support  and  each  equi¬ 
distributed  sequence  a  of  E\E0.  Moreover,  assume  that  the  system  (1.1)  admits 
an  admissible  function  $  (Definition  2.2),  and  that  all  the  characteristic  fields 
of  (l.l)  are  genuinely  nonlinear.  Then,  the  family  of  approximate  solutions  (uh) 
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is  also  consistant  with  the  entropy  inequality  (2.6)  in  the  sense: 

ton  \  {  0(x,t)  { (  *TA0>V>  3tuh  +  (^TA)"(uh)  3xuh }  dx  dt  <  0.  (  h-hn  -  0). 

B  R  +  (3.4) 

4.  nonconservation  forms  of  systems  of  gasdynamics  and  elastodynamics 

In  this  section,  we  show  how  our  general  theory  applies  to  both  gasdynamics  and 
elastodynamics  equations. 

4.1 .  The  modelisation  of  an  elastic  medium  provides  a  system  of  nonlinear  hyperbolic  equations 
which  is  given  in  nonconservation  form.  In  Euler  coordinates,  the  density  p,  the  velocity  u,  the 
energy  E,  the  internal  energy  e,  the  pressure  p  and  the  stress  deviator  o  of  an  one  dimensional 
homogenous  elastic  medium  satisfy  [10] : 

3tp  +  3x(pu)  =  0,  3t(pu)  +  dx(pu2+p-o)  «  0,  dt(pE)  +  3x(puE+(p-o)u)  =  0, 

(4.1) 

dLa  +  u 3xo  -  k23xu  =  0,  where  E  =  e  +  u2/2,  p=p(p,e)  and  k>0. 

Here  the  medium  is  supposed  to  be  tridimensional  but  the  propagation  is  only  in  one  direction. 
This  system  is  composed  of  the  three  conservation  laws  of  mass,  momentum  and  total  energy, 
plus  an  equation  for  the  evolution  of  the  stress.  The  fourth  equation  in  (4.1)  is  in 
nonconservation  form  because  of  the  advection  term  u3xo ,  and  is  a  consequence  of  the  Hooke's  law 
expressed  in  Lagrangian  coordinates. 

For  the  sake  of  simplicity,  we  study  a  simplified  version  of  (4.1),  assuming  the  pressure 
p  is  constant.  For  this  model  of  3  equations 

3,p  +  3x(pu)  »  0,  3t(pu)  +  dx(pu2-o)  =  0,  3to  +  udxa  •  k2dxu  =  0,  (4.2) 

we  solved  in  [7]  the  Riemann  problem  without  restriction  on  the  size  of  the  initial  data.  Let  us 
transform  (4.2)  by  using  the  mass  Lagrangian  coordinates  (y(x,t),t)  defined  for  smooth 
solutions  by  :  dty(x,t)  =  (p  u)(x,t),  y(x,0)  «  x. 

We  get  a  system  equivalent  to  (4.2)  for  smooth  solutions : 

3tv  -  3xu  -  0,  dtu  -  djj  -  0,  vd^  -  k2d^u  -  0,  (4.3) 

where  here  v  denotes  the  specific  volume  :  v»  1/p.  Moreover,  we  may  verify  that  (4.2)  and 
(4.3)  are  even  equivalent  for  weak  solutions. 
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Theorem  4.1  The  shock  curves  of  fhe  two  systems  (4.2)  and  (4.3)  are 
equivalent. 

We  begin  with  the  entropy  inequalities  (2.6)  for  the  system  (4.3).  WriMing  the  positivity  and 
compatibility  properties  (2.5). 

1 2 

Theorem  4.2  Define  the  function  S(v,o)  by  :  S(v,o)  =  v"  e  .  Then,  the  entropy 
inequalities  (2.6)  for  the  nonconservative  system  (4.3)  are : 

vdtg(S  (v,o))  +  K  (  k2u3tu  +  v3yo-  k2dy(cu  ))S0,  (4.4) 

for  each  convex  function  g :  (R  — *•  £R  and  each  positive  constant  K. 

We  consider  now  the  system  in  Eulerian  coordinates.  A  surprising  fact  is  that  the  system 
(4.2)  does  not  admits  any  admissible  function  :  the  relations  (2.5)  yield  linear  partial 
differential  equations  which  are  incompatible  I  However,  we  know  that  our  notion  of  both  weak 
and  entropy  solution  is  not  stable  by  a  change  of  variable.  So  that,  we  may  hope  that  choosing 
different  unknown  will  correspond  to  a  "better”  system.  Namely,  we  prove 

Theorem  4.3  The  nonconservative  system  (4.2)  with  the  unknown  (p.u.o)  is 
equivalent  for  weak  solutions  in  BV  (Definition  2.1)  to  the  following  system 
with  the  unknown  (v.u.o)  : 

v' 1  3t  v  +  v" 1  u  3,v  -  3,u  -  0, 

v'^u  +  uv'^u -3,0-0,  (4.5) 

3to  +  u3,o  -  k2  3xu  -  0. 

And  finally,  we  find  the  entropies  for  the  system  of  elastodynamics  in  Eulerian  coordinates  : 

Theorem  4.4  The  entropy  inequalities  for  the  system  (4.5)  are 

3tg(S(v,o))  +  u3xg(S(v,o))+  K  {  k2v~'u(3,u  +  u3,u)  +  vd,o-  k23,(ou  ) }  <  0, 

where  g  is  a  convex  function  and  K  a  positive  constant.  (4.6) 

Broadly  speaking,  we  remark  that  there  exists  in  general  a  lot  of  different  nonconservation 
forms  of  a  given  nonconservative  system,  which  are  equivalent  for  weak  solutions.  However,  we 
think  that  some  of  them  have  better  stability  properties  (for  instance  of  the  point  of  view  of  the 
construction  of  numerical  schemes).  Hence,  we  hope  that  our  notion  of  entropy  inequality 
-which  relies  on  symetry  properties  of  the  system-  provides  a  criterium  to  select  the  "good" 
nonconservation  forms  of  a  nonlinear  hyperbolic  system. 
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4.2.  We  now  consider  the  system  of  conservation  laws  of  gasdynamics.  Following  some  previous 
ideas  of  [10]  (in  a  completely  different  mathematical  framework),  we  derive  a  nonconservation 
form  of  this  sy„.em  equivalent  for  weak  solutions.  Let  us  begin  by  the  system  in  mass  Lagrangian 
coordinates  [12] : 

atv - 3„u  - o,  atu +  3,^-0.  atE  +  ax(pu)  =  o,  (4.7) 

where  v,  u,  p,  E  and  e-E-u2/2  are  the  specific  volume,  *',e  velocity,  the  pressure,  the  total 
energy  and  the  internal  energy  of  the  gas  respectively.  We  assume  that  the  equation  of  state  for 
the  pressure 

p  =  P(e,v) 

may  be  equivalently  written  as  a  function  for  the  internal  energy 
e«  £(v,p). 

We  know  [13]  that  (v,u,p)  are  in  some  sense  "natural  variables"  for  the  resolution  of  the 
Riemann  problem  for  (4.7).  And  that  gives  the  idea  to  look  for  a  system  for  (v,u,p). 


Theorem  4.5  The  system  (4.7)  is  equivalent  to  the  following  system  in 
nonconservation  form  with  the  unknown  (v,u,p)  : 

atv  -  axu  .  o, 
atu  +  axp  -o, 

dpe(v,p)  a,p  +  (  p  +  ave(v,p))  axu  -  o, 

for  weak  solutions  in  L“f|BV  (Definition  2.1). 

For  the  proof,  we  need  a  lemma  which  displays  the  importance  of  a  property  of  linearity  of  an 
arbitrary  system  (1.1)  : 

Lemma  4.6  Consider  a  nonlinear  hyperbolic  system:  A0(U)atU  +  A(U)axU=0,  and 
set  A0(U)«(a0  jj(U))  and  A(U)«(aij(U)).  Let  us  assume  that  there  exists  an  integer 
qsp  such  that  the  functions  a0  (j(U)  and  au(U)  are  constant  for  teq  and  j^p.  Then, 
let  C(U)»(Cj.(U))  be  a  matrix  satisfying  the  properties 
1 

|  C(UL+o(UR-UL))  da  is  invertible  for  each  UL,  UR  in  U,  (4.9) 

0 

and 


(4.8a) 

(4.8b) 

(4.8C) 
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c(j{U)  *  Cst.,  for  each  i£p  and  jsq. 

Then,  the  two  nonconservative  systems  : 

A0(U)  3tU  +  A(U)  3XU  -  0.  and  C(U)  A0(U)  3tU  +  C(U)  A(U)  3xU  -  0, 
are  equivalent  for  weak  solutions  In  L“f)B  V. 

For  the  proof  of  Theorem  4.5,  it  then  suffices  to  use  the  linearity  of  the  two  first  composants  of 
the  flux  (-u.p.p.u)  with  respect  to  the  variables  (v,u,p).  In  the  case  of  a  polytropic  perfect 
gas,  the  functions  P  and  £  are  given  by 

P(v,e)  »  (x-1)  e/v,  e(v,p)  -  p  v  /  (x-1),  with  y  >  1, 
the  equation  (4.8c)  becomes 

(4.11) 

v  3(p  +  y  p  3xu  =  0. 


We  now  turn  to  the  system  of  gas  dynamics  in  Eulerian  coodinates: 

3tp  +  3x(pu)  =  0.  3t(pu)  +  3x(pu2+p)  =  0,  3t(pe)  +  3X(  (pe  +  p)u  )  =  0.  (4.12) 

Here  p=1/v  is  the  density  and  the  other  variables  have  the  same  signification  as  in  (4.12). 
Using  again  the  variables  (v,  u,  p),  we  get  an  equivalent  nonconservation  form  of  (4.12)  : 

Theorem  4.7  The  system  of  conservation  laws  (4.12)  and  the  following  system 
in  nonconservation  form  with  the  unknown  (v,u,p,): 

v" 1  3(  v  +  v* '  u  3kv  -  3xu  «  0, 
v‘  '3tu  +  u  v~  '3xu  +  3xp  =0, 

3tp  +  u3xp  +  y  p  3xu  =  0, 

are  equivalent  for  weak  solutions  in  L°°DBV  In  the  sense  of  Definition  2.1. 

As  in  paragraph  4.1,  we  may  prove  that  the  systems  (4.8)  or  (4.13)  with  the  unknown  (v.u.p) 
do  not  admit  any  entropy  inequality  In  the  sense  of  definition  2. 2-2.3.  Again  our  interpretation 
is  that  the  systems  (4.7)  and  (4.12)  have  probably  better  properties  of  (numerical)  stability 
than  the  new  systems  (4.8)  and  (4.13). 


(4.13a) 

(4.13b) 

(4.13c) 
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SUMMARY 

The  experimental  construction  of  the  shock  polar  of  a 
material  leads  to  a  curve  u  =  g(p)  in  a  ve 1 oc i ty-pr e s sur e 
diagram.  This  corresponds  to  the  rankine  Hugoniot  condition 
for  any  shock  linked  to  the  state  (0,0)  .  Since  the  Volpert 
rule  for  the  multiplication  of  distributions  works  for  a  non 
conservative  model  involving  the  velocity  and  the  pressure 
(this  means  that  usual  shock  waves  are  to  be  found  with  this 
rule),  we  build  such  a  model,  the  Rankine  Hugoniot  curves  of 
which  correspond  to  the  experimental  shock  polar.  Then  a 
transport  projection  method,  as  for  the  Godunov  scheme,  is 
described.  The  transport  step  uses  a  Riemann  solver  and  the 
projections  are  performed  in  such  a  way  to  conserve  the  same 
quantities  as  for  a  conservative  model.  Here  the  variations  of 
the  density  are  neglected  for  this  model  is  to  be  used  mainly 
for  solids.  Some  remarks  are  added  for  the  case  of  a  density 
variation  taken  in  account,  as  for  a  several  material  case. 

THE  EXPERIMENTAL  CONSTRUCTION  OF  THE  SHOCK  POLAR 

We  denote  by  A  the  material  for  which  the  shock  polar  is  to 
be  constructed  and  by  B  an  other  material  the  shock  polar  of 
which  is  known.  A  cylindrical  block  of  B  is  thrown  against  a 
target  which  is  a  cylindrical  block  of  A.  The  bases  of  both 
cylinders  are  parallel  and  large  enough  to  enable  the  use  of  a 
one  dimension  model,  along  the  axe  of  symmetry. 

Immediately  after  the  impact  a  shock  wave  propagates  across 
A  and  reaches  the  opposite  face.  Then  a  rarefaction  wave  comes 
back  into  A  and  makes  the  target  to  start  with  some  velocity. 
In  the  same  way  another  wave  runs  across  B.  The  initial 
velocity  of  B  is  known  before  the  impact  and  is  denoted  by  v. 
The  initial  velocity  of  A  is  zero.  The  initial  pressures  in  A 
and  in  B  are  both  supposed  to  be  zero. 

Then  the  state  of  A  behind  the  shock  wave  is  some  velocity  u 
and  some  pressure  p  .  This  state  (u,p)  is  a  point  of  the  shock 
polar  of  A,  which  is  the  shock  curve  passing  through  the  state 
(0,0).  This  is  usually  derived  from  the  Rankine  Hugoniot 
conditions  when  these  conditions  are  known. 
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Since  the  two  shocks  after  the 
impact  are  separated  by  a  contact 
discontinuity,  the  state  of  B  is 
also  (u,p)  .  This  state  can  be 
linked  to  the  state  (v,0)  by  a 
shock  curve  of  B  .  This  fives  a 
first  condition  to  determine  the 
two  values  u  and  p  .  A  second 
condition  is  obtained  by 
considering  the  instant  when  the 
shock  wave  reaches  the  opposite 
face  of  A  .  The  rarefaction  wave 
which  appears  at  that  time  links 
the  state  (u,p)  to  the  state 
(w,0)  .  Here  w  is  the  velocity  of 

the  target  after  the  rarefaction 
wave  has  crossed  it.  This  means 
that  we  have  assimilated  the  ambient  medium  to  the  vaccuum. 
The  value  of  w  is  measured  during  the  experiment. 

Now  we  claim  that  the  curve  linking  the  value  (u,p)  to  (w,0> 
is  closed  to  the  symmetric  of  the  shock  polar  of  A  .  This 
assumption  corresponds  to  identify  the  shock  curve  to  the 
Riemann  invariant  and  leads  to  set  w  =  2  u  . 

Next  the  value  (u,p)  is  obviously  found  at  the  intersection 
of  the  line  u  =  w  /  2  and  the  shock  curve  of  B  going  down 
through  (v,0).  We  get  this  way  one  point  of  the  shock  polar  of 
A.  By  doing  the  same  experiment  with  other  values  of  the 
initial  velocity  v  of  B  we  get  other  points  of  this  shock 
polar,  and  then  build  the  curve. 

We  have  found  this  way  a  curve  u  =  g(p)  with  g 

increasing  and  satisfying  g(0)  =  0  .  In  practice  g  is  a 

concave  function 

In  practice  such  curves  are  to  be  found  in  this  form, 

p  =  a  u  +  S  u2 

with  given  positive  real  parameters  a  and  B  (see  [4, 51).  Then 
for  the  velocity  we  get  the  form 


u  =  cr„  <  ^1  1  +  B0  p  -  1  )  .  (1) 

We  give  here  a  few  examples  of  the  corresponding  values  a0 
and  B0  for  several  materials  in  m-k-s-  units  and  with  p  given 
in  pascals.  These  values  are  obtained  from  [53.  We  give  also 
the  values  of  the  density  o0  and  of  the  soundspeed  c0  for  the 
same  materials  (at  rest  and  for  a  given  temperature). 
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materials 

«o 

B 

0 

®  0 

<=o 

go  Id 

972 

3 . 5 

10' 1 1 

19240 

3056 

iron 

931 

7.66 

10-“ 

7850 

3574 

water 

429 

2.84 

10‘  9 

998 

1647 

copper 

1323 

4.3 

10'  1  1 

8930 

3940 

iridium 

1344 

1.7 

10'“ 

22484 

3916 

lithium 

2050 

3.96 

10'10 

530 

4645 

Plexiglas 

857 

7.57 

10-  1  0 

1186 

2598 

beryl  1 ium 

3558 

3.8 

10'  1  0 

1851 

7998 

lead 

702 

1.22 

10-JO 

11350 

2051 

rubidium 

445 

2.59 

10'  9 

1530 

1134 

In  practice  this  model  is  valid  for  a  pressure  of  the  order 
of  10  kbars  which  leads  to  a  value  of  S0  p  of  the  order  of  a 
few  units. 

We  may  remark  that  g(p)  is  a  concave  inceasing  function. 


THE  VELOCITY  PRESSURE  MODEL 


This 
of  the 


experimental  method  does  not 
form 

P  =  F(p,I) 


give  directly  a  state 


law 


that  is  the  pressure  p  as  a  function  of  the  density  o  and  the 
internal  energy  I.  We  use  to  find  such  a  state  law  in  the 
conservative  equations  of  mass,  momentum  and  total  energy. 
This  is  the  case  for  example  in  hydrodynamics. 

The  system  we  shall  derive  from  this  shock  polar  will  not 
have  a  conservation  form,  but  this  does  not  mean  that  mass, 
momentum  and  total  energy  will  not  be  conserved. 

We  choice  to  work  with  the  two  parameters  involved  in  the 
experiment:  the  velocity  and  the  pressure.  The  density  can  be 
also  introduced!  this  is  discussed  later.  We  aim  to  get  the 
same  shock  curves  than  the  one  described  by  the  shock  polar  we 
have  built  and  which  can  be  seen  as  a  curve 


u  =  g(p) 


(2) 


We  give  our 
specific  volume 


model  the  following  form, 
ut  +  uux  +  v„  p,  =  0 


where  v0  is  the 
,  (3) 


v>(p) 

pt  +  u  p„.  +  -  u,  =  0  .  (4) 

vo 
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This  comes  from  the  following  arguments.  Equation  (3) 
corresponds  to  the  conservation  of  the  momentum.  The  effects 
due  to  the  variation  of  the  density  have  been  neglected.  The 
velocity  of  the  material  is  taken  in  account  in  the  inerty 
terms  u  ux  and  u  p„,  what  we  call  the  convection  terms.  The 
function  v(p)  corresponds  to  the  square  of  the  soundspeed 
which  is  only  depending  on  the  pressure  and  not  on  the 
velocity.  This  function  p(p)  will  be  derived  from  (1)  and  by 
using  some  arguments  allowing  to  compute  the  two  products  of 
distributions  u  px  and  w<p)  uv .  From  [3D  we  know  that  the 
Volpert  rule  (see  [6])  for  the  multiplication  of  distributions 
can  be  applied  to  the  couple  of  parameters  u  and  p  . 


Let  us  consider  now  a  shock  wave  which  propagates  along  a 
line  x  =  c  t  .We  denote  respectively  by  (a,,?,)  and  (u2,p2) 
the  states  of  the  material  on  the  left  and  on  the  righ  hand 
side  of  the  shock.  Then  we  set 


Au  =  Uj-u, 


u,+u2 

u  =  - 

2 


and  define  Ap,  p,..  in  a  same  way. 

By  denoting  Y  the  Heaviside  function  we  have 

u=u,+Au  Y (x-ct)  ,  P  =  Pi+Ap  Y(x-ct)  , 

and  denoting  4  a  x-ct  ,  we  get 

-c  Au  Y*  (4)  +  (u,  +AuY (() )  Y'  (4)  +  v0  Ap  Y’  (4)  = 


0  . 


Since  from  the  Volpert  rule  we  have  2  Y  Y’  =  Y’  ,  we  get  the 
condi tion 

<u  -  c)  Au  +  v0  Ap  =  0  .  (5) 

In  a  same  way,  we  have 


1 

-c  Ap  Y*  (4)  +  (Uj+AuYCO)  Y’  (4)  +  —  v  <P,+ApY(4>>  Au  Y*  (v>  =  0 

v0 

and  since  from  the  Volpert  rule. 


with 


f (P i +ApY <4) )  Y'  <4>  = 


4>(p) 


■  P 

PC’))  dij 

0 


A$  (p> 

-  Y*  (4) 

Ap 
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We  get  the  condition 

(u-c)  Ap  + 


A4>(p) 

-  Au 

v0  Ap 


0  . 


<6) 


From  <5)  and  (6)  we  obtain 


A4><p) 


Ap 


(7) 


Now  we  consider  the  particular  case  of  the  experiment  where 
u,  =  0,  p 2  =0 ,  u,=u=g(p)  and  p,=p.  This  gives 


*  (P)  = 


P 


3 


g(p)‘ 


Thus  we  get  *>(p)  from  g(p)  by 


v(P)  =  v0!  —  / - X  .  (8) 

dp  **  g(p)2-' 


However  we  need  the 
V>(P)  >  0  ,  which  is  here 


system  to  be 
the  same  as 


hyperbo lie. 


that  is 


3  g(p)  -  2  P  g*  (P>  >  0  .  (9) 

This  is  true  for  any  increasing  concave  function  g(p). 
Moreover  this  system  is  genuinely  nonlinear. 


In  conclusion,  by  taking  v>(p)  as  defined  in  (8)  we  get  a 
hyperbolic  system  whose  shocks  are  ruled  by  the  Rankine 
Hugoniot  condition  <7),  which  corresponds  exactly  to  the 
experimental  shock  polar. 


THE  RIEMANN  SOLVER 

The  numerical  scheme  will  use  a  splitting  of  the  system  (3) 
(4)  into  two  parts:  a  convection  part  corresponding  to  solve 
the  equations 


ut  +  u  ux 

=  0 

<10) 

p,  +  'l  p. 

=  0 

(11) 

for  a  time  increment. 
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and  a  propagation  part  corresponding  to 


ut  +  vo  P«  =  0  (12) 

v0  pt  +  <»( p>  u„  =  0  (13) 

also  for  a  time  increment. 

For  each  part,  the  scheme  corresponds  to  a  transport 
projection  method.  The  transport  step  uses  a  Riemann  solver  in 
each  case. 

For  the  convection  part  (10),  (XI),  and  starting  with  the 
initial  value 

r  (u,,P|)  for  x  <  0  , 

(u(x,0) ,p(x,0))  =  < 

^  (ur,pr)  for  x  >  0  , 

the  Riemann  solver  gives  the  value  <u,p)  of  the  solution  for 
x  =  0  and  t  >  0  .  We  get 


(u,,Pi)  for  u,>0,  ur+U|>0, 

“rP|"U|Pr 

<u,p)  =  <  (0,  - )  for  ur  > 0 ,  u ,  <0 ,  (14) 

ur-u, 

(ur,pr)  for  ur  <0,  u  r  +u , <0 


Now  for  the  propagation  part  we  shall  approximate  any  wave 
by  a  shock  wave.  This  is  argued  by  the  fact  that  for  a 
rarefaction  wave,  (u,,p,)  and  <ur,pr>  are  close  to  one  another 
in  practice  and  then  to  take  the  shock  wave  instead  of  the 
Riemann  invariant  is  a  good  approximation.  Then  we  have  to 
approximate  the  value  at  x=0  for  t>0  of  the  solution  of  (12), 
(13)  by  (u,p)  solution  of  the  nonlinear  system 


P-P,  =  -  Z(p,p, )  (u-u,  ) 

P  -  P,  =  Z(p,pr)  (  u  -  ur  ) 


(15) 


with 


which  is  known  as  the  dynamical  impedance,  equal  to  o  c  ,  the 
product  of  the  density  by  the  soundspeed  c  . 
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This  is 

solved 

very  rapidly 

by  starting  with 

p°=p  and 

i terat ing 

Zr  = 

Z(p”,Pr) 

Z,  =  Z(p',p,) 

ZrP,  +  Z,pr 

-  Z,Zr (ur-u.) 

(16) 

P“’1 

z,  +  zr 


which  converges  in  a  few  iterations,  and  we  set 

Z,u,  +  Zrur  -  (pr-p,) 

u  =  -  ,  (17) 

Z,  +  Zr 


THE  NUMERICAL  SCHEME 

We  describe  the  numerical  scheme  for  the  two  parts,  the 
construction  of  which  is  the  same  as  for  the  Godunov  scheme  in 
each  case.  We  denote  by  h  the  meshsize  and  by  At  the  time 
increment,  and  we  set  r  =  At/h  .  On  any  cell 

Mt  =  ] <i-l/2)h, (i+l/2)h[  with  i  €  2 

the  approximate  values  of  the  velocity  and  of  the  pressure  are 
constant  and  respectively  denoted  by  u”  and  p”  at  t  =  n  At. 

The  convection  part  is  performed  as  follows.  We  compute 
i /i >P? ♦ i/S)as  in  (14)  with  u,=u?,  p,=p?,  ur=ujtl,  pr=p",,. 
Then  for  m=n+l/2,  we  compute 

r 

uT  =  u?  -  -  (  <u;,1/2)s  -  (u?.l/s)!  )  as) 

2 


which  corresponds  to  the  well  known  Godunov  scheme  for  the 
Burgers  equation.  Then  we  compute  the  pressue  by 

P  I  “  r  (P”  +  \ y  2^7  +  1  /  2  ~  P  1  -  2 ) 

p?  =  -  .  (19) 

1  -  r  (u ,  ,  i/ , -u ,  .  j  ) 

i 

This  last  scheme  is  built  as  follows.  Since  (11)  has  not  a  j 

conservative  form  and  since  the  velocity  field  is  known  by  I 

(1!),  we  introduce  a  function  a  which  is  the  solution  of 
a t + (au) x =0  with  the  initial  data  a(x,0)=l.  Then  crp  is  also  ' 

solution  of  (orp)  ,  +  (apu)  x  =  0 .  Here  (19)  corresponds  to  the 
computation  of  the  rate  of  the  projections  of  a  and  (<rp)  on  M, 
after  a  time  step  At. 
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The  schemes  (18)  and  (19)  are  stable  and  preserve  the 
variation  of  u  and  p  if  r  is  such  that  the  stability  condition 

r  Max ( | uj | )  <  1  .  (20) 

i  »  A 

For  the  propagation  part  we  start  with  the  values  u7  and  pf 
on  each  cell  and  compute  (u7  +  j^2  >  pf  !/  2  )  as  the  solution  of 
(IS)  with  (u,,p,)  =  (uf.pf)  and  (ur,pr)  =  («7*i»Pt*i>*  Then  we 
project  the  solution  on  the  cells.  this  can  be  done  by 
computing  successively 

A?  =  r  v0  Z(p7.i/!jP7) 

(21) 

>'  s  r  v,  Z(p7tl/S,p7) 

u;+1=  07  u7.l/2  +  +  (1-07-r?)  u7  (22) 

p!  +  ,=  «7  PT-./S  +  »T  PT+,/«  +  a-6?-r7)  PT  .  (23) 

This  method  is  stable  for 

0?  +  r?  <  l  .  (24) 

This  condition  can  be  improved  (and  replaced  by  B“Gl, 
by  solving  an  additional  Riemann  problem  on  each  cell  where 
(24)  is  not  satisfied. 

Note  that  the  computations  already  done  by  iterating  (16) 
can  be  used  to  obtain  0^  an<*  *7  *n  (21)* 


SOME  REMARKS  AND  CONCLUSION 

The  formula  of  projection  used  in  (22)  corresponds  to  the 
conservation  of  the  momentum  since  the  variation  of  the 
density  has  neen  neglected.  The  projection  of  the  pressure  by 
(23)  uses  the  same  formulabut  this  does  not  correspond  to  a 
conservation  law.  However  the  value  of  the  pressure  is  large 
in  practice  (more  than  one  kilobar,  when  u/0)and  we  find  here 
a  good  behaviour  of  the  scheme  and  a  good  position  of  the 
shock  waves.  This  has  been  tested  in  a  simulation  of  a  shock 
"iron  against  iron"  and  compared  with  experimental  results. 
Other  numerical  simulations  have  been  performed  .  They  give 
results  of  the  same  quality  as  the  one  expected  for  the 
Godunov  scheme.  An  antidiffusion  technique  has  been  also 
tested  which  improved  efficiently  the  numerical  results.  Such 
a  method  was  described  in  [21. 


The  quality  of  this  scheme  (with  the  projection  of  the 
pressure  as  in  (23))  is  not  so  good  for  lower  values  of  the 
pressure.  For  example  in  hydrodynamics,  the  value  pj*‘  needs 
to  be  corrected  by  adding  a  non  negative  term  of  the  order  of 
(Au) s  . 

The  introduction  of  the  density  can  be  performed  as  follows, 
the  system  becomes 

vt  +  uv,  -  vu4.  =  0 
ut  +  u  u„  +  v  p,  =  0 
V(p) 

pt  +  u  p,  +  -  u,  =  0 

V 

and  the  Riemann  solver  for  the  convection  part  is  the  same  as 
above  sine  v  is  also  solution  of  (11).  Then  we  compute  the 
propagation  part.  Here  the  Volpert  rule  cannot  work,  for 
another  rankine  Hugoniot  than  the  expected  one  will  be 
derived.  So  we  give  the  following  sense  to  the  product 

P(Pi  +  Ap  H(O)  A  $(p) 

-  Au  H‘  CO  =  -  Au  H"  (O) 

v,  +  Av  H(0  v  Ap 

which  leads  to  the  same  rankine  Hugoniot  condition  as  the 
shock  polar.  This  product  is  meaning  full  in  the  algebra 
introduced  in  [11.  Now  a  Riemann  solver  can  be  constructed 
which  generalized  the  one  above.  The  projection  must  be 
performed  as  follows 


1 


v 


n  ♦ 
1 


1 


A? 


,/2 


V 


m 

1  +  1/2 


+ 


i-A?-rT 


to  ensure  mass  conservation.  To  preserve  the  momentum  we  set 


f  u“  -  i/  s  u“*  i  /  s 

=  v?  +  1  B7  - —  +  r: -  +  (l-ST-rT) 

\  wD  ,  y*  . 

v  I  -  1/ 2  v  i  ♦  I  /2 

Note  that  (22)  still  works  for  a  small  variation  of  v  which 
is  often  the  case  in  practice. 

The  same  scheme  as  in  (23)  can  be  applied  for  the 
pressure,  and  works.  This  method  allows  to  get  a  good 
behaviour  of  the;  velocity  and  the  pressure  near  a  contact 
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discontinuity.  As  a  matter  of  fact  these  parameters  are  then 
computed  without  o sc i 1 1  at i ons .  This  was  not  the  case  when  the 
projection  uses  the  total  energy,  by  mean  of  the  specific 
volume,  to  compute  the  pressure.  This  can  be  explained  by  the 
fact  that  a  very  small  variation  of  the  specific  volume  leads 
to  a  large  variation  of  the  pressure  in  e lastodynamics .  Then 
any  perturbation  of  the  specific  volume,  which  appears 
necessary  near  a  contact  discontinuity,  produces  oscillations 
in  the  pressure  profile. 
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SUMMARY 


A  new  upwind  method  called  Kinetic  Flux  Vector  Splitting 
( KFVS )  has  been  developed  for  the  solution  of  the  Euler 
equations  of  gas  dynamics.  This  method  is  based  on  the  fact 
that  the  Euler  equations  are  the  moments  of  the  Boltzmann 
equation  when  the  velocity  distribution  is  a  Maxwellian.  It 
is  shown  that  the  KFVS  is  a  suitable  moment  of  the  Courant- 
Isaacson-Rees  (CIR)  scheme  applied  to  the  Boltzmann  equation 
and  further  that  it  is  equivalent  to  the  flux -difference 
splitting  approach.  It  can  also  be  regarded  as  a  Kinetic 
Theory  based  Riemann  solver.  The  KFVS  has  been  combined  with 
the  TVD  and  UNO  formalisms  and  its  application  to  the  test 
case  of  one-dimensional  shock  propagation  has  been  shown  to 
yield  accurate  wiggle-free  solution  with  high  resolution. 


INTRODUCTION 


The  one-dimensional  unsteady  Euler  equations  are 


3U/3t  +  3G/3x  =  0  ,  (1  ) 

T  ?  iT 

where  U  ■  [p,  pu,  pe]  ,  G  *  [pu,  p+pu  ,  u(pe+p)  J  (2) 

p  =  mass  density,  u  ■  fluid  velocity,  p  =  pressure 

and  e  is  the  total  energy  per  unit  mass.  These  equations  can 
be  obtained  as  the  moments  of  the  Boltzmann  equation,  that  is, 

<U>,  3F/3t  +  v  3F/3x>  *  0  ,  (3) 

2  T 

where  <1>  *  moment  function  vector  *  [1,  v,  I+v  /2]  , 

F  »  Maxwellian  velocity  distribution 

*  (p/I0/2iRT)  exp  [(-(v-u)  /2RT)-I/I0]  ,  (4) 


v  *  molecular  velocity,  I  ■  internal  energy  varible 
corresponding  to  the  nontranslational  degrees  of 
freedom,  T  =  temperature,  R  =  Gas  constant  per  unit 
mass,  and  I0  «  [(3-Y)/(  ( Y-1  )2)  ]RT,  Y  «  ratio  of 
specific  heats,  and  the  inner  product  <V,F>  is  defined 
by 

<vli,F>  -  Jdv  /dl  <\>  F  .  (5) 

•oo  0 
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The  vectors  U  and  G  in  terms  of  the  inner  product  are 

U  =  <i)>,F>,  G  =  <il),vF>  =  <v\Jj,F>  .  (6) 

The  equation  (3)  is  the  basis  of  the  KFVS  method. 


ANALYSIS 


In  case  of  one-dimensional  unsteady  flows,  the  Maxwellian 
can  be  split  into  two  parts  corresponding  to  v>0  and  v<0.  The 
flux  vector  G  therefore  splits  as 

G+  -  <«,(  (v+|v|  )/2)F>,  G"  =  «M(v-|v|  )/2)F>.  (7) 

The  split  flux  vectors  G+  and  G"  are  integrals  of  vF^j  over 
positive  and  negative  half  spaces  in  velocity  varible 
respectively.  They  can  be  evaluated  in  closed  form  in  terms  of 
error  functions  as 

G.  =  pu(1±erfS)/2  ±  pe  &  /(2/W)  , 

2 

G^  =  (p+pu2)  (1  ±erfS)/2  ±  pu  e_S  /(2/jrf)  , 

^  ( 8 ) 
G,  =  ( ypu/ ( Y-1 )  +  pu3/2) (1 ±erfS)/2 

±((Y+1 )p/(2(y-1 ))  +  pu  /2)  e“s  /( 2 /if)  , 

S  =  u/S  ,  3  »  1/<2RT)  .  (9) 

In  terms  of  split  flux  vector  (1)  can  be  written  in  the  form 

3U/3t  +  3G+/3x  +  3G~/3x  =  0  .  (10) 

Upwind  differencing  the  split-flux  terms  in  (10)  we  obtain  the 
first-order  accurate  KFVS 

<3U/3t)J  +  <Gjn-Gj"i  )/Ax  ♦  (Gj+1-Gjn)/Ax  '  <H) 

where  the  superscript  n  corresponds  to  time  level  tn  and  j  is 
any  mesh  point  along  x-axis.  Substituting  for  U,  G+  and  G~ 
from  (6)  and  (7)  we  obtain 

3<<1' ,F^> /3 1  +  <*,((v+|v|  )/2)(f"-f"_1)>/Ax 

+  «P,(<v-| vl )/2)(?J+1-fJ)>/Ax  -  0  , 

from  which  it  is  evident  that  (11)  is  a  ^-moment  of  the  CIR 
differenced  Boltzmann  equation 

(3F/3t)J  +  C(v*|v| )/2)(fJ-fJ_1)/Ax 

♦  ( ( V-I v| )/2)(f"+1-f")/Ax  =  0  .  (12) 

Now  an  interesting  question  arises  whether  the  KFVS  scheme 
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(11)  which  is  obtained  from  (12)  remains  an  upwind  scheme 
after  the  moments  are  taken.  It  can  be  very  easily  verified 
that  the  Jacobians  3G+/8U,  3G-/3U  have  complex  eigenvalues 

having  real  positive  and  real  negative  parts  respectively. 
However,  using  the  theory  of  (1 ]  and  [2]  it  can  be  shown  that 
the  split-flux  Euler  equations  (10)  can  be  transformed  to  the 
symmetric  hyperbolic  form 

P  3q/3t  +  B+  3q/3x  +  B~  3q/3x  =  0  ,  (13) 

where  q  is  a  transformed  vector,  P  is  a  positive  symmetric 
matrix,  B+  and  B“  are  positive  and_negative  symmetric  matrices 
respectively.  In  [2]  P~lB+  and  P-1B-  have  been  shown  to  have 
real  positive  and  real  negative  eigenvalues  thus  confirming 
the  upwinding  property  of  the  scheme  (11).  It  is  also  observed 
that  the  eigenvalues  are  smooth  functions  of  the  Mach  number  M 
and  have  no  sonic  glitches  which  are  present  in  Steger  and 
Warming  flux  splitting  [3].  The  eigenvalues  of  P-1B~  (see 
Fig.1 )  decrease  to  very  small  values  asiM+becomes  increasingly 
supersonic,  while  the  eigenvalues  of  P-  B+  (see  Fig. 2)  tend  to 
those  of  P~lB  (see  Fig. 3)  as  M  -*-1  .  It  is  interesting  to  note 
that  though  this  splitting  also  leads  to  split  fluxes  whose 
Jacobians  (in  symmetric  hyperbolic  form)  have  positive  and 
negative  eigenvalues,  it  has  been  performed  in  a  completely 
different  manner  compared  to  that  of  Steger  and  Warming  [4]. 

It  is  interesting  to  observe  that  (12)  can  be  written  as 

( 3F/ 3t ) j  +  v(fJ+1/2-fJ_1/2)/Ax  =  0  ,  (14) 

where  /2  =  fJ+1  /2  for  v>0,  and  fJ+1 /2  «  F*+1/2  for  v<0, 

T  R 

and  Fj+i/2'  Fj+1/2  are  the  vel-ocity  distribution  functions 

immediately  to  the  left  and  the  right  of  the  interface  j+1/2 
respectively.  The  equation  (14)  reduces  to  (12)  by  taking 

•j.1/2  -  F]  ■  Fj+1  /2  ■  Vi  ‘  "5I 

The  ^-moment  of  (14)  gives  the  corresponding  differenced  Euler 
equations  as 

(3u/3t)"  +  (Ga+1/2-Gj_1/2)/Ax  =  0  .  (16) 

Obviously,  Ga+1 /2  =  G(u",u"+1 )  =  G+(u")  +  G_(Ua+1 )  . 

The  KFVS  scheme  is  therefore  a  vp-moment  of  the  Riemann  solver 
for  the  1 -D  wave  equation 

3F/3t  +  v  3F/3x  =  0  . 

Another  interesting  property  of  the  KFVS  is  that  it  is 
equivalent  to  the  flux-difference  splitting  approach.  For 
demonstrating  this  equivalence  we  observe  that 

vPj+1/2  a  ( (v+ | v | ) /2 )Fj+1 /2  ♦  ( (v- | v | > /2 )Fj+1 /2 

-  ((v+|v| )/2)F^  +  ( (v-|v| )/2)F^+1  ,  using  (15) 
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Therefore 


vFj+1 /2  =  v  (Fj+Fj+1)/2  *  lvl<Fj+i-pj)/2 

=  v(Fj+Fj+1 )/2  +  ((v-|v| )/2)(Fj+1-Fj)/2 

-  ( ( v+ | v | )/2)(Fj+1-Fj )/2  .  (17) 

Taking  4)-moment  of  (17)  we  obtain 

Gj  +1 /2  =  (Gj+Gj+1)/2  +(DGj+1/2-DGj+1/2)/2  '  (18) 

where  the  flux-differences  are  defined  by 

DGj+1/2  =  <^((v±|v|)/2)(Fj+1-Fj)>.  (19) 

The  extension  of  the  first-order  KFVS  to  higher  order  schemes 
can  be  done  in  many  ways.  A  method  adopted  here  is  based  on 
the  analysis  of  Chakravarthy  and  Osher  [5],  that  is,  define 
the  flux  vector  Gj+1^2  by 

Vi n  ■  EFS  ♦"'♦*,(doj\i/2-dVi/2» 

+  (1-*MDGj_1/2“DGj.3/2,3/4  •  (201 

where  EFS  stands  for  Expression  for  First-order  Scheme  and  is 
equal  to  the  right  hand  side  of  (18).  The  parameter  4 >  takes  on 
respectively  the  values  -1  and  1  /3  for  second-  and  third-order 
accurate  upwind  schemes.  As  higher  order  schemes  are  known  to 
have  spurious  wiggles  in  the  solutions,  modified  differences 
[5]  ,  [6]  can  be  introduced  to  suppress  the  wiggles.  The 
modified  differences  are  given  by 
+  +  + 

t>6>j+1  /2  =  minmod  [DGj  +-j  »  R,DGj-1/2^  '  (21) 

Z  t  r  ±  +  _ 

DGj ^  *  minmod  [DGj  ^2  ,  R.DGj  ^2  J  ,  ( 22 ) 

where  minmod[a,b]  =  0.5 [sign(a)+sign(b)  ]  min[ |a| , |b|  ],  (23) 

sign(a)  *  +1  for  a>0 
-1  for  a<0 
0  for  a=0  , 

0<Ri  ( 3-4> ) / ( 1  -<t> )  . 

The  modified  expression  for  G .  .  #2  to  used  instead  of  (20) 
is  therefore  given  by  3  ' 

Gj  +1  /2  =  EFS  +  [(1+^(5Gj\l/2-BGj+1/2> 

+  (1-<t>)(BGj_1/2-BGj+3/2)  1/4  .  (24) 

In  terms  of  Fj+i/2»  Fj+1/2  the  var^ous  order  accurate  KFVS 

methods  correspond  to  the  choices  : 

(a)  First-order  scheme 

Fj+1/2  “Fj»  ^+1/2  "  Fj+1  • 
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(25) 


(b)  Second-order ( d>»-1  )  and  third-order ( $-1  /3)  schemes 
F?+1/2  *  Fj  +  [  ( 1  +  <t>)DFj  +i  i2  +  (1  -<t>)DFj  _1  /2  ]/4  , 
*j+1/2  "  Fj+1  -  [(1+*)DFj+1/2  +  ( 1  -<t>)DFj  +3/2 1  /4  . 

where  DFj+1/2  *  Fj+1-Fj  . 

(c)  Schemes  with  modified  differences 


F 

F 


L 

j+1/2 

R 

j+1/2 


Fj  +  [  (1  +<t>)DFj  +.|  /j  +  (1-(t>)BFj_1/2]/4  , 

Fj+1  -  f(1+<f>>6Fj+1/2  +  <1-*>6Fj+3/2l/4  ' 


where 

6Fj+1/2  =  «>inmod[DFj+1/2,  R.DFj_1/2]  , 
°Pj+1/2  *  «"inmod[DFj+1/2,  R.DFj+3/2]  . 
TVD  and  UNO  interpolation 


(26) 


(27) 


At  this  stage  it  is  important  to  make  a  few  remarks  about  the 
TVD  property  of  the  above  schemes.  Defining  the  TV  norm  of  F 
by  too 

TV(F)  =  J  |  3F/3x  dx. 

*»oo 

We  can  easily  prove  that  the  first-order  scheme  described  by 
(14)  and  (15)  is  TVD  if  the  Courant  number  |v  At/Ax|  is 
less  than  unity  .  This  condition  introduces  a  cut-off 
-  Ax/ At  £v£  Ax/ At  in  the  velocity  space.  For  taking  moments 
of  F  (and  this  is  always  done  in  the  present  formulation)  the 
velocity  has  to  vary  from  -  00  to  + 00  ,  and  hence  the  TVD 
condition  is  violated  for  velocities  beyond  the  cut-off 
bounds.  However,  the  contributions  from  these  velocities  to 
the  ^-moments  become  negligibly  small  as  At  +  0  because  of 
the  exponential  decay  of  F.  It  is  therefore  reasonable  to 
expect  that  the  moments  will  still  be  wiggle-free  if  At  is 
kept  sufficiently  small.  Similar  remarks  will  apply  to  the 
higher  order  accurate  schemes  (25)  and  (26). 


Since  TVD  formalism  has  inherent  mechanism  to  degenerate 
to  first-order  accuracy  at  extrema,  another  technique  called 
UNO  (Uniformly  accurate  essentially  Non-Oscillatory ) 
interpolation  [7]  has  also  been  adopted  together  with  the  KFVS 
method.  UNO  interpolation  is  based  on  the  Newton  polynomial. 
Here  instead  of  using  fixed  stencils  as  in  TVD,  adaptive 
stencils  are  used  and  this  way  higher  order  accuracy  right 
upto  the  discontinuity  is  possible  [7].  Suppose  n-th  order 
interpolation  is  used.  Then  there  are  n  stencils  possible  for 
the  n-th  order  polynomial  to  be  fitted  to  data  including  the  j 
and  j+1  mesh  points  depending  on  the  upwinding  requirement. 
Choices  are  made  among  these  stencils  that  give  the  smoothest 
polynomial  using  the  criterion  given  in  [7].  Advantages  of 
the  use  of  this  sort  of  interpolation  is  that  divided 
differences  can  be  constructed  recursively  which  will  be 
consistent  with  the  above  criterion  and  the  numerical  scheme 
can  be  extended  to  any  order  of  accuracy.  The  UNO 
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T - T 


interpolation  has  been  used  along  with  the  KFVS  method  at  the 
Euler  level. 


RESULTS  AND  DISCUSSION 


Fig. 4  shows  the  results  of  the  shock-tube  problem  solved 
by  using  various  order  KFVS  schemes.  The  higher  order 
accurate  KFVS  schemes  with  modified  differences  show 
progressive  improvement  over  the  results  of  the  lower  order 
schemes  and  have  very  good  agreement  with  the  exact  results. 
The  near  absence  of  wiggles  do  indeed  confirm  the  validity  of 
the  arguments  given  before.  Fig. 5  shows  the  results  of  the 
third-order  KFVS  with  UNO  interpolation.  Also  on  the  same 
figure  the  results  of  the  third-order  TVD  scheme  have  been 
plotted  for  the  purpose  of  comparison.  One  can  notice  that 
the  UNO  method  gives  comparatively  higher  resolution  as 
expected . 
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Fig. 5  Computed  p ,u  and  exact  (-)  profiles  for 
shock  tube  problems  for  third-order  KFVS 
using  UNO  (o  )  and  TVD  (x ) . 
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ABSTRACT 

A  new  class  of  stochastic  finite  difference  methods  for 
the  solution  of  hyperbolic  partial  differential  equations  is 
introduced.  They  are  monotonicity  preserving,  unconditionally 
stable  and  grid  free.  The  numerical  results  presented  show  the 
convergence  of  these  methods.  They  also  evidence  the 
simplicity,  robustness  and  universality  of  the  Monte  Carlo 
approach . 


INTRODUCTION 

The  aim  of  this  work  is  to  extend  the  use  of 
probabilistic  models  to  the  numerical  solution  of  nonlinear 
hyperbolic  partial  differential  equations  (for  nonlinear 
parabolic  and  elliptic  equations  see  [5]>.  A  probabilistic 
model  related  to  a  differential  equation  is  any  procedure  which 
involves  the  use  of  sampling  devices  based  on  probabilities  to 
approximate  its  solution.  A  probabilistic  model  uses  stochastic 
processes,  that  is,  a  sequence  of  states  whose  transition  is 
governed  by  random  events.  The  type  of  stochastic  process  under 
consideration  is  commonly  called  a  random  walk. 

The  conexion  between  probabilistic  models  and  certain 
linear  differential  equations  of  mathematical  physics  dates 
back  to  the  works  of  Lord  Raleigh,  Einstein,  Langevin  and  many 
others,  it  originated  the  models  at  present  known  as  random 
walk  or  pedestrian  models  .  In  particular,  the  relation  of 
random  walks  to  linear  hyperbolic  equations  was  established  in 
1938  by  Polya  who  introduced  a  random  walk  method  for  an 
hyperbolic  equation  studied  by  Albert  Einstein  Junior. 
Mathematical  interest  was  further  stimulated  by  the  work  of 
Kolmogorov  who  found  the  relation  between  stochastic  processes 
of  the  Markov  type  and  certain  integro  differential  equations. 
The  name  Monte  Carlo  was  given  to  these  probabilistic  models  by 
von  Neumann  and  coworkers  at  Los  Alamos  Scientific  Laboratory 
in  the  mid  forties,  but  became  widely  known  only  after  the 
article  of  Metropolis  and  Ulam  in  1949  (see  references  in  [5]). 

The  main  advantages  of  linear  random  walk  models  are  that 
the  solution  at  a  point  can  be  estimated  independently  of  the 
solution  at  other  points,  and  that  the  dependency  of 
computational  time  on  dimensionality  is  weak.  The  main 
disadvantage  is  that  the  convergence  is  proportional  only  to 
l/sqrt(N),  where  N  is  the  number  of  random  walks. 

The  conexion  between  probabilistic  models  and  nonlinear 


393 


hyperbolic  systems  was  established  in  [3].  A  new  class  of 
stochastic  methods  for  the  solution  of  nonlinear  hyperbolic 
equations  based  on  £3],  the  Random  Choice  Method  (RCM),  was 
introduced  in  [1].  The  RCM  is  a  numerical  technique  consisting 
in  sampling  local  exact  solutions  of  Riemann  problems.  To  avoid 
the  inherent  difficulty  in  finding  local  exact  solutions,  an 
approximate  Riemann  solver  was  presented  in  [4]  and  [2],  these 
methods  however,  are  only  valid  for  scalar  conservation  laws. 
The  main  advantages  of  these  type  of  stochastic  methods  are 
that  they  are  grid  free,  unconditionally  stable  and  give  high 
resolution  near  sharp  fronts  at  a  modest  price. 

The  stochastic  methods  for  nonlinear  hyperbolic  equations 
introduced  here  are  a  natural  extension  of  Monte  Carlo  linear 
random  walk  models.  They  consist  in  sampling  local  exact 
solutions  of  finite  difference  schemes;  in  this  context  they 
are  located  between  the  RCM  and  plain  deterministic  finite 
difference  schemes.  Following  this  reasoning  we  have 
generically  called  them  Monte  Carlo  Finite  Difference  Methods 
(MCFDM  in  short)  rather  than  random  walk  models. 

One  of  the  main  advantages  of  the  MCFDM  for  linear 
hyperbolic  equations,  namely,  that  the  solution  at  a  point  can 
be  estimated  independently  of  the  solution  at  other  points,  is 
lost  for  nonlinear  problems  due  to  the  inherent  global  nature 
of  the  problem.  However,  other  advantages  become  extremely 
important:  grid  independency,  unconditional  stability  and 
oscillation  free.  In  brief,  MCFDM  share  many  of  the  good 
properties  of  RCM.  The  rate  of  convergence  of  MCFDM  can  be 
greatly  improved  by  appropriate  variance  reduction  techniques. 
Moreover,  the  advent  of  massively  parallel  processors 
stimulated  the  application  of  these  methods  because  the 
parallel  environment  architecture  is  ideally  suited  for  the 
Monte  Carlo  approach. 


MONTE  CARLO  FINITE  DIFFRENCE  METHODS  FOR  NONLINEAR 
SCALAR  HYPERBOLIC  EQUATIONS 

In  this  section  we  introduce  the  MCFDM  for  the  solution 
of  nonlinear  scalar  hyperbolio  equations  using  as  a  model 
problem  the  Burgers  inviscid  equation.  Consider  the  hyperbolic 
equation 

ut  +  F<u>x  =  0,  0  <  x  £  1,  t  >  0  (1) 

o 

with  F(u)  =  u  /2,  u  >  0,  and  with  initial  conditions 
u(xi,0)=g(Q),  OSxSl,  t=0,  (2) 

and  boundary  conditions 

u(0,t)=f(Q),  u( 1, t)=f <Q) ,  t>0.  (3) 

For  solving  this  problem  with  a  deterministic  model,  for 
instance  a  finite  difference  method,  we  discretize  the  domain 
and  the  boundaries  with  a  rectangular  grid  of  width  h  and 
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height  k.  h  and  k  denoting  the  space  and  time  steps, 
respectively.  We  denote  by  P, internal  nodes  and  by  Q.  boundary 

nodes  (by  boundary  nodes  we  mean  initial  or  boundary  nodes). 
The  approximate  solution  at  node  Pj=P(x^)  and  time  tn=nk  is 

denoted  un  (P.).  An  explicit  finite  difference  analogue  of 

equation  (1)  at  an  internal  node  PQ  (with  Pj^  and  P2  its  left 

and  right  neighbours,  respectively)  of  the  domain,  reads 


i=2 

un+1(P0)  =  E  a.(PQ)  un(P.) 
u  i=0  1  u  1 


(4) 


where  the  coefficients  a^(PQ)  depend  on  the  particular  scheme 
being  chosen.  For  the  Lax  scheme,  for  instance,  aQ(PQ)=0, 

*1<P0>  =  (1+V2>'  a2(P0)=< 1-q0/2)'  where  «l0=u0k/h,  and  for  the 
Godunov  scheme,  a0(P0)=l-qQ,  a1(PQ)=q0,  a2(PQ)=0,  where 

qQ=0. 5(UQ+u”)k/h.  Similar  expressions  can  be  obtained  for  the 
Wendroff  implicit  soheme.  Equation  (4)  can  be  written  in  matrix 

form  as  Un+1=P  Un+D,  where  P  is  a  tridiagonal  matrix  readily 
derived  from  (4).  Stability  in  the  Lg  norm  is  satisfied  if  the 

spectral  radius  p(P)  of  the  matrix  P  lies  inside  the  unit  disk; 
this  is  ensured  if  the  CFL  condition  is  fulfilled.  Convergence 
of  the  method  follows. 


We  now  consider  the  stochastic  model  for  (1)  in  the  realm 
of  finite  Markov  processes.  For  this  we  impose  the  following 
restrictions 


i=2 

E  a. (Pn)  =  1  and  a. (Pft>  £  0 

i_0  i  u  i  u 


(5) 


which  are  necessary  for  probability  assignment.  It  is  worth 
observing  that  in  principle  it  is  not  possible  to  associate  a 
Markov  process  to  an  hyperbolic  equation  since  its  difference 
approximation  yields  negative  coefficients  not  allowing 
probability  assignement;  however,  since  every  monotone  finite 
difference  approximation  to  a  hyperbolic  equation  is  first 
order  accurate  and  henoe,  is  a  second  order  approximation  to  a 
parabolic  equation,  the  MCFDM  is  then  justified.  Moreover,  in 
nonlinear  problems  the  transition  probabilities  are  unknown 
apriori  since  they  are  function  of  the  unknown  solution,  thus 
we  are  forced  to  estimate  the  latter  to  calculate  the  former.  A 
discrete  Markov  process  or  Markov  chain  is  defined  to  be  a 
system  S  consisting  of  a  finite  set  of  states  ,  at  each  of  a 

sequence  of  discrete  times  t=0,  1,  2, . . ,  n  the  system  S  is  in 
one  of  the  states  S^.  The  state  determines  a  set  of 

conditional  probabilities  p.  the  quantity  p,  .  is  the 

4  J  *  J 

probability  that  the  system  which,  at  the  time  n  is  in  the 
state  S^,  will  be  in  the  state  Sj  at  the  n+1  time,  clearly,  p^ 
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is  the  probability  of  the  transition  to  Sj.  The 

characteristic  property  of  a  Markovian  process  is  that  p.  .  only 
depends  on  the  current  state  and  is  independent  of  the 

previous  states  of  the  system.  The  set  of  all  conditional 

probabilities  p.  .  forms  a  stochastic  matrix  P  which  completely 
^  0 

determines  the  properties  of  the  given  chain.  The  state  is 

said  to  be  an  absorbing  state  if  the  system  S  remains  in  this 
state  with  probability  one,  the  states  S.and  S.  are  said  to  be 

linked  if  there  is  a  non-zero  probability  that  may  attain 

in  a  finite  number  of  time  steps  and  finally,  a  Markov  chain  is 
said  to  be  terminating  if  each  of  its  states  is  linked  to  an 
absorbing  state.  It  follows  that  if  a  finite  Markov  process  is 
terminating  it  attains  an  absorbing  state  with  probability  one, 
in  a  finite  number  of  states.  We  can  now  associate  the  set  of 
states  of  a  finite  Markov  chain  with  the  approximate 

solution  at  the  nodes  of  the  domain  on  which  the  finite 
difference  is  defined,  the  internal  nodes  corresponding  to 
transient  states  and  boundary  nodes  to  absorbing  states.  The 
coefficients  ai(PQ)  of  the  difference  equation  (4)  can  be 

associated  with  transition  probabilities  p. ,  in  the  Markov 

^  J 

chain.  Consider  now  the  following  random  walk  procedure.  Let  PQ 
at  time  tR+1  be  the  current  state  of  an  hypothetical  particle 
and  Pj,  i=l,2,  the  next  possible  states  at  tn,  reached  in  the 
unit  time.  The  transition  from  P~  at  t  to  P.  at  t  occurs 
with  probability  a^Pg)  according  to  the  following  formula 


U11^) 

if 

0  <  ?i  <  al(P0) 

un+1(P0)=  {  un(P0) 

if 

W-  ?i  -  al 

^P0>+a2(P0* 

(6) 

un(p2) 

if 

al<P0)+a2(P0>  " 

H 

VI 

•H 

where  a  point  falls 

at 

random  in  the 

interval  [0, 1] 

with 

coordinate  picked  from  a  uniform  distribution  in  the  range 

[0,1].  We  call  expression  (6)  a  Monte  Carlo  Finite  Difference 
Scheme,  it  satisfies  the  finite  difference  equation  (4)  but  not 
its  boundary  conditions.  For  this  we  need  the  following 
considerations.  If  u(Pq,Qj)  denotes  the  probability  of  ending  a 

random  walk  at  a  boundary  Qj  having  started  at  Pq,  the 

expectation  of  the  boundary  values  reached  is  given  by 


V(PQ) 


j=s 

L 

j=l 


u(P0,Q.)  f(Qj> 


(7) 


where  s  is  the  total  number  of  boundary  nodes.  It  can  be  shown 
that  V(Pq)  satisfies  the  finite  difference  equation  (4)  and  its 

boundary  conditions  (see  details  in  [5]).  For  estimating 
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u(Pq,Qj)  we  simulate  N  times  the  random  walk  starting  at  Pq  and 
counting  the  number  of  times  n.  in  whioh  a  boundary  node  Q.  is 

J  J 

reached.  An  approximation  of  (7)  is  given  by 

Vn+1(P„)  =  E  Sn  ./N  f(Q.)  =  1/N  E  Sn  .  f  (Q .)  .  (8) 

0  j=l  J  J  j=l  3  3 

The  last  summation  is  the  average  of  all  the  boundaries  reached 
after  N  random  walks.  It  can  be  shown  that  the  expectation  of 
this  average  is  u(Pq)  and  by  the  law  of  large  numbers  this 

average  converges  to  the  exact  solution  of  (4)  for  increasing 
values  of  N.  For  the  construction  of  the  stochastic  model  the 
random  walk  begins  at  a  node  Pq  of  a  time  level  tR  +  1  for  which 

the  solution,  at  the  previous  time  level  and  for  all  grid 
nodes, is  known.  Here  a  random  walk  consists  in  one  random  step 
since  after  it  a  boundary  node  or  absorbing  state  is  inevitably 
encountered.  Implicit  in  this  procedure  is  the  fact  that  the 
unknown  transition  probabilities  have  been  estimated  using  the 
solution  at  the  previous  time  level;  obviously  the  solution  is 
calculated  for  all  nodes  at  each  time  level. 

Formula  (6)  can  be  written  in  matrix  notation  as 

Un+1=PUn+D  where  P  is  a  tridiagonal  matrix  whose  elements  are 
the  set  of  all  probability  transitions  a^(P^).  Stability  of  the 

MCFDS  can  be  established  in  the  Lg  norm  if  the  spectral  radius 

P(P)  of  the  matrix  P  is  inside  the  unit  disk.  Since  the  matrix 
P  is  a  stochastic  matrix  and  by  definition  its  spectral  radius 
is  equal  to  one,  it  follows  that  the  MCFDS  is  unconditionally 
stable. 

To  reduce  the  variance  we  have  used  the  following 
strategy  introduced  in  [1].  The  interval  [0,1]  is  subdivided 
into  mg  subintervals,  tj  is  picked  in  the  first  subinterval,  ?g 

in  the  second,  etc.,  ?_  in  the  first  subinterval,  i.e., 
*  C 

? i=(? i+ni+1)/m2.  The  subinterval  ordering  is  obtained  with 

T)i+l  =  ^T,i+ml^mcx*  m2‘  w^ere  mi  m2*  ml<m2  are  Pr*mo  integers, 
T)0<m2  and  nQ  given.  It  is  dear  that  sinoe  only  one  ?*  is 
picked  per  random  walk,  after  mg  random  walks,  mg  random 

coordinates  ??  have  been  pioked  and  each  one  on  a  different 
*  ♦ 
subinterval.  With  this  procedure  the  sequenoe  of  samples 

reach  approximate  equidistribution  over  [0, 1]  at  a  faster  rate. 
Numerical  experiments  presented  below  show  a  significant 
improvent  using  this  technique  as  oompared  with  simple 
sampling. 

The  MCFDM  can  be  easily  extended  to  hyperbolic  partial 
differential  equations  in  any  number  of  dimensions,  the  only 
constraint  being  the  satisfaction  of  the  stochasticity 
conditions  given  by  expression  (5). 


MONTE  CARLO  FINITE  DIFFERENCE  METHODS  FOR  HYPERBOLIC 
SYSTEMS  OF  CONSERVATION  LAWS 

In  this  section  we  introduce  the  MCFDM  for  the  solution 
of  one  dimensional  homogeneous  hyperbolic  system  of 
conservation  laws.  This  system  can  be  written  as 

Dt+F(U>x=0'  <9) 


where  F(U)  is  a  flux  density,  U  is  a  vector  valued  funcion  and 
x  and  t  are  the  space  and  time  coordinates.  A  simple  example  is 
provided  by  the  one  dimensional  shallow  water  system  (or 
isentropic  gas  flow)  which  is  given  by  (9),  where  U  =  {  uh,h  }, 

2  2 

F(U)={u  +gh  /2>,  here  u  is  the  water  velocity,  h  is  the  depth 
and  g  is  the  gravity.  System  (9)  can  be  written  in 
characteristic  form  as 


Wt  +  A  Wx  =  °, 


(10) 


where  now  W  =  {  r,  s  }  and  A  =  diag  {  (3r+s)/4,  (r+3s)/4  },  r 
and  s  are  the  Riemann  invariants:  r=  u+2C,  s=u-2C  and 
C=sqrt(gh)  (see  details  in  [6]).  An  explicit  finite  difference 
scheme  is  given  by 


Wn+1(PQ) 


i=2 

£  ai(P0)  W^Pi)  . 

i=0  1  °  1 


(11) 


Using  a  Godunov  type  scheme  and  assuming  supercritical  flow 
(for  instance),  a^(P^)=I-k/2  A(Pq),  a1(PQ)=k/2  A(PQ)  and 

a2(P0)=0.  The  numerical  method  consists  in  solving  the  shallow 

water  system  for  the  Riemann  invariants,  recovering  then  the 

2 

primitive  variables  with  the  formulae:  h=(r-s)  /(18g)  and 
u=(r+s)/2.  Similar  arguments  as  those  used  in  the  scalar  case 
show  that  formula  (11)  is  stable  if  the  CFL  condition  is 
satisfied. 


For  the  construction  of  the  stochastic  analogy  we  need  to 
satisfy  the  stochasticity  conditions  given  by  expression  (5) 


but  now  for  vector 
Scheme  for  system 

valued  functions.  Thus 
(10)  can  be  written  as 

a  Monte  Carlo 

Godunov 

Wn(P1> 

if 

o<  vt<  ai(P0) 

Wn+1(PQ)=  {  Wn(PQ) 

if 

»1<P0,S  5  al 

(P0)+82<P0) 

(12) 

Wn(P2) 

if 

al(P0Ua2(P0>  5 

*i  5  1 

where  now  7^=  ?2>^  i  8X1(1  *2  8r®  picked  from  a  uniform 

distribution  in  the  range  [0,1].  With  similar  arguments  as 
those  given  for  the  soalar  oase  it  can  be  shown  that  the  MCFDM 
just  described  is  unconditionally  stable. 
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NUMERICAL  RESULTS 

In  this  section  we  present  some  results  obtained  in  the 
application  of  the  MCFDM  to  scalar  and  hyperbolic  system  of 
conservation  laws.  In  figures  1  and  2  we  present  the  results 
obtained  with  the  Monte  Carlo  Godunov  method  in  the  solution  of 
the  Riemann  problem  constituted  by  the  Burgers  inviscid 
equation  (1)  with  the  following  initial  data:  u(x, 0)=u^=2  for 

x<0  and  u(x, 0)=u  =1  for  x>0.  The  exact  solution  is  given  by 
r 

u,  for  x  <  s 

u(x, t)= 

u  for  x  >  s 
r 

where  s=l/2(u,+u  )=3/2  is  the  shock  propagation  speed.  The 
I  r 

local  CFL  conditions  at  the  left  and  right  of  the  shock  are 
CFL=k/h<l/2  and  CFL=k/h<l,  respectively,  while  at  the  shock  is 
CFL=k/h<3/2;  the  critical  CFL  is  then  CFLcr=l/2.  Figure  1  shows 

the  exact  and  Monte  Carlo  Godunov  solutions  for  t=0  and 
t=0. 1172  using  the  CFLcr.  Characteristics  at  the  left  of  the 

shock  travel  at  the  correct  speed  but  the  shock  is  smeared.  The 
results  of  the  Monte  Carlo  method  coincide  with  those  obtained 
with  the  Godunov  deterministic  scheme.  In  figure  2  we  present 
the  results  of  the  Monte  Carlo  Godunov  method  for  the  same 
problem  but  now  using  a  CFL=3/2=1 . 333  CFLcr>.  For  this  value  the 

stochastic  solution  coincides  with  the  exact  solution  while  the 
deterministic  scheme  is  unstable.  This  remarkable  result  has 
been  obtained  violating  the  stochasticity  condition  and  thus 
the  consistency  of  the  Markov  chain  (except  at  the 
discontinuity)  and  is  due  to  the  fact  that  the  Monte  Carlo 
method  is  unconditionally  stable.  More  specifically:  the  Monte 
Carlo  Godunov  scheme  is  given  by 


n+1 

un(P1)  , 

0  <  <  W 

(13. 

a) 

u(P0)  = 

un(PQ)  , 

al<P0>  <  ?i  <  al(P0)+a2(P0> 

(13. 

b) 

n+1  n 

a1(P0)=l,  aj,(P0)=0  and  u(PQ)=u(P1)  with  probability  one.  At  the 
left  of  the  shock  qg=4/3,  a^(Pg)=4/3  >  1  and  agCPg^-l/S  <  1, 
which  is  not  consistent.  However,  since  the  condition  (13. a)  is 

n+1  n 

cheoked  first  and  because  a^(Pg)  >  1,  u(Pg)=u(P1)  with 

probability  one.  This  has  no  consequences  here  because  of  the 
initial  data  involved;  had  we  been  dealing  with  initial  data 
constituted  by  a  rarefaction  wave,  the  violation  of  the  CFL 
condition  would  have  produced  a  spurious  constant  state.  For 
the  particular  problem  discussed  here  the  Monte  Carlo  Godunov 
method  has  infinite  resolution. 


i 
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Figures  3  and  4  show  the  results  obtained  with  the  Monte 
Carlo  Godunov  method  ( 12  )  in  the  solution  of  the  Riemann 
problem  constituted  by  the  shallow  water  system  (10)  with  the 
following  initial  data:  r(x, 0) =r^=20,  s(x, 0)=s1=-20,  for  x<0 

and  r(x, 0)=r  =8,  s(x, 0) =sr=-8, for  x>0;  these  data  corresponds 

to  the  dam  breaking  problem  with  initial  conditions  h^=10.2, 

h  =1.63  and  u,=u  =0.  The  exact  solution  in  the  primitive 
r  l  r 

variables  is  given  by  a  constant  state  separated  by  a  right 
shock  and  a  left  rarefaction  (see  details  in  [6]).  Figure  3 
shows  the  Monte  Carlo  Godunov  solution  for  the  Riemann 
invariants  r  and  s,  initially  and  40  time  steps  later.  Figure  4 
shows  the  corresponding  results  for  the  depth  and  velocity. 
These  run  were  made  with  a  time  step  corresponding  to  the 
critical  CFL  condition,  a  grid  of  h=l/256,  110  random  walks  per 
node  and  stratified  sampling.  The  Monte  Carlo  results  coincide 
with  those  obtained  with  the  exact  solution  (not  shown  here). 
The  sharpness  and  non  oscillatory  character  of  the  solution  are 
noticeable. 


CONCLUSIONS 

A  new  class  of  stochastic  finite  difference  schemes  for 
the  solution  of  nonlinear  hyperbolic  systems  of  conservation 
laws  has  been  introduced.  It  is  based  on  exact  solutions  of 
finite  difference  schemes  and  sampling  techniques  .  Its  main 
advantages  are  that  it  is  unconditionally  stable  and  grid  and 
oscillation  free.  Numerical  results  show  the  convergence  of 
these  methods.  For  certain  data,  the  MCFDM  possess  infinite 
resolution. 
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Fig.  1.  Monte  Carlo  Godunov  solution  for  Burgers 

inviscid  at  t=0  and  t=15k  (CFL=CFL  _). 
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Fig.  3.  Monte  Carlo  Godunov  solution  for  the  shallow 
water  system  at  t=0  and  t=40k,  Riemann 
invariants:  r  top,  s  bottom. 
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Fig.  4.  Monte  Carlo  Godunov  solution  for  the  shallow 


water  system  at  t=0  and  t=40k,  heights  and 
velocities  superimposed. 
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NUMERICAL  SOLUTION  OF  FLOW  EQUATIONS 
AN  AIRCRAFT  DESIGNER  S  VIEW 
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SUMMARY 

Today  the  most  accurate  and  cost  effective  industrial  codes  used  in 
aircraft  design  are  based  on  the  full  potential  equation  coupled  with 
boundary  layer  equations.  However,  these  are  not  capable  to  solve 
complicated  three-dimensional  problems  of  vortical  flows  and  shocks.  On 
the  other  hand  Euler  and  Navier-Stokes  codes  are  too  expensive  and  not 
accurate  enough  for  design  purposes,  especially  in  regard  of  drag  and 
interference  prediction.  The  reasons  for  these  deficiencies  are  investi¬ 
gated  and  a  way  to  overcome  them  by  future  developments  is  demonstrated. 


NOMENCLATURE 


a  speed  of  sound 

ao  stagnation  speed  of  sound 

dA  element  of  surface  dV 

divn.  div.  in  plane  normal  to  n 
Dm.  wave  operator  at  Mach  cone 

Dp.  wave  operator  at  path  line 

gj-  substantial  derivative 

dV  surface  of  V 

e  specific  inner  energy 

F  flux 

h„  specific  stagnation  enthalpy 

n*  space- time  like  normal  vector 

n  space  1 i ke  part  of  n* 


P 

R 


s 

t 

T 


y 

x 

p 


pressure 

special  gas  constant 
specific  entropy 
time 

temperature 

space-time  velocity, 

stationary:  y,*  “  X, 

space  velocity 

normal  component  of  velocity 

(X  X  shock)  ’  Eshock 

tangential  part  of  velocity 
control  volume 
ratio  of  specific  heats 
Riemann  invariant 
density 


DEFICIENCIES  OF  MODERN  NUMERICAL  METHODS 

In  the  aerodynamic  design  of  modern  aircraft,  especially  transonic 

transport  aircraft,  numerical  methods  became  one  of  the  most  important 

design  tools.  The  mayority  of  the  codes  used  nowadays  relies  heavily  on 

the  experience  gained  with  the  elliptic  subsonic  potential  equation.  To 

make  possible  a  solution  of  transonic  flows,  conditions  were  introduced  to 

enforce  numerical  stability.  Even  today,  the  most  accurate  codes  for  drag  ; 

prediction  are  full  potential  codes  coupled  with  a  boundary  layer  method.  ; 

Often  viscous  effects  strongly  influence  the  solution  (Fig.  1:  shock/ 

boundary  layer  interaction,  rear  loaded  profiles,  transonic  wakes).  The  H- 

type  grid  enables  an  accurate  coupling  of  the  inviscid  and  viscous 

solution  including  the  wake,  and  an  easy  capture  of  normal  shocks  [4]. 

These  codes  are  restricted  to  two-dimensional  or  nearly  two-dimensional 
flow  problems  because  they  cannot  capture  the  typical  three-dimensional  , 

effects  (Fig.  2:  unknown  three-dimensional  shocks,  free  vortices,  wake 
interferencies,  nacelle  and  jet  interferences,  rotational  flow  fields).  i 
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Fig.  1:  Transonic  airfoil  calculation 


For  aircraft  having  low  aspect  ratio  wings  the  older  methods  are  complete¬ 
ly  insufficient:  the  flow  field  is  dominated  by  vortex  systems;  at  higher 
Mach  numbers  the  steep  entropy  gradients  and  real  gas  effects  do  not  allow 
a  potential  approximation. 


Fig.  3:  Relative  loss  of  total  pressure  on  a  midwing  airfoil 
(Solutions  of  two  different  3D  Euler  codes) 


On  the  other  hand  Euler  and  Navler-Stokes  (NS)  codes  are  available,  with 
it  should  possible  to  solve  these  problems  [8].  Figs.  3-8  show  some 
typical  3D-results  of  two  modern  Euler  codes  representing  the  state  of  the 
art.  Oue  to  smearing  and  wiggles  shock  location  and  strength  cannot  be 
determined  accurately  (Fig.  3).  At  the  leading  edge  spurious  pressure 
raises  resp.  entropy  losses  occur  which  partly  vanish  downstream;  the 
trailing  edge  solution  produces  similar  errors. 

Inviscid  wave  and  Induced  drag  can  be  determined  by  pressure  integration 
in  the  direction  perpendicular  to  the  free  stream.  It  is  given  as  the 
small  difference  of  the  large  areas  enclosed  by  the  pressure  curves  (Fig. 
4);  errors  result  mainly  from  incorrect  pressure  computation  at  leading 


Fig.  5:  Absolute  value  of  vorticity,  streamwise  direction 
(3D  Euler  solution) 
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Fig.  6:  Relative  loss  of  total  pressure,  streamwise  direction 
(3D  Euler  solution,  values  *  0.005) 


Another  possibility  is  to  calculate  wave  drag  from  the  entropy  rise  at  the 
shock  and  induced  drag  in  the  Trefftz  plane.  This  requires  accurate  shock 
determination  and  vorticity  transport;  both  are  not  sufficiently  resolved 
by  current  codes  (Figs.  5/6). 

Another  important  problem  is  interference  caused  by  vortex  systems,  the 
computation  of  which  should  also  be  possible  by  Euler  and  NS  solvers. 


Fig.  7:  Absolute  value  of  vorticity,  wake  behind  wing  (3D  Euler  solution) 


Fig.  8:  Total  pressure  loss,  wake  behind  wing  (3D  Euler  solution) 


Figs.  7,8  were  to  show  only  the  inviscid  wake  and  shock  vorticity  of  an 
Euler  solution.  Partly  vorticity  occurs  at  the  physically  known  places. 
But  obviously,  additional  vorticity  is  generated  by  grid  properties,  is 
smeared  out,  and  in  the  downstream  direction  the  vorticity  content  [3] 
diminishes  rapidly.  So  these  codes  are  not  yet  able  to  solve  this  problem 
with  the  accuracy  needed  for  effective  aircraft  design. 

Looking  at  computing  costs  the  Euler  (and  NS)  codes  are  surprisingly 
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expensive:  Today's  Euler  codes  still  need  grid  sizes  comparable  to  those 
of  full  potential  codes.  But  the  required  pressure  or  velocity  values  are 
directly  obtained  as  solutions  of  the  Euler  equations.  Therefore  a  much 
coarser  mesh  should  yield  the  same  accuracy  as  for  potential  solutions, 
which  produce  an  order  one  loss  of  accuracy  by  numerical  differentiation 
of  the  potential  function.  Moreover  -  because  of  the  required  degree  of 
continuity  -  additional  difficulties  occur  for  potential  solvers  in 
regions  of  strongly  varying  solutions.  Therefore  important  accuracy  and 
cost  improvements  of  future  Euler  (and  NS)  codes  can  be  expected. 

The  viscous  nature  of  real  flow  may  lead  to  assume  that  difficulties  could 
be  overcome  by  using  the  NS  equations.  However,  since  the  errors  mentioned 
are  generated  by  the  numerical  method  and  not  by  the  equations,  an 
improvement  appears  possible  only  by  proper  formulation  of  the  algorithms. 
Especially  for  high  Reynolds  number  flows  the  Euler  terms  remain  essential 
in  the  NS  equations;  they  completely  describe  the  flow  field  away  from 
body  surfaces  or  wakes.  Therefore  solving  the  NS  equations  will  only  be 
possible  by  accurately  solving  the  intrinsic  hyperbolic  Euler  equations; 
their  numerical  treatment  by  field  methods  will  be  discussed  here. 

It  is  well  known,  that  the  errors  in  numerical  solutions  are  generated  by 
numerical  smearing,  amplification  and  artificial  damping,  but  it  is  diffi¬ 
cult  to  localize  the  hidden  sources  of  these  effects.  We  will  try  to  iden¬ 
tify  some  of  them  and  to  show  possibilities  to  overcome  them.  The  facts 
presented  are  well  known,  but  not  fully  respected  in  numerical  methods. 

The  development  of  numerical  field  methods  is  made  in  five  steps: 

-  Selection  and  analysis  of  the  governing  equations, 

-  Selection  of  a  point  distribution  or  grid  to  represent  the  flow  field, 

-  Approximation  of  solution  values  between  grid  points, 

-  Formulation  of  the  boundary  conditions  defining  the  special  problem, 

-  Mathematical  solution  algorithm. 

In  the  next  sections  only  the  first  three  points  are  discussed  for  the  Eu¬ 
ler  equations  as  an  example  of  systems  of  nonlinear  hyperbolic  equations. 


GOVERNING  EQUATIONS 
The  well  known  Euler  equations  are 
C  -£•  +  p  div  v  »  “  0  > 

M  p§f  +  grad  p  =  0  ,  (1) 


*§7  +  P  <*iv  X. 


,  2s.  .  £.  Dp 


„  T  Ds 
pT  dT 


Hyperbolic  differential  equations  have  real  directions  with  undefined 
derivatives.  For  the  Euler  equations  (1)  these  directions  are  the  direct¬ 
ions  ji*  normal  to  the  path  lines  and  normal  to  the  Mach  cone: 


path  line:  £*-n*  *  0  > 

Mach  cone:  v*-n*  «  -a  . 


(2) 


All  solutions  of  hyperbolic  systems,  except  the  trivial  ones,  are  defined 


by  jumps  of  (sometimes  higher  order)  derivatives.  The  possible  discontin¬ 
uities  are  (depending  on  the  selected  set  of  dependant  variables)  e.g. 

across  the  path  line:  all  variables  except  p,  v„  , 

across  the  Mach  cone:  1.  derivatives  of  p,  (v-n)  , 

(3) 

across  shocks:  all  variables  except  vt,  pv„rel  ,  p  +/>v„re)  •  v„  , 

p(e  +  tt)  v„r„  +  P  vn  . 

The  path  line  and  wake  discontinuities  are  connected  with  vortices  and 
occur  even  in  steady  subsonic  flow.  The  Euler  equations  can  generate 
wake  discontinuities  only  at  shocks  or  boundaries,  but  they  completely 
describe  their  transportation  along  path  lines. 

In  elliptic  problems  the  polynomial  order  of  the  Taylor  approximation  is  a 
quality  measure  for  the  discretization.  For  hyperbolic  problems  this  is 
only  true  for  regions  with  very  smooth  solutions.  In  the  physically  more 
interesting  zones  different  kinds  of  discontinuities  are  significant; 
especially  here  the  solution  cannot  be  expanded  into  Taylor  series. 

Normal  to  the  directions  of  possible  jumps  there  exist  corresponding 
directions  of  wave  propagation  with  the  associated  wave  operators: 

path  line  v*  :  Dp.  :=  §7  :=  ft"  +  (v-grad).  » 

n  ~  (4) 

Mach  cone  v*  +  a  jj  :  D^.  :*  ot  +  a  (n-grad).  . 

The  continuous  part  of  the  solution  is  defined  by  the  set  of  compatibility 
conditions  of  characteristics  theory,  e.g.  (depending  on  variables) 

along  path  line:  E  Dp  s  -  0  , 

X-M  Dp  (y)  =  -  7  v -  grad  p  , 

.  (5) 

along  Mach  cone:  0M  (y,.jn)  +  DM  p  +  a  divn  v  =  0 

(divn  v  :  div  v  taken  in  the  plane  normal  to  jq) . 

These  conditions  are  special  combinations  of  the  governing  equations  (1) 
which  are  valid  everywhere  except  across  shocks.  But  only  in  the  direct¬ 
ions  of  the  corresponding  characteristics  they  describe  continuous  wave 
propagation  although  continuity  is  not  required  for  each  single  term. 

Along  the  path  line  entropy  (and  in  steady  flow  stagnation  enthalpy)  is 
convected,  without  any  continuity  required  in  the  transverse  direction. 
For  vortical  flows  the  correct  calculation  of  vorticity  transport  is 
substantial;  but  this  is  described  only  indirectly  by  convection. 

Important  for  numerical  treatment  is,  that  the  hyperbolic  solution  is 
exclusively  defined  by  jumps  of  derivativs  across  the  characteristics  and 
in  certain  cases  as  jumps  of  the  solutions  themselves. 

Referring  to  Integral  formulations  Instead  of  differential  equations, 
it  is  possible  to  capture  all  discontinuities  within  one  cell  for 
one-dimensional  problems,  because  fluxes  may  be  treated  as  unknowns. 
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This  normally  fails  in  multidimensional  cases  since  the  fluxes  are  tensors 
one  degree  higher  than  the  flow  variables.  Therefore  fluxes  are  computed 
by  surface  integration  and  their  values  have  to  be  calculated  from  a  usual 
set  of  variables.  However,  the  values  of  these  variables  are  only  known  at 
distinct  points  and  not  at  the  whole  boundary.  This  must  be  overcome  by 
interpolation  assumptions  which  often  are  inconsistent  with  the  discontin¬ 
uities.  Therefore  a  combination  with  other  techniques  is  recommended  which 
will  be  described  later. 


The  selection  of  unknowns  has  a  strong  influence  on  numerical  properties. 
For  the  Euler  equations  the  so-called  conservative  variables  yield  shock 
capturing  capability  to  finite  difference  schemes,  but  are  normally 
working  well  only  for  one-dimensional  cases.  For  finite  volume  schemes 
based  on  the  surface  integral  equations  (6)  instead  of  the  differential 
equations,  it  is  not  necessary  to  use  the  conservative  variables  for  shock 
capturing.  The  only  important  condition  is,  that  the  equations  do  not 
contain  production  terms. 

Using  conservative  or  primitive  variables,  the  set  of  differential 
equations  is  strongly  coupled.  For  numerical  reasons  and  for  consistency 
it  is  desirable  to  decouple  the  system  of  equations.  This  is  at  least 
partly  possible  by  using  a  different  set  of  variables.  A  complete 
decoupling  is  provided  by  Riemann  Invariants  if  they  exist;  unfortunately 
they  usually  do  not  exist.  But  often  it  is  possible  to  construct  a  system 
of  equations  with  weaker  coupling  and  weaker  nonlinearities,  using  the 
knowledge  of  Riemann  properties  of  simpler  cases.  Choosing  velocity, 
speed  of  sound  and  entropy  as  variables  leads  to  a  set  of  only  mildly 
coupled  and  nearly  linear  compatibility  conditions.  Wave  transportation  is 
described  by  the  wave  operators  D  (4).  The  nonlinearity  is  restricted 
to  the  determination  of  the  wave  operator's  characteristic  direction  and 
the  right  hand  terms: 
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along  path  line:  E 

DP  s 

v.M 

Dp  (£> 

(transient) 

V-N 

DP  (a l) 

(quasi  stat.) 

0  , 

X  [T  grad  s  -  ^  grad  (a2)]  , 
It'1’*  •  (v-l)T  $*• , 


along  Mach  cone:  (^  a  +  x-£) 


a 

7R 


Dm  s  -  a  div„ 


If  we  locally  construct  for  each  grid  plane  Riemann  invariants  by  combi¬ 
ning  velocity  and  speed  of  sound,  the  weakest  coupling  of  compatibility 
equations  is  obtained  [1 ,  5].  This  is  implemented  by  using  two  differing 
normal  vectors  [7]. 


x(fi)  :»  £  a  +  (v-n)  ,  fi,  -  -  n2.  (8) 

It  is  well  known  that  for  isentropic  plane  waves  the  equations  are  comple¬ 
tely  decoupled.  However,  this  set  has  no  shock  capturing  capability. 


SELECTION  OF  REPRESENTATIVE  POINTS 


Have  directions 


Grid  lines 


Fig.  10:  Numerical  grid 


In  most  numerical  field  methods  the  solution  is  represented  by  a  distinct 
number  of  grid  points.  Between  the  grid  points  the  solution  values  are 
distributed  by  some  kind  of  interpolation.  These  interpolation  functions 
are  defined  locally,  their  definition  changes  at  grid  lines.  Therefore 
grid  lines  introduce  numerical  discontinuities.  The  best  results  are 
obtained,  if  these  numerical  discontinuities  coincide  at  least  with  the 
most  important  physical  discontinuities. 

For  the  Euler  equations  the  most  important  discontinuities  are: 

-  At  shocks:  shocks  and  path  lines, 

-  In  nonisentropic,  shock-free  regions:  path  lines  and  characteristics, 
especially  "main  characteristics"  (The  "main  characteristic"  is  the 
downstream  characteristic  in  the  plane  spanned  by  the  boundary  normal 
vector  and  the  velocity  vector.), 

-  In  the  isentropic  region:  characteristics,  most  important  the 
"main  characteristics", 

-  Steady  subsonic  vortex  flow:  path  lines  which  here  are  stream  lines. 

This  constitutes  a  great  challenge  on  grid  construction,  but  it  is  a  way 
to  get  sufficiently  accurate  solutions  with  a  restricted  number  of  grid 
points  (e.g.  Fig.  11). 


Fig.  11:  Example  of  a  physically  motivated  numerical  grid 


APPROXIMATION  OF  SOLUTION  VALUES  BETWEEN  GRID  POINTS 

Most  numerical  field  methods  need  some  kind  of  solution  distribution 
oetween  grid  points  which  generate  numerical  discontinuities  along  grid 
lines.  If  the  grid  lines  do  not  coincide  with  the  characteristics,  part  of 
the  information  transport  changes  direction  from  that  of  the  character¬ 
istics  to  that  of  the  grid  lines  due  to  the  redistribution  of  disconti¬ 
nuities.  This  produces  numerical  dispersion. 

On  the  other  hand,  the  interpolation  functions  often  must  be  continuous 
across  grid  lines.  Then  continuity  is  introduced  numerically  whereas 
physical  nature  may  be  discontinuous.  This  smears  out  solutions,  amplifies 
disturbances  and  produces  the  well  known  wiggles. 

Normally  interpolation  of  different  variables  between  the  grid  points  is 
treated  independently  from  each  other,  e.g.  linearly  for  density,  momentum 
and  energy.  But  the  equations  as  well  as  the  physical  distributions  of 
values  are  strongly  coupled.  In  the  zones  of  steep  gradients  or  even 
strongly  varying  gradients,  the  solution  is  affected  by  inconsistent 
interpolation.  A  subsequent  computation,  especially  of  sensitive  functions 
like  pressure  or  entropy,  amplifies  these  errors  due  to  the  nonlinear 
combination  of  inconsistent  values;  spurious  entropy  often  disappearing 
further  downstream  is  generated.  Moreover,  truncation  errors  increase  with 
nonlinearity  and  stronger  coupling  of  equations.  So  it  becomes  impossible 
to  accurately  calculate  wave  or  induced  drag  by  pressure  integration, 
because  the  most  important  regions  have  strongly  varying  gradients. 


REQUIREMENTS  FOR  NUMERICAL  FIELD  METHODS 

In  contrast  to  most  numerical  schemes  which  stay  in  the  tradition  of 
elliptic  solvers  or  one-dimensional  approximations,  an  accurate  numerical 
scheme  requires  proper  modeling  of  the  hyperbolic  character.  Therefore 
physical  and  numerical  discontinuities  should  coincide  as  much  as 
possible.  For  more  than  two  variables  it  is  necessary  to  select  the  most 
important  directions:  wave  and  discontinuity  lines  which  transport  the 
main  information  and  the  strongest  discontinuities. 

From  the  aircraft  designer's  view,  a  combination  with  a  viscous  solution 
is  absolutely  necessary.  It  Is  facilitated  by  the  selection  of  grids  well 
adapted  to  stream  lines  [2].  To  facilitate  code  construction,  stream  line 
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adaption  can  be  used  as  a  construction  principle  of  the  code  itself  [1,6]. 

To  achieve  accurate  solutions  the  scheme  should  be  of  second  order  in 
smooth  regions,  but  at  physical  discontinuities  it  should  introduce  as 
little  numerical  smoothness  as  possible.  Therefore  interpolation  should  be 
restricted  to  one  mesh  or  cell  surface.  Then  numerical  inaccuracies 
introduced  by  approximation  are  not  amplified;  they  will  be  transported 
along  the  grid  lines.  If  the  grid  lines  coincide  with  a  wave  propagation 
direction,  all  corresponding  approximation  errors  remain  confined  within 
the  neighbouring  grid  lines,  with  no  further  dispersion.  A  realization 
seems  possible,  e.g.  with  characteristics  oriented  schemes  [1]  or  node 
oriented  finite  volume  schemes  using  physically  motivated  grids. 

To  overcome  the  difficulties  with  inconsistent  interpolation  and  trunca¬ 
tion  errors,  it  is  possible  to  use  sets  of  variables  which  better  decouple 
the  equations.  These  sets  normally  have  no  shock  capturing  capability.  So 
they  can  only  be  used  in  a  nearly  converged  state  to  improve  accuracy; 
shock  fitting  must  be  p  -formed.  Another  possibility  is  to  use  better 
interpolation  functions,  based  on  local  approximations  of  the  flow  field, 
e.g.  locally  linearized  potential  solutions. 

The  methods  mentioned  above  will  give  the  possibility  of  cost  effective 
and  accurate  solutions.  But  programming  work  will  be  more  arduous, 
especially  when  versatility  is  to  be  maintained.  At  comparable  accuracy 
for  Euler  codes  the  goal  is  to  achieve 

-  computing  time  in  the  order  of  that  of  full  potential  codes, 

-  with  coarse  grids  as  known  from  the  method  of  characteristics. 
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I.  Motivation  and  Objective 

The  recently  developed  second-order  explicit  and  implicit  total  variation  diminishing  (TVD)  shock¬ 
capturing  methods  of  the  Harten  and  Yee  [1,2],  Yee  [3,4],  and  van  Leer  [5,6]  types  in  conjunction 
with  a  generalized  Roe’s  approximate  Riemann  solver  of  Vinokur  [7]  and  the  generalized  flux-vector 
splittings  of  Vinokur  and  Montagne  [8]  for  two-dimensional  hypersonic  real  gas  flows  are  studied.  A 
previous  study  [9]  on  one-dimensional  unsteady  problems  indicated  that  these  schemes  produce  good 
shock-capturing  capability  and  that  the  state  equation  does  not  have  a  large  effect  on  the  general 
behavior  of  these  methods  for  a  wide  range  of  flow  conditions  for  equilibrium  air.  The  objective  of  this 
paper  is  to  investigate  the  applicability  and  shock  resolution  of  these  schemes  for  two-dimensional 
steady-state  hypersonic  blunt  body  flows. 

The  main  contribution  of  this  paper  is  to  identify  some  of  the  elements  and  parameters  which  can 
affect  the  convergence  rate  for  high  Mach  numbers  or  real  gases  but  have  negligible  effect  for  low 
Mach  number  cases  for  steady-state  inviscid  blunt  body  flows.  In  order  to  investigate  these  different 
points,  two  kinds  of  flows  are  considered.  The  blunt  body  calculations  at  Mach  numbers  higher  than 
15  allow  significant  real  gas  effects  to  occur,  while  the  case  of  an  impinging  shock  provides  a  test  on 
the  treatment  of  slip  surfaces  and  complex  shock  structures.  In  separate  papers,  a  temporally  second- 
order,  implicit,  time-accurate  TVD-type  algorithm  for  viscous  steady  and  unsteady  flows  is  studied. 
Studies  show  that  the  behavior  of  the  schemes  with  various  temporal  differencing  but  similar  spatial 
discretization  for  inviscid  and  viscous  flows  are  very  different  —  in  terms  of  stability  and  convergence 
rate.  This  point  will  be  addressed  in  reference  [10].  However,  this  paper  only  concerns  itself  with 
steady-state  inviscid  computations. 

In  the  following  section,  the  generalized  Roe’s  approximate  Riemann  solver  and  flux-vector  split¬ 
tings  for  real  gases  are  reviewed.  Due  to  space  limitation,  only  the  ADI  linearized  conservative 
implicit  version  of  the  Harten  and  Yee  schemes  [11]  and  Yee  [3]  is  reviewed  here  since  most  of  the  il¬ 
lustrations  are  computed  with  this  particular  algorithm.  The  findings  concerning  the  various  aspects 
in  improving  the  convergence  rate  and  numerical  examples  are  discussed  in  the  subsequent  sections. 
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n.  Description  of  the  Numerical  Algorithm 


The  conservation  laws  for  the  two-dimensional  Euler  equations  can  be  written  in  (he  form 


dU_  dF(U)  3G(U) 
dt  dx  +  dy 


(1) 


where  U  =  [  p,  m,  n,  e]  ,  F  =  [  pu,  mu+p ,  nu,  eti+pu  ]  ,  and  G  =  [  pv,  mv,  nv+p,  ev+pv  ]r. 
Here  p  is  the  density,  m  =  pu  is  the  x-component  of  the  momentum  per  unit  volume,  n  =  pv  is  the 
y-component  of  the  momentum  per  unit  volume,  p  is  the  pressure,  e  =  pje  +  j(uJ  -I-  u1)]  is  the  total 
internal  energy  per  unit  volume,  and  e  is  the  specific  internal  energy. 


A  generalized  coordinate  transformation  of  the  form  (  =  £(x,  y)  and  r)  =  r/(x,  y)  which  maintains 
the  strong  conservation-law  form  of  equation  (1)  is  given  by 


dU  dF(U)  dd(U) 
dt+  d(  +  dr) 


(2) 


where  U  =  U/J,  F  =  (£XF  +  £VG)/J ,  G  =  (r)xF  +  t )yG)/J,  and  J  =  £xr)y  -  (yr)x,  the  Jacobian 
transformation.  Let  A  =  dF/dU  and  B  =  dG/dU .  Then  the  Jacobians  A  -  dF/dU  and  B  — 
dG/dU  can  be  written  as 

A  =  (t*A  +  („B)  (3a) 

.B  =  ( i)zA  +  i iyB).  (3b) 


2.1.  Riemann  Solvers 

Here  the  usual  approach  of  applying  the  one-dimensional  scalar  TVD  schemes  via  the  so  called 
Riemann  solvers  for  each  direction  in  multidimensional  nonlinear  systems  of  hyperbolic  conservation 
laws  (see  for  example  reference  [2])  is  used.  The  eigenvalues  and  eigenvectors  of  the  Jacobian  matrices 
A  and  B  are  used  in  approximate  Riemann  solvers.  Given  two  states  whose  difference  is  A 17,  Roe 
(12]  obtained  an  average  A  in  the  ^-direction,  for  example,  satisfying  A F  =  AAU  for  a  perfect  gas. 
The  generalization  by  Vinokur  [7]  for  an  arbitrary  gas  involves  the  pressure  derivatives  \  =  (dp/dp)~ 
and  ic  =  (dp/dtj where  7  =  pi.  The  relation  c*  =  x  +  then  gives  the  speed  of  sound,  where 
A  =  i  +  pip .  Introducing  H  =  h  +  ( u 2  +  vJ)/2,  Vinokur  found  the  same  expressions  for  u,  V  and  H 
as  for  the  perfect  gas,  and  that  x  and  k  must  satisfy 

XA  p  +  kAc  =  A  p.  (4) 

Unique  values  of  x  and  k  are  obtained  by  projecting  the  arithmetic  averages  of  the  values  for  the 
two  states  into  this  relation  (see  references  [7j  and  [2J  for  the  exact  formulas). 

Flux-vector  splitting  methods  divide  the  flux  F  into  several  parts,  each  of  which  has  a  Jacobian 
matrix  whose  eigenvalues  are  all  of  one  sign.  The  approach  by  Steger  and  Wanning  [13]  made  use 
of  the  relation  F  —  AU ,  valid  for  a  perfect  gas.  Van  Leer  [6]  constructed  a  different  splitting  in 
which  the  eigenvalues  of  the  split-flux  Jacobians  are  continuous  and  one  of  them  vanishes  leading 
to  sharper  capture  of  transonic  shocks.  Vinokur  and  Montagne  [8j  showed  that  the  expressions  for 
both  these  splittings  can  be  generalized  to  an  arbitrary  gas  by  using  the  variable  q  =  pc2 / p,  and 
adding  to  the  split  energy  flux  a  term  equal  to  the  product  of  the  split  mass  flux  and  the  quantity 
c  -  c2 /[-)(•)  -  1)]  (see  references  [8]  and  [2]  for  the  exact  formulas). 

2.2  Description  of  tbe  Implicit  TVD  schemes 

Let  At  be  the  time  step  and  let  the  grid  spacing  be  denoted  by  A?  and  Aq  such  that  {  =  jAf 
and  tj  =  kAr).  An  implicit  second-order  in  space,  first-order  in  time  TVD  algorithm  in  generalized 
coordinates  of  Yee  and  Harten  for  two-dimensional  systems  (1)  [2-4]  can  be  written  as 


fi?r + %  [%*  -  c+i.J + £J  idTdi  -  dt*-j = »&■  w 

The  functions  FJ+i  t  and  Gj  k+^  are  the  numerical  fluxes  in  the  {-  and  redirections  evaluated  at 
(j  +  i,Jt)  and  (j,  fc  +  j),  respectively.  Typically,  *>+*.  *  can  be  expressed  as 

*y+i,fc  =  £(*>'>  +  ^J+t.k  +  (6) 

Here  AJ+i  is  the  eigenvector  matrix  for  dF/dU  evaluated  at  some  symmetric  average  of  Ujtk  and 
Uj+i,k  (for  example,  Roe  average  [12]  for  a  perfect  gas  and  generalized  Roe  average  of  Vinokur  [7j 
for  real  gases).  Similarly,  one  can  define  the  numerical  flux  Gk+±  in  this  manner.  For  viscous  steady 
and  unsteady  flows,  a  fully  implicit  second-order  in  time  and  space  algorithm  (with  the  same  spatial 
differencing  for  the  convection  terms)  appears  to  be  more  stable  and  efficient  (in  terms  of  convergence 
rate)  than  (5).  See  references  [10,14,15]  for  details. 

Second-order  Symmetric  TVD  Scheme:  The  elements  of  the  $/+£  in  the  {-direction  denoted  by 
(^‘  A)S  for  a  spatially  second-order  symmetric  TVD  scheme  [3,4]  are 


=  -V-(a'+4)[a'  +  i  -«;+i  . 


The  value  a‘  +  ^  is  the  characteristic  speed  a1  for  dF/dU  evaluated  at  some  average  between 
and  UJ  +  lk.  The  function  d>  is 


*(«)  =  { 


(«*+*?)/«, 


Here  in  equation  (7b)  is  an  entropy  correction  to  |z|  where  is  a  small  positive  parameter. 
For  steady-state  problems  containing  strong  shock  waves,  a  proper  control  of  the  size  of  6\  is  very 
important,  especially  for  hypersonic  blunt-body  flows.  See  reference  [2]  or  section  m  for  a  discussion. 
An  example  of  limiter  function  Ql]+^  used  in  calculations  is: 


Q‘.+i  -  minmod  [a'.j, a*+i ,«y+f  ]  •  (7.c) 

The  minmod  function  of  a  list  of  arguments  is  equal  to  the  smallest  number  in  absolute  value  if  the 
list  of  arguments  is  of  the  same  sign,  or  is  equal  to  zero  if  any  arguments  are  of  opposite  sign.  Here 
a‘.+j  are  elements  of 

«y+|  =  -  U,.*)-  (8) 

Second-Order  Upwind  TVD  Scheme:  The  elements  of  the  in  the  {-direction  denoted  by 

(d>‘]+^)U  for  a  spatially  second-order  upwind  TVD  scheme  [11,2]  are 

(<t>‘j+i)U  =  +  9 y)  ~  V-K+i  +  ly+iK+i-  (9a) 


where 

'  1  ,  /  /  f(si+. -?y)/Q‘,+i 

An  example  of  limiter  function  j*  used  in  calculations  is 

g\  =  minmod 
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A  Conservative  Linearized  ADI  Form  for  Steady-State  Applications:  A  conservative  linearized  ADI 
form  of  equation  (5)  used  mainly  for  steady-state  applications  as  described  in  detail  in  references 
|3,11),  can  be  written  as 


'/+&**(  - 

tii  r>*  _  pn  pn  />n  pin 

,  (10a) 

/+  .  1  £7  =  £7*. 

At)  r.fc+l  At) 

(10b) 

Un+l  =  Un+E, 

(10c) 

where 

11  j +i,k  =  2  “  ny+i,Jk]  > 

(lOd) 

Hi+i  =  \[B„k+l-nlk+i]n. 

(lOe) 

The  nonstandard  notation 

(lOf) 

is  used,  and  fi*  ,  .,  07  .  ,  can  be  taken  as 

J+j  •*  Ji*+  2 

- E;.*)  («w 

nl„+iE= -  «*.*)•  ("»*) 

Here  A,+Jl*  and  £;,*+ 1  are  (3)  evaluated  at  (j  + 1 ,  Jb)  and  (y,fc  +  l),  respectively.  The  nonconserver- 
ative  linearized  implicit  form  suitable  for  steady-state  calculations  [2]  is  also  considered.  Numerical 
study  indicated  that  the  latter  form  appears  to  be  slightly  less  efficient  in  terms  of  convergence  rate 
than  the  linearized  conservative  form. 

IQ.  Enhancement  of  Convergence  Rate  for  Hypersonic  Flows 

The  current  study  indicated  that  the  following  three  elements  can  affect  the  convergence  rate 
at  hypersonic  speeds:  (a)  the  choice  of  the  entropy  correction  parameter  Si,  (b)  the  choice  of  the 
dependent  variables  on  which  the  limiters  are  applied,  and  (c)  the  prevention  of  unpbysical  solutions 
during  the  initial  transient  stage. 

(a).  For  blunt-body  steady-state  flows  with  M  >  4,  the  initial  flow  conditions  at  the  wall  are 
obtained  using  the  known  wall  temperature  in  conjunction  with  pressures  computed  from  a  modified 
Newtonian  expression.  Also,  for  implicit  methods  a  slow  startup  procedure  from  freestream  boundary 
conditions  is  necessary.  Most  importantly,  it  is  advisable  to  use  £j  in  equation  (7b)  as  a  function  of 
the  velocity  and  sound  speed.  In  particular 

(*»  )j+i  ~  *(K+il +  K'+jl  +  cj+0  (lla) 

(*i  )*+$  =*(l“*+il  +  iv*+il  +  c*+i)  (llb) 

with  0.05  <  6  <  0.25  appesir  to  be  sufficient  for  the  blunt-body  flows  for  4  <  Af  <  25.  Equation 
(11)  is  written  in  Cartesian  coordinates.  In  the  case  of  generalized  coordinates,  the  u  and  v  should 
be  replaced  by  the  contravariant  velocity  components,  and  one  half  of  the  sound  speed  would  be 
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from  the  ^-direction  and  the  other  half  would  be  from  the  redirection.  For  implicit  methods,  it  is 
very  important  to  use  (11)  in  ip(z)  on  both  the  implicit  and  explicit  operators.  For  the  implicit 
operator,  numerical  experiments  showed  that  the  linearized  conservative  form  (10)  converges  slightly 
faster  than  the  linearized  nonconservative  form  (11].  It  seems  also  that  when  the  freestream  Mach 
number  increases,  the  convergence  rate  of  the  linerarized  conservative  form  (10)  is  slightly  better 
than  a  simplified  version  which  replaces  fl ^  k  and  of  (10g,h)  by  max(  'p(alJ+ 1 )  and 

max;  il>(a‘  A)  times  the  identity  matrix. 

(b) .  Higher-order  TVD  schemes  in  general  involve  limiter  functions.  However,  there  are  options 
in  choosing  the  types  of  dependent  variables  in  applying  limiters  for  system  cases,  in  particular 
for  systems  in  generalized  coordinates.  The  choice  of  the  dependent  variables  on  which  limiters  are 
applied  can  affect  the  convergence  process.  In  particular,  due  to  the  nonuniqueness  of  the  eigenvectors 
R1+i,  the  choice  of  the  characteristic  variables  on  which  the  limiters  are  applied  play  an  important 
role  in  the  convergence  rate  as  the  Mach  number  increases.  For  moderate  Mach  numbers,  the  different 
choice  of  the  eigenvectors  have  negligible  affect  on  the  convergence  rate.  However,  for  large  Mach 
number  cases,  the  magnitudes  of  all  the  variables  at  the  jump  of  the  bow  shock  are  not  the  same.  In 
general,  the  jumps  are  much  larger  for  the  pressures  than  for  the  densities  or  total  energy.  Studies 
indicated  that  employing  the  form  ^  such  that  the  variation  of  the  a  are  of  the  same  order  of 
magnitude  as  for  the  pressure  would  be  a  good  choice  for  hypersonic  flows.  The  form  similar  to  the 
one  used  by  Gnoffo  [16]  or  Roe  and  Pike  [17]  can  improve  the  convergence  rate  over  the  ones  used 
in  references  [4,18]. 

(c) .  Due  to  the  large  gradients  and  to  the  fact  that  the  initial  conditions  are  far  from  the  steady- 
state  physical  solution,  the  path  used  by  the  implicit  method  can  go  through  states  with  negative 
pressures  if  a  large  time  step  is  employed.  A  convenient  way  to  overcome  the  difficulties  is  to  fix  a 
minimum  allowed  value  for  the  density  and  the  pressure.  With  this  safety  check,  the  scheme  allows 
a  much  larger  time  step  and  converges  several  times  faster.  In  addition,  since  the  Roe’s  average 
state  allows  the  square  of  the  average  sound  speed  c’+ .  to  lie  outside  the  interval  between  cj  and 
C’+‘,C*+i  might  be  negative  even  though  c*  and  ey+i  are  positive  during  the  transient  stage  when 
the  initial  conditions  are  far  from  the  steady-state  physical  solution.  In  this  case,  we  replace  c*+^ 
by  max(cy+i,min(cj,cj+l)).  This  later  safety  check  is  in  particular  helpful  for  the  symmetric  TVD 
algorithm  (7). 


IV.  Numerical  Results 

The  current  study  on  the  shock  resolution  of  the  various  schemes  for  two-dimensional  steady-state 
blunt-body  computations  indicates  similar  trends  as  the  one  dimensional  study  [9].  The  main  issue 
appears  to  be  their  relative  efficiency.  Due  to  extra  evaluations  per  dimension  in  the  curve  fitting 
between  the  left  and  right  states  in  a  real  gas  for  the  van  Leer  formulation,  additional  computation 
is  required  for  the  van  Leer  type  schemes  than  the  Harten  and  Yee  [1,2],  and  Yee  [3,4]  types  of  TVD 
schemes.  Here  van  Leer  type  schemes  refer  to  the  use  of  the  MUSCL  approach  in  conjunction  with 
Roe  type  approximate  Riemann  solver  [12]  or  flux-vector  splittings  [6,13].  Moreover,  for  steady-state 
applications,  implicit  methods  are  preferred  over  explicit  methods  because  of  the  faster  convergence 
rate.  In  addition,  it  is  easier  to  obtain  a  noniterative  linearized  implicit  operator  for  the  Harten  and 
Yee,  and  Yee  type  schemes  than  for  the  van  Leer  type  schemes.  For  these  reasons,  the  linearized 
implicit  versions  of  Harten  and  Yee  [11]  and  Yee  [3]  are  preferred  over  the  van  Leer  type  schemes. 

4 

Resolution  of  First-  and  Second-Order  schemer.  For  problems  containing  complex  shock  structures,  j 

first-order  upwind  TVD  schemes  are  too  diffusive  unless  extremely  fine  grids  are  used.  For  a  blunt-  « 

body  flow  containing  a  single  steady  bow  shock  only,  the  shock-capturing  capability  of  a  first-order  ; 

upwind  TVD  scheme  seems  to  be  quite  adequate  if  one  is  interested  in  the  shock  resolution  only. 

However,  a  careful  examination  of  the  overall  flow  field  of  the  density  and  Mach  number  contours  of  j 

the  first-  and  second-order  TVD  schemes  compared  with  the  exact  solution  (shock-fitting  solution)  , 

reveals  the  inaccuracy  of  the  first-order  scheme.  Figure  1  compares  the  resolution  of  the  first-order 
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(setting  g‘3  =  0)  and  second-order  upwind  TVD  schemes  (10)  using  the  Roe  approximate  Riemann 
solver  jl2)  with  the  “exact  solution”  for  a  perfect  gas  (7  =  1.4)  at  a  freestream  Mach  number  of  10. 
The  computations  are  performed  on  a  61  x  33  adapted  grid  for  the  full  (half)  cylinder,  which  yields 
a  fairly  good  bow  shock  resolution  by  both  schemes.  However,  the  contour  levels  near  the  body  are 
significantly  shifted  with  the  first-order  scheme,  while  the  second-order  scheme  reproduces  almost 
identical  results  as  the  exact  solution. 

Convergence  Rate  of  Explicit  and  Implicit  TVD  Schemes  at  Hypersonic  Speed-.  The  five  dif¬ 
ferent  second-order  TVD  methods  previously  studied  [9)  in  one  dimension  yield  very  similar  shock- 
resolution  for  the  blunt-body  problem.  In  particular,  for  an  inviscid  blunt-body  flow  in  the  hypersonic 
equilibrium  real  gas  range,  the  explicit  second-order  Harten  and  Yee,  and  Yee-Roe-Davis  type  TVD 
schemes  [2-4]  using  the  generalized  approximate  Riemann  solver  [7]  produce  similar  shock-resolution 
but  converge  slightly  faster  than  an  explicit  second-order  van  Leer  type  scheme  using  the  generalized 
van  Leer  flux-vector  splitting  [8]. 

The  freestream  conditions  for  the  current  study  are  —  IS  and  25,  p0 0  =  1.22  x  10s  N/m 2, 
Poo  =  1.88-5  kg/m3,  and  Too  =  226°K.  The  grid  size  is  61  x  33  for  the  full  (half)  cylinder  (figure  2). 
For  the  M 00  —  25  case,  the  shock  stand  off  distance  is  at  approximately  fourteen  points  from  the  wall 
on  the  symmetry  axis.  The  relaxation  procedure  for  the  explicit  methods  employs  a  second-order 
Runge-Kutta  time-discretization  with  a  CFL  of  0.5  (solution  not  shown).  The  parameter  S  is  set  to 
a  constant  value  of  0.15.  Pressure  and  Mach  number  contours  converge  and  stabilize  after  3000-4000 
steps  but  the  convergence  rate  is  much  slower  for  the  density  (with  a  2-3  order  of  magnitude  drop 
in  Lj-norm  residual).  The  bow  shock  is  captured  in  two  to  three  grid  points.  The  curve  fits  of 
Srinivasan  et  al.  [19]  are  used  to  generate  the  thermodynamic  properties  of  the  gas. 

The  same  flow  condition  was  tested  on  the  implicit  scheme  (10).  The  convergence  rate  is  many 
times  faster.  Figures  (3)  and  (4)  show  the  Mach  number,  density,  pressure  and  k  contours  computed 
by  the  linearized  conservative  ADI  form  of  the  upwind  scheme  (10)  for  Mach  numbers  15  and  25. 
Figure  5  shows  the  slight  advantage  of  the  convergence  rate  of  the  linearized  conservative  implicit 
TVD  scheme  (10)  over  the  linearized  nonconservative  implicit  TVD  scheme  suggested  in  reference 
[11].  The  convergence  rate  and  shock  resolution  for  the  symmetric  TVD  scheme  (10,7)  behave 
similarly.  For  =  15  case,  the  £2-norm  residual  stagnated  after  a  drop  of  four  orders  of  magnitude. 
In  general,  for  a  perfect  gas  with  10  <  Afc  <  25  and  a  not  highly  clustered  grid,  steady-state  solutions 
can  be  reached  in  800  steps  with  12  orders  of  magnitude  drop  in  the  L2-norm  residual.  However,  the 
convergence  rate  is  at  least  twice  as  slow  for  the  real  gas  counter-part.  An  important  observation 
for  the  behavior  of  the  convergence  rate  for  the  Mach  15  real  gas  case  is  that  the  discontinuities  of 
the  thermodynamic  derivatives  which  exist  in  the  curve  fits  of  Srinivasan  et  al.  [19]  might  be  the 
major  contributing  factor.  This  is  evident  from  figures  (3d)  and  (4d)  and  from  comparing  with  the 
convergence  rate  for  the  perfect  gas  result. 

Computations  of  impinging  shocks:  Figure  (6)  shows  the  Mach  contours  computed  by  the  implicit 
upwind  TVD  scheme  (10)  of  an  inviscid  shock-on-shock  interaction  on  a  blunt  body  in  the  low 
hypersonic  range.  Extensive  study  on  flow  fields  of  this  type  were  reported  in  references  [20-22] 
for  the  viscous  case.  This  flow  field  is  typical  of  what  will  be  experienced  by  the  inlet  cowl  of  the 
National  Aerospace  Plane  (NASP).  The  freestream  conditions  for  this  flow  field  are  M „  =  4.6, 
Poo  =  14.93  N/m*,  Too  =  167°K,  T„  =  556°K,  and  7  =  1.4  for  a  perfect  gas.  An  oblique  shock  with 
an  angle  of  20.9°  relative  to  the  free  stream  impinges  on  the  bow  shock.  Various  types  of  interactions 
occur  depending  on  where  the  impingement  point  is  located  on  the  bow  shock.  As  shown  by  the 
Mach  contours,  the  impinging  shock  has  caused  the  stagnation  point  to  be  moved  away  from  its 
undisturbed  location  at  the  symmetry  line.  The  surface  pressures  at  the  new  stagnation  point  can 
be  several  times  larger  than  those  at  the  undisturbed  location  of  the  stagnation  point.  In  addition,  a 
slip  surface  emanates  from  the  bow  shock  and  impinging  shock  intersection  point  and  is  intercepted 
by  a  shock  wave  which  starts  at  the  upper  kink  of  the  bow  shock.  The  interacting  shock  waves  and 
slip  surfaces  are  confined  to  a  very  small  region  and  must  be  captured  accurately  by  the  numerical 
scheme  if  the  proper  surface  pressures  and  heat  transfer  rates  are  to  be  predicted  correctly.  The 
77  x  77  grid  used  and  the  convergence  rate  computed  by  the  implicit  scheme  ( 10)  are  shown  in  figure 
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(6).  Though  the  pattern  of  the  flow  is  significantly  more  complicated  than  for  the  previous  cases,  the 
convergence  rate  remains  quite  satisfactory.  Detailed  study  of  viscous  steady  and  unsteady  flow  fields 
of  this  type  using  a  fully  implicit  second-order  time-accurate  scheme  (10]  of  the  same  numerical  flux 
(6-9)  for  the  convection  terms  ore  reported  in  (10,14,15],  It  wss  found  that  for  viscous  computations, 
the  scheme  suggested  by  Yee  et  si.  [10]  is  more  robust  than  equation  (10)  which  is  best  suited  for 
steady-state  inviscid  flows. 


IV.  Concluding  Remarks 

Some  numerical  aspects  of  the  TVD  schemes  that  can  affect  the  convergence  rate  for  hypersonic 
Mach  numbers  or  real  gas  flows  but  have  negligible  effect  on  low  Mach  number  or  perfect  gas  flows 
are  identified.  Improvements  have  been  made  to  the  various  TVD  algorithms  to  speed  up  the 
convergence  rate  in  the  hypersonic  flow  regime.  Even  with  the  improvement  though,  the  convergence 
is  in  general  slightly  slower  for  a  real  gas  than  for  a  perfect  gas.  The  nonsmoothness  in  the  curve  fits 
of  Srinivasan  et  al.  may  be  a  major  contributing  factor  in  slowing  down  the  convergence  rate.  Due 
to  extra  evaluations  per  dimension  in  the  curve  fitting  between  the  left  and  right  states  in  a  real  gas 
for  the  van  Leer  formulation,  more  computation  is  required  for  the  van  leer  type  schemes  than  for 
the  Horten  and  Yee,  and  Yee  types  of  TVD  schemes. 

Aside  from  the  difference  in  convergence  rate,  the  numerical  results  confirm  the  findings  of  the 
one  dimensional  study.  The  different  methods  yield  very  similar  shock-resolution  on  the  blunt  body 
problem  with  freestream  Mach  numbers  up  to  25,  and  the  state  equation  does  not  have  a  large  effect 
on  the  general  behavior  of  these  methods.  Further  improvements  on  the  ADI  relaxation  algorithm 
could  speed  up  the  convergence  rate  even  more. 
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Fig.  1  Comparison  among  the  Mach  contours  of  a  second-order  implicit  upwind  TVD  scheme  (c),  a 
first-order  TVD  scheme  (d)  and  the  shock  fitting  “exact”  solution  (a)  using  the  adapted  grid 
(b)  for  a  perfect  gas  at  =  10. 
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Fig.  3  The  Mach  contours  (a),  density  contours  (b),  pressure  contours  (c)  and  k  (d)  computed  by  a 
second-order  implicit  TVD  scheme  for  an  equilibrium  real  gas  at  =  15. 
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Fig.  4  The  Mach  contours  (a),  density  contours  (b),  pressure  contours  (c)  and  k  (d)  computed  by  a 
second-order  implicit  TVD  scheme  for  an  equilibrium  real  gas  at  0  =  25. 
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Fig.  5  Comparison  of  the  L2-norm  residual  of  a  linearized  conservative  implicit  operator  (a)  and 
linearized  nonconservative  implicit  operator  (b)  for  an  equilibrium  real  gas  at  =  25. 
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Fig.  6  Two-dimensional  inviscid  blunt-body  flow  computed  by  a  second-order  implicit  scheme  for  a 
perfect  gas  at  =  4.6. 
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ABSTRACT 


A  technique  to  compute  two-dimensional  flows  on  Cartesian  grids  in  the 
presence  of  bodies  of  arbitrary  shape  is  presented.  The  basic  technique  is 
patterned  on  the  A-scbeme  and  shock-fitting  procedures.  The  special  handling 
of  boundary  conditions  on  rigid  bodies  is  described  in  detail.  A  description 
of  the  application  of  the  technique  to  the  calculation  of  transonic  flows  past 
a  NACA  0012  airfoil  at  no  Incidence  is  made. 


INTRODUCTION 

Numerical  analysis  of  Euler  equations  is  generally  performed  using 
computational  grids  which  are  chosen  to  be  as  close  to  orthogonal  as  possible, 
and  to  have  all  rigid  boundaries  on  grid  lines.  Orthogonality  of  the  grid 
enhances  accuracy.  The  handling  of  boundary  conditions  is  simplified  if 
boundaries  coincide  with  grid  lines. 

Generation  of  suitable  grids,  however,  becomes  a  major  problem  when  the 
geometry  of  the  bodies  is  complicated,  when  there  are  many  bodies  in  the 
field,  and  in  three-dimensional  problems. 

In  the  light  of  recent  improvements,  both  in  computing  machines  and  in 
numerical  techniques,  the  Importance  of  a  choice  of  a  grid  can  be  challenged. 
The  possibility  of  using  a  Cartesian  grid  all  throughout  has  already  been 
explored.  Successful  attempts  have  been  made  using  a  finite  volume  method  as 
the  basic  Integration  technique  [1].  Here  we  present  and  discuss  results 
obtained  using  the  A-scherae  and  shock-fitting.  The  reason  for  our  attempt  is 
that  the  latter  technique  has  been  proved  to  be  accurate  and  efficient  in  all 
cases  analyzed  so  far  and  we  want  to  see  whether  its  good  qualities  can  be 
retained  when  a  Cartesian  grid  is  used  to  compute  the  flow  about  an  arbitrary 
body. 


GENERAL  OUTLINE  OF  THE  TECHNIQUE 

The  A-scheme  has  been  described  in  detail  in  [2],  for  general  grids 
(orthogonal  and  not  orthogonal).  When  a  Cartesian  grid  is  used,  the  scheme 
t  takes  on  the  simplest  possible  form.  For  clarity's  sake,  we  repeat  here  the 

equations  valid  for  a  Cartesian  grid. 

>  Let  a,  S,  and  q  be  speed  of  sound,  entropy  and  velocity,  respectively,  Y 

l  the  ratio  of  specific  heats,  and  6-(Y-1)/2.  Let  x,  y  and  t  be  the  Cartesian 

coordinates,  and  time.  All  quantities  are  non-dimensional lzed.  The  unit  of 
speed  is  the  speed  of  sound  at  infinity,  divided  by  /Y,  the  unit  of  length  is 
\  chosen  according  to  the  problem,  and  the  unit  of  time  is  the  ratio  of  the 

units  of  length  and  speed.  In  addition,  the  entropy  is  divided  by  YR,  where  R 
is  the  gas  constant. 


423 


1 


The  general  equations  of  notion  (Euler  equations): 

(a. +ua  +va  )/6+a(u  +v  )-aS.-a(uS  +vS  )-0 
w  x  y  X  y  w  x  y 

ut+uux+vuy+aa)(/6-a,Sx-0 

v.  +uv  +vv  +aa  /4-a’S  -0 
t  x  y  y  y 

St^uSx+vSy.° 

are  recast  Into  the  form: 


(1) 


at-6(f,x+ffx+f,sr+f,y)+6aSt 

vr,x-ftW 

vt-f,y-f1y+f,X 

st-f*x+r*y 


where 


f^-  ^^t(Rpx-aSx]/2,  fj-  -Aj((Ry)y-aSyJ/2 

(1-1,2) 


(2) 


f.X-  -UVX  . 

f.y- 

>» 

3 

> 

I 

(3) 

f.X-  -USX  , 

f,Y- 

~vSy 

Ax-u±a,  Ay«v±a, 

Rx-a/6iu, 

Ry-a/6±v  . 

(1) 

The  derivatives  are  approximated  by  forward  or  backward  differences  according 
to  the  coefficients  (A,  u,  or  v)  being  negative  or  positive. 


The  code  may  be  formally  first-order  or  second-order  accurate.  The 
latter  consists  of  the  former  repeated  twice;  at  the  first  level,  the 
quantities  defined  by  (3)  are  divided  by  2;  at  the  second  level,  each  quantity 
is  used  as  defined  by  (3),  but  the  value  obtained  at  the  first  level  in  a 
neighboring  point  Is  subtracted.  The  "neighboring"  point  Is  the  node  next  to 
the  point  In  question.  In  the  forward  or  backward  direction  according  to  A,  u 
or  v  being  negative  or  positive. 


THE  COIN  TECHNIQUE 

To  minimize  errors  in  the  leading  edge  region  and  a  consequent  decay  of 
total  temperature  on  the  surface  of  the  body,  we  reformulate  the  equations  of 
motion  in  the  spirit  of  [31.  Let  us  spilt  q  and  a  Into  sums  of  two  terms,  of 
which  the  ones  denoted  by  0  are  computed  at  the  start  of  the  calculation  and 
never  changed  again,  and  the  ones  denoted  by  a  prime  are  the  unknowns  to  be 
computed:  The  velocity  q°  Is  the  velocity  of  an  Incompressible,  lrrotatlonal 
flow  about  the  profile;  therefore,  It  satisfies  the  conditions: 

V.q"  -  0  ,  ?»q»  -  0  .  (5) 


i 
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The  term  a0  is  related  to  q®  by  the  condition  of  conservation  of  total 
temperature: 

6(q®)J  +  (a”)1  -  a0a  -  am2 ( USHj )  (6) 

where  a0  Is  the  stagnation  speed  of  sound,  and  aa,  are  the  values  of  a  and 
M  at  Infinity.  As  said  above,  neither  q°  nor  a°  depend  on  time: 

q°t  -  0  ,  a°fc  -  0  .  (7) 

For  brevity,  we  denote  the  following  technique  by  the  acronym  COIN 
(Compressible  Over  INcompressible) .  In  the  vicinity  of  the  leading  edge, 
where  the  flow  stagnates,  a  compressible  flow  behaves  as  Incompressible; 
therefore,  better  accuracy  will  be  obtained  in  discretizing  the  primed  terms 
since  their  gradients  are  small  [3]. 


All  "incompressible"  velocities  are  obtained  by  solving  (5)  and 
prescribing  a  velocity  at  Infinity,  V  “.  The  actual  velocity  at  Infinity  Is 
V»"a®Ma.  but,  Instead  of  letting  (which,  with  the  current  non¬ 

dimens  lonal  1  zing  parameters,  would  make  V-#«/YMct),  we  first  compute  the  ratio, 
density/stagnation  density  at  Infinity  Lwhich,  In  this  context.  Is 

'^],  and  then  define 

V  0  -  /YM  /( 1+6M  a)1/(Y-1)  (8) 

00  00  00  * 


By  so  doing,  mass-flows  in  the  stagnation  region  are  well  represented  by  the 
"Incompressible"  solution. 

Taking  (5),  (6),  and  (7)  Into  account,  Eqs.  (2)  can  be  replaced  by: 

P 


a't-6(f ,X+fax+f,y+fiy>+«aSt+f, 

v’t-f,y-f,y*f,X+f,P 
st-f,x+f..y 


(9) 


where  the  coefficients  of  (3)  remain  unaltered,  but  the  terms  being 
differentiated  are  primed  (with  S'-S),  and 

f,P-  -(ua  '♦va  #) 

*  y 

fjP-  -(u'u  ®+v'u  ®+a'a  °/S)  (10) 

x  y  x 

f,P-  -(u'v  ’+v'v  •♦a'a  °/6)  . 

*  y  y 

The  integration  technique,  thus,  is  the  same  described  above,  with  the 
addition  of  terms,  locally  defined  by  (10). 


BOUNDARY  CONDITIONS 

Boundary  conditions  at  outside  boundaries  are  easily  enforced.  On  an 
Inlet  boundary  (x-constant),  the  entropy  and  the  stagnation  speed  of  sound  are 
assumed  to  be  constant,  and  the  ratio,  s-v/u  to  be  known.  It  follows  that 

aat  ♦  6uu^(1+o  * )  -  0  .  (11) 
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Therefore,  using  the  first  two  Eqa.  (2), 

a(f ,X+fJX+f,y+fay)+(Uo,)u(f1X-fsX+f,y)  -  0  (12) 

x 

from  which  f,  may  be  determined,  since  ail  the  other  quantities  are  known 
from  inside  or  along  the  boundary.  On  an  exit  boundary  (x-constant  again), 
the  pressure  is  assumed  to  be  constant  in  time.  This  yields  the  condition: 

f,x+fax+f,y+fiy  -  0  (IB) 

from  which  fax  may  be  determined. 

At  the  upper  and  lower  boundary,  far  from  the  body,  the  incompressible 
solution  is  accepted  and  no  compressible  perturbation  has  to  be  computed. 


TREATMENT  OF  THE  BODY 

So  far,  the  calculation  is  simple,  straightforward  and  fast.  The  code  is 
vectorlzable  without  difficulty.  The  results  are  more  accurate  than  using  any 


Fig.  1 


other  grid. 

The  novel  feature  is  the  enforcement  of  boundary  conditions  on  a  rigid 
body,  the  contour  of  which  is  not  a  coordinate  line.  Accuracy  in  enforcing 

such  a  condition  la  crucial.  In  using  upwind  schemes,  particularly  the  A- 

scheme,  on  an  orthogonal  grid  wrapped  around  a  body,  the  procedure  does  not 
Introduce  arbitrary  elements!  accuracy  is  not  Impaired.  In  our  new  attempt  we 

must  maintain  spirit  and  accuraoy  of  the  above  approach.  To  this  effect,  we 

first  focus  our  attention  on  all  grid  points  in  the  Immediate  vicinity  of  the 
body  (such  as  points  A,  B,  and  C  in  Fig.  1).  the  boundary  condition  is  easily 
enforced  at  A  and  B.  At  point  A,  according  to  the  rules  of  the  A-scheme, 
there  is  only  one  quantity  which  cannot  be  evaluated  from  grid  values,  l.e. 

x 

fa  ,  which  contains  the  forward  difference  approximating  one  of  the  x- 

derlvatlves.  Similarly,  at  point  B,  only  f,y,  which  contains  the  backward 
difference  approximating  one  of  the  y-derlvatives  cannot  be  evaluated.  In 
either  case,  however,  one  boundary  condition  is  available,  i.e.  the  direction 
of  the  velocity  vector  at  point  D  or  point  E.  To  use  such  a  condition  at  A  or 
B,  the  direction  of  the  velocity  vector  at  A  or  B  is  Interpolated  from  F  or  G 
(where  it  has  been  computed)  and  D  or  E.  At  C,  where  none  of  the  two  above 
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differences  Is  computable,  arbitrariness  seems  to  be  unavoidable,  but  there 
are  ways  to  circumvent  the  difficulty. 

In  brief,  one  has  to  express  derivatives  in  the  directions  normal  and 
tangential  to  the  body  as  functions  of  derivatives  along  Cartesian  lines, 
without  violating  the  domains  of  dependence.  This  can  be  accomplished  in 
different  ways,  two  of  which  have  been  explored  in  the  present  work. 

In  the  first,  all  points  at  intersections  of  the  body  with  a  grid  line 
are  marked,  the  values  of  u,  v,  a,  and  S  at  such  points  are  stored  and  the 
normal  and  tangential  c  mponents  of  the  velocity  can  be  evaluated.  Using  them 
and  some  value  Interpolated  from  the  Cartesian  grid,  Eqs.  (1)  can  be 
reformulated  in  a  local  frame,  normal  and  tangent  to  the  body,  in  which  only 
one  f  is  unknown,  with  no  discrimination  between  points  A,  B,  or  C  of  Fig.  1. 
By  so  doing,  all  points  on  the  body  are  actually  computed,  and  the  neighboring 
grid  points  are  interpolated. 

In  the  second,  points  A  and  B  are  treated  as  explained  above.  In  the 
vicinity  of  points  such  as  C,  the  angle,  a,  between  one  grid  line  and  the  body 
is  smaller  than  the  similar  angle  for  the  other  grid  line  (Fig.  2).  The 
unknown  f-term  relative  to  the  former  line  is  extrapolated  to  C  from  M  and  N, 
and  the  other  unknown  is  then  obtained  by  imposing  the  boundary  conditions. 
When  all  grid  points  are  computed,  the  values  at  the  body  are  extrapolated 
from  the  neighboring  grid  values. 

Each  technique  has  its  advantages  and  disadvantages.  The  former  Is  more 
appealing  from  a  theoretical  viewpoint,  essentially  for  two  reasons:  a)  it 
computes  points  on  the  body,  without  having  to  resort  to  extrapolations,  and 
b)  it  has  only  one  unknown  to  determine  at  each  point,  consistently  with  the 
availability  of  one  boundary  condition  only.  The  latter  is  simpler  to 
Implement,  but  it  uses  more  extrapolations. 


Fig.  2 


The  results  presented  here  are  obtained  using  the  second  option. 


MULTIPLE  GRIDS 

High  resolution  is  needed  in  the  vlolnlty  of  certain  portions  of  the 
rigid  body.  The  mesh,  instead,  can  be  rather  coarse  at  some  distance  from  the 


body.  Refinement  of  the  mesh  can  be  achieved  by  stretching  the  coordinates. 
It  is  well-known,  however,  that  separate  stretchings  of  the  two  coordinates 
create  cells  of  high  aspect  ratios  in  certain  regions.  This  results  in  a 
waste  of  computational  work  and  a  loss  of  accuracy.  Better  stretchings  bring 
back  either  non-orthogonal  coordinates  or  curvilinear  grids,  or  both.  In 
order  to  maintain  simplicity  and  accuracy,  and  in  view  of  extensions  to 
complicated  geometries  and  three-dimensional  flows,  we  opted  for  using  a 
number  of  rectangular  regions,  of  increasing  sizes,  contained  inside  one 
another.  One  of  the  regions  contains  the  rigid  body.  For  example,  to  compute 
the  flow  past  an  airfoil,  we  use  a  maximum  of  four  regions,  as  shown  in  Fig. 
3.  Each  region  is  covered  by  a  Cartesian  grid.  The  fineness  of  the  mesh 
varies  from  region  to  region,  increasing  toward  the  body.  In  going  from  one 
region  to  the  surrounding  one,  the  mesh  Intervals  can  be  doubled,  tripled  or 
quadrupled. 


Fig.  4 


Matching  of  regions  is  performed  as  follows  (Fig.  4).  Rows  of  values 
used  in  the  1-scheme  (Riemann  variables)  are  linearly  Interpolated  along  AB 
and  CD  from  the  outer  (coarse)  mesh,  and  used  to  generate  certain  normal 
derivatives  along  EF  and  FG,  when  needed.  The  integration  of  the  inner  region 
is  performed  including  the  lines  EF  and  FG,  but  not  along  AB,  CD.  The  values 
in  the  outer  region  along  EF  and  FG  are  transferred  from  the  inner  region. 
This  procedure  i3  correct  for  a  f irst-order  accurate  calculation.  If  a  two- 
level  scheme  is  used  (to  achieve  second-order  accuracy),  some  additional 
manipulation  is  needed,  which  we  will  not  outline  here. 

We  ran  preliminary  tests  for  a  circle.  The  circle  is  centered  in  a 
square,  the  side  of  which  is  twice  the  diameter  of  the  circle.  This  square, 
in  turn,  is  contained  within  another  square,  the  side  of  which  is  12  times  the 
diameter.  The  inner  square  is  covered  by  a  30x30  mesh,  the  outer  square  by  a 
60x60  mesh.  Both  meshes  are  Cartesian,  with  equal  spacing  in  x  and  y.  The 
spacing  in  the  outer  mesh  is  three  times  the  spacing  in  the  inner  mesh.  The 
Mach  number  at  infinity  is  0.4.  At  convergence,  the  maximum  Mach  number  is 
0.989.  This  result  compares  well  with  results  obtained  by  other  Authors  [4]. 
It  is  important  to  note  that  the  total  nixnber  of  points  on  the  circle  is  only 
46. 

The  accuracy  in  the  frontal  section  of  the  circle  is  very  good.  This 
means  that  the  technique  can  be  very  accurate  and  no  restrictions  should  be 
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Fig.  5 


Fig.  6 


Fig.  7 


anticipated  on  the  use  of  Cartesian  grids  for  bodies  of  any  shape.  The 
calculation  Is  very  fast.  Using  the  two  grids  mentioned  above,  it  takes  about 
30  seconds  to  advance  1000  steps  on  a  CRAY  X-MP  computer!  most  of  the  tine, 
however,  Is  spent  on  the  coarse  grid  and  it  could  be  reduced  by  making  the 
grid  even  coarser.  The  convergence  Is  good.  The  residual,  defined  as  the  mean 
square  value  of  the  difference  between  the  moduli  of  the  velocities  at  two 
successive  steps,  reaches  machine  zero  at  step  1000. 
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CALCULATION  OF  A  MAC  A  0012  AIRFOIL 

Calculations  have  been  made  for  a  NACA  0012  airfoil,  at  no  incidence. 
Four  grids  have  been  used,  testing  effects  of  different  mesh  sizes  and 
different  overall  sizes.  The  regions  sketched  in  Fig.  3  are  shown  in  better 
detail  in  Figs.  5  through  8.  Fig.  5  presents  the  inner  grid,  containing  the 
airfoil.  In  Fig.  6  we  see  the  two  Innermost  grids;  in  Fig.  7  three  grids  are 
shown  and  finally  the  three  outermost  grids  appear  in  Fig.  8. 


SUBSONIC  CASE 

The  first  calculation  presented  here  has  been  made  for  a  Mach  nunber  at 
infinity  equal  to  0.72.  The  results  shown  in  Figs.  9  (Isobar  plot  in  the 
innermost  region),  10  (Mach  nunber  distribution  on  the  profile),  and  11  (Cp 

distribution  on  the  profile)  prove  that  an  accuracy  comparable  with  that  of 
the  most  reliable  codes  can  be  reached.  Indeed,  the  mesh  used  around  the  body 
is  still  coarse  in  the  leading  edge  region,  when  compared  with  current  C-grlds 
or  0-grids.  A  fair  comparison  can  be  made  between  the  present  results  and 
results  obtained  using  our  fast  solver  code  [5]  with  a  64x16  mesh;  they  are 
identical. 
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TRANSONIC  CASE 

For  the  transonic  case,  provision  has  to  be  made  for  the  appearance  of 
shocks  on  either  side  of  the  airfoil.  The  analysis  of  the  shocks  has  been 
outlined  in  [2]  and  explained  In  detail  In  [5]  for  a  C-grld.  Here,  the  same 
principles  are  used,  with  some  simplification  due  to  the  simplicity  of  the 
grid,  and  some  additional  manipulation,  made  necessary  by  the  obliquity  of  the 
airfoil  surface  over  the  Cartesian  grid. 

If  the  shock  is  located  as  shown  In  Fig.  12,  the  calculation  can  proceed 
as  explained  In  [53.  Minor  variations  are  needed  if  the  shock  is  located  as 
In  Fig.  13.  Substantially,  certain  extrapolations  from  upstream  cannot  be 
carried  on  and  a  simpler  definition  of  values  In  front  of  the  shock  must  be 
used. 

Typical  results  are  shown  In  Figs.  14  through  19.  The  free  stream  Mach 
number  Is  .805i  the  Inner  region  has  128x64  Intervals;  the  other  regions  are, 
In  order,  64x32,  32x32  and  16x16.  Moving  from  one  grid  to  the  next,  the 
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values  of  Ax  and  Ay  are  multiplied  by  4.  In  Fig.  14,  Isobars  are  shown  for 
the  Inner  region  (above)  and  again  for  the  Inner  region  and  the  region 
surrounding  It  (below).  The  matching  of  isobars  and  their  slopes  Is  very 
good.  The  fitted  shock  Is  shown  by  a  row  of  x's.  Note  that  the  shock  is 
fitted  in  the  inner  region  but  not  in  the  next  one.  In  Fig.  15,  lines  of 
constant  entropy,  and  the  shock,  are  shown  In  the  inner  region.  Figs.  16  and 
17  show  the  distribution  of  Cp  and  M  along  the  airfoil.  Fig.  18  shows  a 

detail  of  the  grid,  the  body  surface  and  the  shock,  to  demonstrate  that  the 
fitted  shock  is  actually  oblique  with  respect  to  the  grid,  and  that  It  crosses 
grid  lines.  Fig,  19  presents  the  location  of  the  shock  root  as  a  function  of 
computational  steps.  It  is  clear  that  the  location  of  the  shock  is  stabilized 
before  3000  steps. 


Urn* 

■Mli 

Fig.  15 
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CONCLUSIONS 


Calculations  made  on  circles  and  airfoils  (in  the  latter  case,  for 
subsonic  as  well  as  supersonic  flows)  show  that,  with  minor  modifications,  a 
technique  based  on  the  X-scheme  and  shock-fitting  over  Cartesian  grids  can  be 
used  to  evaluate  flow  fields  about  bodies  of  arbitrary  shapes,  without 
impairing  accuracy.  The  present  work  should  be  considered  as  a  first  step 
towards  generalization  to  multiple  bodies  and  three-dimensional  flows. 

This  work  has  been  sponsored  by  the  Science  and  Technology  Foundation  of 
New  York  State,  under  contract  SBIR  (87 )— 91 . 
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CHARACTERISTIC  GALERKIN  METHODS  FOR  HYPERBOLIC  SYSTEMS 
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SUMMARY 

Explicit  use  of  characteristics  together  ■with  the  Galerkin 
projection  proves  to  be  a  powerful  combination  in  the 
approximation  of  hyperbolic  equations.  A  basic  scheme  uses 
piecewise  constant  functions  to  produce  first  order 
approximations  which  are  unconditionally  stable,  conservative, 
entropy-satisfying  and  monotonicity-preserving.  An  adaptive 
recovery  technique  at  each  time  step  then  gives  higher  accuracy 
where  warranted  by  the  smoothness  without  affecting  these 
properties . 


1.  INTRODUCTION 

The  finite  element  method  needs  some  sort  of  global 
principle  to  be  truly  effective:  for  elliptic  problems  this  is 
provided  by  variational  principles;  but  for  hyperbolic  problems 
it  is  natural  to  look  to  the  existence  of  Riemann  invariants  to 
play  this  r6le.  Thus  it  is  no  surprise  that  as  the  scope  of 
finite  elements  developed,  the  idea  of  combining  the  use  of 
characteristics  with  the  Galerkin  projection  occurred  to  many 
people  at  a  similar  time  in  the  early  1980’s,  including  Benque 
and  Ronat  [1981],  Bercovier  et  al  [1982J,  Douglas  and  Russell 
[1982],  Morton  and  Stokes  [1982]  and  Pironneau  [1982]. 

Suppose  an  evolutionary  problem  for  u(t)  is  characterised 
by  the  evolution  operator  £<•>: 

E(At) :  u(t)  l->  u(t+At) ,  (1.1) 

and  that  this  is  approximated  by  .  Suppose  further  that  at 

the  discrete  times  {t  },  the  spatial  variation  of  u(t  >  «  u(x,t  ) 
n  n  n 

is  approximated  by  the  finite  element  expansion 

UV):- ♦  .(x)  (1.2) 

in  basis  functions  {♦j>.  Then  the  Galerkin  projection  leads  to 

the  time-stepping  algorithm,  for  approximating  the  evolution  of 

the  approximation  from  t  to  t  ,  -  t  +At, 

n  n+l  n 
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where  <•,*>  denotes  the  L2  inner  product  over  the  spatial 
variable(s) .  For  example,  use  of  a  Taylor  expansion  to  define 

E.  leads  directly  to  the  Taylor-Galerkin  algorithms  introduced 
a 

by  Donea  [1984].  On  the  other  hand,  use  of  characteristic  paths 
to  define  the  mapping  E^  leads  to  characteristic  Galerkin 

methods,  with  Lagrange-Galerkin  methods  being  special  cases  in 
which  only  particle  paths  are  used. 

Consider  the  scalar  problem  in  two  dimensions 

ufc  +  div(f.g)  «  0,  (1.4a) 


written  in  the  form 


ut  +  £*Z.U  “  0  (1.4b) 

where  £  -  (df /6u,dg/du) .  If  the  characteristic  paths  X(x,t;t'), 
given  by 


dx 

-jp-  -  £,  X(x,t;t)  -x,  (1.5) 

are  approximated  by  straight-line  sections,  we  are  led  to  the 
evolution  operator 


(EU)(£):-  u(x),  (1.6a) 

where 

jr  ™  x  +  a(u(x))At  ~  X(x,t;t+At),  (1.6b) 

and  thence  to  the  Euler  characteristic  Galerkin  (ECG)  method 

-  (So*.*,)  -  J><  x)«t>i(^)di.  (1.7) 

Note  that  there  are  two  approximations  involved  in  this  Euler 
time-stepping  scheme:  firstly  the  characteristics  are 
approximated  by  (1.6b);  and  secondly  the  evolution  of  (1.4a)  is 
approximated  by  constancy  of  the  solution  along  the 
characteristics,  (1.6a).  Both  of  these  may  be  improved  upon  in 
more  sophisticated  schemes. 

Clearly,  even  in  one  dimension,  a  single-valued  solution 
curve  u(x,t)  at  time  t  can  lead  to  a  multi-valued  u(y,t+At) 
through  (1.6)  being  applied  where  the  characteristics  envelope. 
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In  that  case  the  integral  (1.7)  is  interpreted  as  being  along  the 

A  ^ 

graph  (y,EU  ]  as  in  the  definition  of  the  transport-collapse 
operator  by  Brenier  [1984], 

An  alternative  formulation  of  (1.7),  introduced  in  Morton 
and  Stokes  [1982]  and  used  extensively  thereafter,  makes  more 
explicit  the  r81e  of  the  flux  functions  in  (1.4a)  and  in  one 
dimension  has  the  form 


^UI'+1  -  +  At^axf(Un),  -  0 

1  /-x+aAt 

4>  (x)  -  - - -  I  ♦,  (z)dz. 

a(u  (x))At  *x 


4>i(z)dz. 


(1.8a) 


(1.8b) 


Note  that  the  special  test  function  4>“  is  an  average  of  the 

basis  function  over  the  interval  covered  by  a  characteristic 

in  the  time  step,  and  is  just  applied  to  the  spatial  differential 
operator  in  (1.4a).  This  form  implicitly  assumes  that  a  fixed 
approximation  space  is  used  at  all  levels  and  is  easily  derived 

from  (1.7)  by  integrating  by  parts  along  the  graphs  G  [x.U11], 

G  [y.EU11],  where  y  -  x  +  aAt: 


^Un+1,<|>i^  -  J" Un(x)+i(y)dy 
-J>  (x)dj*  ifr^zjdz 
^(zldzduj 


(1.9a) 


while  we  can  write 


-  JV(  x)dj*  ♦^(z)dz 

--X/’  <)>^(z)dzdu; 


(l.9b) 


and  adu  can  be  replaced  by  df. 


When  an  adaptive  mesh  is  used  that  changes  from  time  step  to 
time  step,  the  double  integral  form  in  (1.9)  has  to  be  used  so 
that  we  write 

^Un+1,$”+1^  -  J  4>”+1(z)dzdu.  (1.10) 
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We  shall  give  results  below  that  show  the  effectiveness  of  an 
adaptive  mesh  refinement  strategy  based  on  this  form. 

For  the  linear,  constant  coefficient,  advection  problem 
ut+aux  -  0,  which  is  the  universal  first  model  problem,  the 

choice  of  piecewise  constant  basis  functions  on  a  uniform  mesh 
leads  to  the  first  order  upwind  difference  scheme 

U^+1  -  (l-uA_)U^_p,  (1.11) 

where  it  is  assumed  a>0,  the  CFL  number  aAt/Ax  has  integral 
part  p  and  fractional  part  u,  and  A  is  the  backward 
difference  operator  defined  by  A  2/  If  piecewise 

linear  basis  functions  are  used,  the  well-known  third-order 
accurate  scheme 


Cl+ifi2 


<* '  [ 


(1^62) 


-  uA. 


1*2-2  1*3-2. 

Ttl  4  -  Til  O  A 

Z  o 


u? 

-J  i-p 

(1.12) 


is  obtained.  The  sequence  can  be  continued  indefinitely  with 
splines  of  order  s  giving  accuracy  of  order  2s-l:  and 
replacement  of  the  Euler  time- stepping  by  central  differencing 
raises  this  order  of  accuracy  to  2s. 

All  these  schemes  are  of  course  conservative  and 
unconditionally  stable:  and  (1.12)  is  highly  accurate  for  smooth 
problems,  even  on  nonuniform  meshes  and  when  extended  into  two 
dimensions  -  so  long  as  the  inner  products  are  adequately 
approximated  (see  Morton,  Priestley  and  SUli  [1988]).  However, 
only  (1.11)  is  monotonicity  preserving,  and  with  the  higher  order 
schemes  non-physical  oscillations  are  introduced  when  nonlinear 
problems,  typified  by  compressible  gas  dynamics,  are 
approximated.  Thus  it  is  advantageous  to  regard  the  piecewise 
constant  approximation  as  basic  and  to  introduce  an  intermediate 
recovery  stage  at  each  time  step  to  increase  the  accuracy  to  the 
level  warranted  by  the  smoothness  of  the  solution.  That  is,  the 
recovery  stage  is  adaptive  and  may  include  explicit 
representation  of  shocks  and  other  discontinuities.  This 
recovered  approximation  is  then  substituted  into  the  evolution 

equation  (1.7)  or  (1.8),  instead  of  the  piecewise  constant  TJ*1 , 

in  order  to  produce  a  more  accurate  piecewise  constant  Un+1  at 
the  next  time  step. 

Algorithms  developed  along  these  lines  by  Morton  and  Sweby 
[1985,  1987]  and  by  Childs  and  Morton  [1986]  are  described  in  the 
next  section,  and  convergence  results  for  the  scalar  case  given 
in  section  3.  New  results  are  given  in  section  U  for  the 
development  and  application  of  these  methods  for  systems  of 
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equations  in  one  dimension,  using  flux  vector  splitting  and  flux 
difference  splitting  techniques  developed  for  finite  difference 
methods.  Finally,  in  section  5,  we  consider  some  of  the  special 
features  which  arise  when  these  ideas  are  extended  to  hyperbolic 
systems  in  two  space  dimensions. 


2.  ECG  ALGORITHMS  BASED  ON  RECOVERY  TECHNIQUES 


Suppose 

equalling 


Un(x)  is  piecewise  constant  on  a  nonuniform  mesh, 
on  the  interval  (x^  of  length  Ax^  and 


mid-point  x^.  As  is  implied  by  the  Galerkin  procedure,  it  is 


supposed  to  be  a  good  approximation  to  the  La  best  fit  of  the 
true  solution  un  by  piecewise  constants:  that  is,  each  is 

interpreted  as  an  average  over  the  i1"^  interval.  The  recovery 

stage  seeks  to  construct  an  improved  approximation  to  un  from 
these  averages.  It  is  to  a  large  degree  quite  separate  from  the 
evolution  stage  and  is  essentially  an  exercise  in  approximation 
theory. 


We  denote  the  recovered  approximation  by  u  and  construct 
it  through  the  use  of  three  types  of  information  by  means  of 

(i)  combining  several  neighbouring  values  (U^> ; 

(ii)  exploiting  a  priori  information  regarding  the 
underlying  solution,  e.g.  positivity, 
monotonicity,  smoothness;  and 

(iii)  insisting  on  the  projection  property 

(un-Un,4.i)  -  0  Vi,  (2.1) 

where  here  the  basis  function  ♦  is  the  characteristic  function 

of  the  ith  interval.  Then  the  resulting  ECG  algorithm  for  the 
time  step  t^  -*  “  tR  +  At  replaces  (1.7)  by 


X. 

(on+1.ti)  “  J*un(x)^(y)dy  -  J* 


mII  .  ,  , 

u  (x)dy 


with  y  -  x  +  a(un)At.  Similarly,  because  of  (2.1),  (1.8)  can  be 
replaced  by  merely  substituting  u11  for  u”  everywhere. 
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The  choice  of  form  for  u  can  be  made  in  many  different 
ways.  For  the  linear  advection  equation,  it  was  shown  by  Morton 

[1983]  and  Childs  and  Morton  (1986)  that,  if  D11  is  a  spline  of 
order  s  on  a  uniform  mesh  and  recovery  is  by  a  similar  spline 
of  order  s  +  p,  then  the  resulting  order  of  accuracy  for  (2.2) 
is  2s  +  p  -  is  indeed,  if  p  is  even  the  same  scheme  is 

obtained  as  if  a  spline  of  order  s  +  ^p  were  used  without 

recovery.  For  example,  recovery  with  quadratic  splines  from 
piecewise  constants  reproduces  the  third  order  scheme  (1.12); 
while  recovery  with  piecewise  linears  yields  a  new  second  order 
accurate  scheme. 

This  is  one  attraction  of  basing  the  recovery  procedure  on 
splines.  Another  is  that  they  have  the  same  number  of  free 
parameters,  the  higher  order  polynomial  forms  being  used  to  give 
greater  smoothness.  A  disadvantage  is  that  the  recovery  process 
is  a  global  process:  thus  while  (1.11)  is  explicit,  reflecting 
the  diagonal  mass  matrix  obtained  with  piecewise  constants, 
recovery  introduces  a  banded  mass  matrix  corresponding  to  the 
implicitness  exhibited  in  (1.12).  In  the  algorithms  given  here 
we  shall  limit  the  recovery  to  piecewise  linears,  which  have 
their  nodal  values  at  the  points  {x^>,  the  centre-points  of  the 

intervals  introduced  above:  that  is,  as  with  the  spline  family, 
the  corresponding  finite  elements  for  the  piecewise  linear 
representation  are  staggered  relative  to  those  for  the  piecewise 
constant  representation. 

Consider  then  the  scalar  conservation  law  in  one  dimension 
u  +  fx  *  0,  (2.3) 

where  the  flux  function  f(u)  we  suppose  for  simplicity  is 
convex,  so  that  its  derivative  a(u)  has  only  the  one  sonic 

point  u  at  which  a(u)  -  0.  Then  (1.8)  for  piecewise  constants 
and  without  recovery  is  easily  seen  to  yield  a  generalisation  of 
the  well-known  algorithm  of  Engquist  and  Osher  [1981],  We 
clearly  have  the  relations 


and 


£  4>”(x)  s  l  (2.4a) 

(i) 


-  l  jjf<u£)-f(u)]  +  [f(u)-f(U^1)]]‘. 


(2.4b) 


Thus  the  update  process  can  be  carried  out  by  dealing  with  each 
discontinuity  in  f(Un)  in  turn,  cycling  over  k,  and  allocating 


440 


some  proportion  of  it  to  ^Un+^-tJn,+^,  cycling  over  i. 

Moreover,  because  of  the  assumed  convexity  of  f(u),  the 
characteristic  speed  between  and  u  has  the  same  sign:  thus 

when  the  CFL  number  is  less  than  unity  all  of  the  contribution 
from  [f(U^)-f(u)]  goes  to  the  k  interval,  to  the  right  of 

the  discontinuity  at  x^  or  to  the  interval  to  the 

left,  according  to  whether  a(U^)  positive  or  negative. 

Hence  in  this  case  we  have  the  following  simple  result. 


Algorithm:  set  :-  U?Ax^;  for  each  k 

transfer  -  At[f (U^)-f (u) ] 


from  ■ 

Pvi  t  1 

to  ‘ 

k  if  a(u£)  • 

LSk-l  L 

then  U?+1Ax.  :«  S.. 

111 


(2.5) 


Conservation  is  obvious  from  this  form.  Also  the  generalisation 
to  larger  time  steps,  in  which  a  characteristic  starting  from  the 
discontinuity  at  ^  can  reach  beyond  the  interval  on  either 

side,  is  also  clear.  Details  are  given  in  Childs  and  Morton 
[1986]. 

This  has  been  given  in  detail  because  after  recovery 
essentially  the  same  algorithm  may  be  used.  In  order  to  achieve 
adaptability,  each  discontinuity  is  resolved  by  a  linear  section 
whose  length  is  controlled  by  a  parameter  6:  for  0  u  ■=  0,  there 

is  no  resolution  of  the  discontinuity  at  xfc  and  for  0fc  ^  -  1, 

it  is  spread  to  the  centre  of  the  interval  on  either  side.  Then 
in  order  to  implement  (2.2)  we  need  only  to  modify  the  flux 
function  locally  before  carrying  out  (2.5):  specifically,  we 
introduce  A^  ^(u)  to  satisfy 


Ak-x(u)At  • 

a(u)At  +  (x-x^) 

(2.6a) 

for 

u  between  u”  and  u£, 

and  x  between  x^  ^ 

2®k-!AAxk-l 

and 

Va  +  K-haV  then  we 

set 

Fk -a(u)  ' 

■  f\.a(u)du • 

(2.6b) 
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In  effect,  for  example,  the  characteristic  starting  at 

x^  ^  ^Ax^  with  speed  a(u£)  is  started  from  x^  ^  with 

an  appropriately  increased  speed.  The  limitation  on  At  for  the 
simple  form  (2.5)  to  hold  is  of  course  more  severe,  but  this  is 
of  little  consequence. 

Once  the  parameters  {0^  have  been  chosen,  the  {u^}  are 

given  by  solving  the  projection  equation  (2.1)  which  yields  the 
tridiagonal  system 


This  is  relatively  straightforward:  what  is  less  so,  is  the 
choice  of  the  {0^  ^}.  It  is  convenient  at  this  stage  to 

introduce  the  possibility  of  explicitly  fitting  shocks  or  other 
discontinuities,  because  this  breaks  up  the  sequence  of  {0.  to 

be  chosen  to  a  set  of  subsequences. 


Because  of  the  nature  of  the  information  being  used,  the 
recovery  procedure  is  inevitably  subjective  and 

problem-dependent.  When  it  is  known  that  a  true  solution  u"(x) 
may  have  a  discontinuity,  its  presence  is  recognised  by  two 

sequences  of  smoothly  varying  averages  {U?} ,  separated  by  one 

intermediate  value,  representing  the  average  across  the  jump. 

For  this  purpose  it  is  useful  to  introduce  the  ratios 


r . 

i 


Vi 


(2.8) 


Then,  with  a  suitable  choice  of  program  parameters,  a  jump  is 
deemed  to  lie  in  the  j*"^  interval  if: 

(i)  r^  >  0  with  |rJ_1| «1,  |rj+1|»l;  (2.9a) 

and  (ii)  a(U^_1)  2  a(U^+1).  (2.9b) 

The  second  condition  is  imposed  to  prevent  the  development  of  an 
expansion  wave  being  inhibited. 


(and  not 
before 
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solving  (2.7).  All  other  parameters  {0^_^>  are  chosen  "as  large 

as  possible"  in  the  interval  [0,1]  consistent  with  the 
monotonicity-preservation  condition 

signum  {A  u"}  -  signum  {A  U^} .  (2.10) 

This  choice  and  the  solution  of  (2.7)  has  to  be  carried  out 
iteratively;  suitable  algorithms  are  given  by  Morton  and  Sweby 
[1987]  and  Childs  and  Morton  [1986].  Generally  it  will  be 
necessary  to  have  0<1  only  at  severe  changes  of  gradient:  see 
Fig.l  for  a  typical  example,  where  initial  data  has  been  first 
projected  onto  piecewise  constants  and  then  recovered  by 
piecewise  linears  after  detection  of  the  jump  on  the  right. 


Fig.l  Recovery  from  piecewise  constant  projection. 

Finally,  in  the  subsequent  update  process,  the  shock  in  the  jth 
interval  has  a  starting  position  given  by  the  projection  equation 

(V’-U",*.)  -  0,  namely 

xs  ^  (2.11a) 

where 

T)  -  (A+u”)/(A+u“  +  A  u");  (2.11b) 
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and  it  moves  with  the  "shock  speed 


a 

s 


~n  ivii 

u..  -u.  . 

j+i  j-i 


Otherwise  the  update  is  as  before. 


(2.11c) 


3.  CONVERGENCE  RESULTS  IN  THE  SCALAR  CASE 


We  denote  by  G  the  graph  [x.u11]  of  the  recovered 

★ 

solution,  including  jump  recovery,  and  by  a  (u  )  the 
characteristic  speed  modified  to  be  the  shock  speed  as  given  by 

★ 

(2.11c)  over  that  part  of  the  graph  corresponding  to  a  shocks  E 
will  be  used  to  denote  the  evolution  operator  in  this  case. 

Then,  as  in  (1.9)  and  (1.8),  one  can  still  write  the  update 
process  in  the  compact  forms 


★ 

.  .  .  f  /•%+&  At 

V  •<t‘i)  “  'J  *J  <t>i(z)dzdu 

-  At/*Vf, 


(3.1a) 


(3.1b) 


where  4^  is  defined  as  in  (1.8b)  with  a  (un)  replacing  afU11). 

It  is  these  forms  that  are  most  useful  for  the  analysis  leading 
to  the  theorems  given  below.  Proofs  of  all  the  results  can  be 
found  in  Childs  and  Morton  [1986]. 

We  begin  with  a  result  giving  a  key  entropy  inequality. 

Theorem  1  On  a  quasi-uniform  mesh  and  for  a  uniformly  bounded 

•k 

a  ( • ) ,  we  have 


(i)  Var(Un+1)  <  Var(un); 


1  00 

and,  for  any  convex  entropy  function  V ( • )  6  W  ’  (R), 

(ii)  V(BE*un(z))  $  u)H(x+a*At-z)du,  (3.2) 

JG 

•k 

where  E  is  the  evolution  operator  defined  as  in  (1.6)  but 
* 

using  a  ,  B  is  Brenier’s  collapse  operator  and  H ( * )  is  the 
Heaviside  function. 
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With  no  shock  recovery,  sharper  results  are  possible.  Thus 

A 

one  can  show  that  the  operator  BE  produces  no  new  extrema  for 
any  continuous  single-valued  graph.  One  can  also  in  this  case 
obtain  an  approximation  result  which  indicates  some  of  the 
constraints  that  need  to  be  placed  on  the  choice  of  the 
6-parameters. 

Lemma  1  Suppose  that  in  the  linear  recovery  from  U  to  u,  with 
no  jump  recovery,  there  is  a  constant  C  such  that,  for 
h  «  max(Ax^) , 

0ivs|A_Ui  |  *  Ch  Vi.  (3.3) 

Then 

II u-UII 22  £  -|ch2Var(u) .  (3.4) 

[Note  that  this  would  be  a  straightforward  result  if  we  assumed 
u  6  H‘(R).]  Using  this,  we  have  the  following  result. 

Theorem  2  On  a  auasi-uniform  mesh  (for  both  (x,>  and  (t  >),  with 

in 

linear  recovery  satisfying  (3.3)  and  the  monotonicity  criterion 
(2.10),  but  without  jump  recovery,  suppose  that  the  initial  data 

u°  is  of  bounded  variation,  with  a  finite  number  of  extrema,  and 

of  compact  support.  Then  as  h  -*  0,  the  ECG  approximation  {U11} 

00 

converges  in  L  (Ll (ffi) ; [0,T])  to  the  unique  entropy-satisfying 
solution  of  the  equation  (2.3). 

A  similar  theorem  holds  when  jump  recovery  is  included,  but 
the  hypotheses  need  to  be  tightened  in  several  respects .  In 
particular,  undershoots  may  develop  when  too  large  a  time  step  is 
used  in  conjunction  with  a  recovered  shock.  The  situation  is 
well  illustrated  by  the  results  shown  in  Fig. 2  for  the  inviscid 

_  1  2 

Burgers'  equation,  that  is  with  f(u)  =  ju  :  these  also  show  well 

the  effectiveness  of  the  ECG  scheme,  particularly  the  value  of 
being  able  to  use  a  large  time  step.  The  initial  data  shown  in 
Fig. 2a  provides  a  severe  test  on  a  uniform  mesh  of  size  h  »  0.02 
or  O.Oli  results  for  mesh  ratios  At/h  equal  to  0.3125,  1.25, 

2.5  and  7.5  are  shown  in  Figs.2b,c,d.  In  Fig. 2b  the  two  smaller 
ratios  are  compared  at  time  t  -  0.3,  h  -  0.02,  which  show 
accuracy  can  be  lost  if  too  many  small  time  steps  are  used, 
because  of  the  excessive  number  of  projections.  In  Fig. 2c, d  the 
two  larger  ratios  are  compared  at  times  t  -  0.15  and  t  «  0.3 
respectively  with  h  «  0.01,  The  results  for  mesh  ratio  2.5 
(effectively  the  maximum  CFL  number)  are  very  good  indeed  but  the 
mesh  ratio  of  7.5  is  too  large,  causing  an  undershoot  to  occur  to 
the  right  of  the  second  shock  at  the  earlier  time,  even  though 
this  has  been  eliminated  by  the  later  time. 
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(a)  Initial  data 


(b)  t  =  0.3,  Ax  =  1/50 
A  X  =  0.3125 

d  X  =  1 .25 


Fig.  2  Initial  data  and  solution  for  Burgers'  equation. 


T  T 


The  undershoots  occur  because  a  in  (3.1a)  is  discontinuous 

•ft  ft 

and  the  graph  E  G  contains  a  closed  loop.  The  possibility  of 
new  extrema  arising  from  this  cause  requires  more  stringent 
hypotheses  in  the  convergence  theorem.  The  increase  of  entropy 
that  results  when  a  shock  is  recovered  also  requires  modification 
to  the  hypotheses:  details  can  be  found  in  Childs  and  Morton 
[1986]. 


4.  HYPERBOLIC  SYSTEMS  IN  ONE  DIMENSION 

A  characteristic  based  method  for  a  system  of  equations  must 
make  some  use  of  the  Jacobian  matrix  A  d£_/du.  Perhaps  the 

most  direct, is  to  use  its  eigenvectors  to  convert  the  system  to 
characteristic  normal  form:  then  an  algorithm  might  consist  of 
changing  to  characteristic  variables  at  each  time  step  so  that 
the  scalar  algorithm  might  be  applied  to  each.  The  flux  vector 
splitting  techniques  of  Steger  and  Warming  [1981]  and  van  Leer 
[1982]  are  in  effect  based  on  this  approach!  and,  for  the  Euler 
equations  of  gas  dynamics,  exploit  for  this  purpose  the  fact  that 
the  flux  functions  are  homogeneous  of  degree  one  in  the  conserved 
variables.  Some  examples  of  applying  the  former  technique  to  the 
ECG  schemes  given  above  have  been  presented  in  Morton  and  Sweby 
[1987]. 

However,  the  algorithm  given  in  (2.5)  lends  itself  more 
naturally  to  the  use  of  techniques  based  on  splitting  the  flux 
differences  into  components  corresponding  to  the  various  waves 
supported  by  the  system.  That  is,  they  approximately  solve  the 
Riemann  problem  for  the  jumps  in  u  and  £  at  each  interval 

boundary  x^  ^ .  The  two  most  widely  used  are  due  to  Osher  and 

Solomon  [1982]  and  to  Roe  [1981]:  the  former  is  based  on  the  use 
of  simple  waves;  the  latter  introduces  a  linearised  problem  for 

/s 

which  the  Jacobian  satisfies  A  Au  -  A f  and  gives  the  correct 

shock  speeds  in  the  case  of  pure  shocks.  We  have  found  this  last 
technique  both  the  simplest  to  apply  and  the  most  effective  in 
the  problems  that  we  have  studied,  although  it  needs  an  "entropy 
fix*  as  in  Harten  and  Hyman  [1983]  to  preclude  entropy  violating 
solutions.  Thus  it  is  the  only  one  we  shall  describe  here.  Note 
that  we  are  generally  limited  to  second  order  accuracy  with  ECG 
schemes  for  systems,  as  no  account  is  taken  of  the  curving  of  the 
characteristics:  thus  limiting  the  recovery  to  piecewise  linears 
is  entirely  justified  in  this  case. 

If  the  vectors  u,  in  the  hyperbolic  system  +  f  -  0 
have  dimension  p,  the  graph  G  =  [x.U11],  or  G  =  [x,iin]  after 
recovery,  lie  in  the  space  and  the  Roe  decomposition 
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breaks  them  into  linear  sections,  each  parallel  to  a  right 

A 

eigenvector  of  the  mean  Jacobian  A.  For  the  linear  recovery  we 
have  used  a  single  set  of  0-parameters  so  that  the  recovery 

equation  (2.7)  is  applicable,  with  u^  replaced  by  u^  and  U? 

by  U^:  the  0’s  are  chosen  so  that  the  condition  (2.10)  applies 

to  all  components,  although  of  course  for  the  differential  system 
we  no  longer  have  the  monotonicity-preservatior  properties  which 
motivated  this  criterion.  Each  of  the  sub-graphs,  associated 

with  the  m11*1  characteristic  field  and  the  interval  boundary 

is  taken  t0  run  fr0m  xk-X  -  KV*k-l  t0  Xk-K  + 

■|0fc  ^Ax^  and  has  a  length  in  tlie  P  dimensions  of 

u-space,  m  -  That  is, 

.  ~  v  *  (ni)  a  (m)  , ,  - . 

m-l 


where  r^j.  is  the  right  eigenvector  (corresponding  to 

eigenvalue  )  of  the  Roe  decomposition  matrix  A^  for 

which 

“  W-V  (4-2) 


Then  the  characteristic  speeds 


*  (m) 


are  modified  as  in  (2.6a) 


so  that  the  updates  can  be  computed  from  the  recovered 


approximation  u  through  an  algorithm  based  on  (3.1)  which 
allows  arbitrary  time  steps. 


Boundary  value  problems  are  transformed  to  pure  initial 
value  problems  to  which  (3.1)  can  be  applied  directly.  For 
example,  at  a  solid  wall,  boundary  conditions  for  the  Euler 
equations  are  implemented  by  reflection,  forcing  the  recovered 
pressure  and  density  to  be  symmetric  and  the  velocity 
antisymmetric.  This  can  be  shown  to  preserve  key  properties  of 
the  scheme.  As  an  illustration,  results  are  given  in  Fig. 3  for 
the  problem  of  Woodward  and  Collela  [1984]  in  which  two  strong 
blast  waves  collide  in  a  shock  tube  closed  at  both  ends.  The 
mesh  is  uniform  with  400  points,  the  mesh  ratio  is  0.1  giving  a 
maximum  CFL  number  of  5.4  and  a  very  fine  mesh  result  is  given  as 
a  full  line  for  comparison. 
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Fig. 3  Woodward  and  Colella 's  blast  wave  problem  at  time 
t  =  0.038 


Moving  and  adaptive  grids  are  readily  incorporated  in  the 
ECG  schemes,  and  with  the  lack  of  a  time  step  restriction,  local 
mesh  refinement  is  an  attractive  option.  We  use  an  error  monitor 
which  takes  account  of  the  decomposed  waves  and  typical  results 
are  shown  in  Figs. 4  and  5.  This  is  for  the  familiar  shock  tube 
problem  of  Sod  [1978]  but  with  closed  ends:  results  are  shown  in 
Fig. 4  and  the  corresponding  mesh  with  its  adaptive  refinement  (in 
x  only)  in  Fig. 5. 


Fig. 4a  Density  plot  for 
shocktube  problem 
at  time  0. 144 


Fig. 4b  As  Fig. 41,  but  after 
time  0.288 
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5.  EXTENSIONS  TO  TWO  DIMENSIONS 


Much  still  remains  to  be  done  here  to  properly  exploit  both 
the  flexibility  of  the  finite  element  method  in  multi-dimensions 
and  the  key  properties  of  the  characteristic  Galerkin  techniques. 
Some  preliminary  results  from  a  fairly  straightforward  extension 
of  the  one-dimensional  algorithms  to  two  dimensions  were  given  in 
Fletcher  and  Morton  [1986].  Here  we  confine  our  observations  to 
just  three  points. 

The  first  is  that  the  inner  products  such  as  in  (1.7)  are 
very  much  more  difficult  to  evaluate  in  multi-dimensions  than  in 
one  dimension.  However,  there  is  a  considerable  literature  on 
Lagrange  Galerkin  methods  used  for  approximating  the  Navier 
Stokes  equations  and  problems  of  flow  in  porous  media.  These 
usually  use  piecewise  linear  or  quadratic  elements  and  much  is 
now  known  regardin'-  how  the  corresponding  inner  products  should 
be  approximated.  s  pointed  out  in  Morton,  Priestley  and  Suli 
[1988]  a  straightforward  use  of  standard  quadrature  formulae  will 
often  introduce  instabilities  which  can  be  difficult  to  control 
through  the  choice  of  time  step.  On  the  other  hand,  if  the 
tracing  of  the  characteristic  paths  is  approximated  in  such  a  way 
that  the  resulting  inner  products  can  be  evaluated  exactly,  then 
the  resulting  scheme  can  be  both  accurate  and  stable.  For 
example,  with  bilinear  elements  on  a  rectangular  mesh  one  can 
move  the  centroid  of  each  element  according  to  (1.6b),  but  then 
consider  the  whole  element  to  make  this  translation  undistorted 
and  unrotated:  the  resulting  integrals  are  then  quite 
straightforward.  The  stability  of  this  scheme  for  linear 
advection  is  established  in  the  cited  paper  where  its  accuracy  on 
the  commonly  used  "rotated  cone"  problem  is  also  demonstrated. 
These  results  seem  highly  relevant  to  the  task  of  extending  our 
present  algorithms  into  two  dimensions. 

Secondly,  there  is  a  question  regarding  the  actual 
characteristic  velocities  that  should  be  used  at  a  discontinuity. 
Suppose  a  basic  piecewise  constant  approximation  over  some  mesh 
of  elements  is  used.  It  is  argued  in  Osher  [1980]  that  the 
natural  generalisation  of  the  algorithm  (2.5)  is  to  use,  at  each 
element  edge,  the  normal  component  of  the  jump  in  flux  to  effect 
the  transfers.  Thus  contributions  are  made  to  the  updates  for 
the  elements  on  either  side  of  the  edge  but  to  no  others.  That 
is,  corner  effects  are  not  taken  into  account  or,  equivalently, 
characteristic  velocities  in  a  tangential  direction.  As  pointed 
out  by  LeVeque  [1987]  this  is  a  serious  inaccuracy  when 
reasonably  large  time  steps  are  used. 

It  is  therefore  useful  to  record  the  precise  form  that  the 
update  procedure  for  piecewise  constants  should  take  in  a  simple 
case.  Consider  the  scalar  conservation  law 
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u  +  f  +  g 

t  X  y 


u  +  au  +  bu  =0. 

t  X  y 


(5.1a) 

(5.1b) 


where  a  =  3f/3u  and  b  -  3g/3u:  and  suppose  we  have  a  uniform 
rectangular  mesh  of  spacing  Ax, Ay.  Then  if  a,b  >  0  and 
aAt  £  Ax,  bAt  £  Ay,  one  can  show  that  the  correct  generalisation 
of  the  first  order  upwind  difference  scheme  in  one  dimension 
which  is  defined  by  (1.6),  (1.7)  is  given  by 


AxAy(Un+1-(Jn.)  +  AtAyA  f(U?.)  +  AtAxA  g(U?.) 

J  ij  ij  -x  ij'  -y°^  ij 

+  (At)2A_xA_yh(U?j)  (5.2) 

where  h(u)  J" abdu.  The  last  term  in  (5.2)  gives  the  corner 

effects  arising  from  tangential  velocities  at  each  element  edge. 
This  form  is  readily  generalised  to  the  case  where  both  f  and 
g  possess  sonic  points. 

Finally,  we  wish  to  point  out  the  close  link  that  exists 
between  the  methods  described  here  for  unsteady  problems  and  the 
widely  used  cell  vertex  methods  for  steady  gas  dynamic  flows. 
Suppose  we  have  a  structured  mesh  of  quadrilateral  elements  on 
which  we  would  have  a  piecewise  constant  approximation 
parameterised  by  {U^}.  After  recovery  by  piecewise  bilinears 

(generalising  the  6-recovery  of  (2.7)),  attention  is  focussed  on 

the  variation  between  the  values  {tL  at  the  centres  of  the 

elements:  and  joining  up  neighbouring  centres  creates  a  staggered 
quadrilateral  mesh  of  what  we  shall  call  cells,  see  Fig. 6.  An 
update  of  the  form  (1.8)  will  be  constructed  from  inner  products 


(3^)  +  3^(3),$.  .^, 


Fig. 6  Staggered  meshes  of  "cells"  and  "elements". 


where  each  component  of  the  test  function  vector 


<&.  . ,  is  an 


average  of  the  characteristic  function  for  the  (i,j)  element  over 
an  appropriate  characteristic  path.  The  steady  state  solution  is 
obtained  by  setting  to  zero  all  these  updates,  for  any  choice  of 
At,  which  means  that  it  is  not  necessary  to  include  the  last  term 
in  (5.2).  There  is  then  clearly  a  good  deal  of  flexibility 
available  in  how  this  might  be  done.  But  in  algorithm  (2.5),  and 
its  generalisation  after  recovery,  the  emphasis  was  on 
decomposing  contributions  into  those  arising  from  integrations 
between  cell  centres.  In  two  dimensions  this  generalises  into 
exploiting  the  fact  that 


2  b  (5.4) 

and  using  a  partition  of  unity  based  on  the  characteristic 
functions  of  the  cells  whose  vertices  are  the  element  centres 
(i,j).  Denoting  by  such  a  cell,  we  hence  obtain  by  means 

of  Gauss’  theorem  and  integration  by  parts  around  the  cell 
perimeter 


0  -  f  div(£,£)dfl  -  j  fdy-gdx  =  j  xdj$-ydj[,  V  k,l. 

\l  Xl  Xl 


(5.5) 


The  central  form  here  is  that  which  is  used  to  implement  the  cell 
vertex  method,  the  integrals  between  vertices  being  approximated 
by  the  trapezoidal  rule.  The  last  form  is  an  appropriate  one  for 
generalising  the  algorithms  of  section  2  to  two  dimensions. 
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SUMMARY 

The  large  scale  motion  of  two-dimensional  interfacial  instabilities  - 
namely  the  Kelvin- Helmholtz  instability  and  the  instability  of  a  transonic 
jet  -  is  examined.  The  numerical  calculations  are  based  on  the  direct 
simulation  of  the  instabilities.  The  two-dimensional  Euler  equations  are 
solved  by  a  high  resolution  scheme.  The  movement  of  the  interfaces  is 
visualized  by  a  marker  particle  algorithm.  The  interfaces  are  advected  in 
a  Lagrangean  fashion  according  to  the  Eulerian  flow  field.  It  is  shown 
that  the  numerical  dissipation  has  a  stabilizing  effect  similar  to 
physical  viscosity. 


INTRODUCTION 

Interface  instabilities  arise  in  a  wide  variety  of  physical  contexts.  In 
the  present  investigation  we  will  study  the  instability  of  interfaces 
separating  two  domains  of  the  same  compressible  fluid  moving  at  different 
velocities,  namely  the  Kelvin- Helmholtz  instability  and  the  instability  of 
a  jet.  Our  calculations  are  based  on  the  direct  simulation  of  these 
instabilities  by  the  numerical  solution  of  the  equations  of 
two-dimensional  compressible  fluid  flow,  usually  called  Euler  equations. 
There  are  two  different  formulations  of  these  equations.  Numerical  methods 
based  on  the  Lagrangean  formulation  use  a  computational  mesh  traveling 
with  the  fluid.  Hence  these  methods  seem  to  be  ideal  for  solving  problems 
which  involve  interfaces  between  two  fluids.  However,  Lagrangean 
calculations  can  typically  be  carried  out  for  short  time  spans  only.  Then 
severe  mesh  distortion  or  mesh  tangling  will  occur  and  rezoning  must  be 
performed  in  which  all  computational  quantities  are  transferred  to  a  new 
computational  mesh.  Because  this  procedure  calls  for  much  computational 
effort,  the  Lagrangean  methods  are  not  favourable  for  dealing  with  large 
scale  computations.  On  the  other  hand,  Eulerian  methods,  in  which  the  mesh 
is  fixed,  are  ideal  for  treating  flows  with  large  deformations.  But 
interfaces  are  smeared  out  over  some  grid  zones  and  the  movement  of  the 
interfaces  can  hardly  be  seen. 

We  use  a  combined  method:  The  flow  field  is  calculated  by  an  Eulerian 
method,  while  the  interfaces  are  moved  in  a  Lagrangean  fashion  according 
to  this  flow  field.  This  means  that  we  discretize  the  interface  and  within 
each  time  step  calculate  the  new  nosition  of  the  dicsretized  interface 
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from  the  flow  field.  This  may  also  be  considered  as  a  marker  particle 
algorithm  which  is  used  only  to  visualize  the  movement  of  the  interface. 
The  Euler  equations  are  solved  by  a  so-called  high  resolution  scheme.  An 
efficient  implementation  on  a  vector  computer  permits  to  perform  large 
scale  computations  on  fine  grids. 


EULER  EQUATIONS  AND  MUSCL  TYPE  SCHEMES 

We  consider  the  two-dimensional  equations  of  compressible  fluid  mechanics 
without  thermal  conduction  and  viscosity,  written  in  the  conservation  form 

Ut  +  f  (u)x  +  g(U)y  =  0  (1) 

with 


p 

'  P^ 

’  PV 

P'1 

,  f(u)  = 

pu2+p 

puv 

u  = 

pw 

puv 

.  g(U)  = 

pv2+p 

e  J 

u(e+p)  . 

.  v(e+p)  . 

As  usual,  p  denotes  the  density,  u  and  v  denote  the  velocity  components  in 
x  and  y  direction,  respectively,  p  denotes  the  pressure  and  e  denotes  the 
total  energy  per  unit  volume.  The  pressure  is  functionally  related  to  the 
other  variables  via  the  equation  of  state  of  an  ideal  gas. 

The  numerical  method,  considered  here,  is  based  on  dimensional  splitting, 
also  termed  method  of  fractional  step  [13] .  According  to  this  method  the 
two-dimensional  Euler  equations  (1),  (2)  are  split  into  two 
one- dimensional  problems 

Ut  +  f  (U)x  =  0,  Ut  ♦  g(U)y  =  0  .  (3) 


These  problems  are  then  solved  successively  in  each  time  step.  In  our 
calculations  we  use  the  two-cycle  splitting  of  Strang  [13]  in  which  after 
each  xy  step  the  order  is  reversed  for  the  following  time  interval:  xy-yx, 
and  which  is  of  second- order  accuracy  as  regards  the  time  t.  The  systems 
(3)  resemble  in  structure  the  one- dimensional  Euler  equations  an  numerical 
methods  for  these  equations  can  be  conveniently  transferred. 


We  will  restrict  ourselves  to  describe  the  one- dimensional  numerical 
method  for  the  first  equation  of  (3).  A  MUSCL- type  scheme  is  usually 
formulated  as  a  two  step  method  with  two  main  building  blocks:  a 
non- oscillatory  interpolation  and  an  upwind  scheme  (see  [81).  In  the  first 
step,  by  means  of  interpolation,  a  piecewise  linear  representation  of  the 

approximate  solution  is  calculated  from  the  values  U?  where  U?  denotes  an 

integral  approximative  value  of  the  solution  in  the  ith  grid  zone  at  time 

tQ.  This  representation  defines  boundary  values  in  each  grid  zone  -  U"+  on 

the  right  and  U?_  on  the  left  side: 


± 


Si 


(4) 
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The  value  S?  stands  for  the  slope  in  the  ith  grid  zone,  as  usual  Ax 

denotes  the  space  increment,  At  the  time  increment.  In  order  to  obtain 
second- order  accuracy  with  respect  to  time  a  midpoint  rule  is  used:  the 
boundary  values  are  advanced  to  tn+^2 

^±1/2  =  1?*  '  5  (F(«?+)  -  F(U"J),  A  =  ^  .  (5) 

In  the  second  step  an  approximative  integral  value  at  the  next  time  level 
is  calculated  by 


where  h  is  the  flux  of  an  upwind  scheme.  Any  upwind  method  as  reviewed  in 
[5],  [6]  can  be  used  for  this  purpose.  The  vector  of  slopes  must  satisfy 
a  number  of  conditions.  A  first  necessary  condition  for  second- order 
accuracy  in  space  says  that  the  slope  is  a  first  order  approximation  of 
Ux(xj,  tfl).  In  order  to  avoid  spurious  oscillations  near  strong  gradients 

the  piecewise  linear  representation  must  satisfy  some  monotonicity 
constraints.  Within  the  MUSCL- scheme  of  van  Leer  [91  or  the  PPM-  or 
PLM- method  of  Colella  and  Woodward  [3]  and  Colella  and  Glaz  [2]  the  slopes 
are  calculated  in  terms  of  the  primitive  variables  p,  u,  v,  p.  We 
calculate  the  slopes  in  terms  of  characteristic  variables.  This  method 
relies  on  the  local  linearization  technique  of  Roe  [12] . 

In  each  grid  zone  an  average  value  Ui  is  determined,  e.g.  D-=(U-+1  +  21L  + 
Ui_i)/4.  Here  and  in  the  following  studies  the  time  index  n  is  omitted  as 

long  as  no  misunderstandings  can  arise.  The  vector  r*  denotes  the  kth 

right  eigenvector  of  the  Jacobi  matrix  evaluated  at  the  average  value.  The 
difference  quotients  are  then  expanded  in  terms  of  this  system  of 
eigenvectors 


Ui) 


k=l 


(?) 


The  coefficients  a^,  (ft  measure  the  change  of  the  difference  quotients  in 
direction  of  the  kth  eigenvector.  A  vector  of  slopes  is  obtained  by 


where  s  =  s(a,b)  denotes  a  slope  calculation  given  by  the  scalar  theory. 
For  a  scalar  conservation  law  various  suitable  functions  s(a,b)  have  been 
indicated  and  analyzed  (see  [10]).  We  use  in  the  following  slope 
calculations  based  on  the  class  of  slopes 

S^(a,b)  =  sign(a)max  {|minmod(la,b)|,  |minmod(a,lb)|}  (9) 
with  1  <  1  <  2  and 
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r  -  T 


minmod(a,b) 


a  for  | a |  <  |b| ,  ab  >  0 
b  for  |a|  >  | b | ,  ab  >  0 
0  for  ab  <  0 


(10) 


proposed  by  Sweby  in  terms  of  schemes  using  flux  limiters  (see  [10]). 


The  main  advantage  of  the  slope  calculation  in  terms  of  characteristic 
variables  is  that  different  slope  calculations  may  be  applied  to  the 
genuinely  nonlinear  characteristic  fields  and  to  the  linearly  degenerate 
fields.  Hence,  the  numerical  damping  of  contact  discontinuities  which  is  a 
severe  problem  for  large  scale  computations  may  be  strongly  reduced  or 
prevented  by  using  a  very  compressive  slope  in  the  linearly  degenerate 
fields.  Such  a  compressive  slope  is  the  member  for  1=2  of  the  class  (9) 
proposed  by  Roe  and  called  superbee- function.  The  slopes  (91  become  more 
compressive  with  increasing  1.  Very  compressive  slopes  should  not  be 
applied  to  the  genuinely  nonlinear  fields.  Because  they  may  be 
over- compressive,  they  may  compress  each  monotone  profile  into  a 
discontinuity  and  introduce  at  centered  rarefaction  waves  non-physical 
discontinuities.  If  the  slopes  are  calculated  in  terms  of  primitive 
variables,  the  different  waves  cannot  be  treated  in  a  different  fashion. 
Hence,  less  compressive  slopes  must  be  used  which  introduce  stronger 
numerical  dissipation  at  contacts  or  a  correction  mechanism  must  be  added 
which  switches  to  a  less  compressive  slope  near  sonic  points. 


VISUALIZATION  OF  INTERFACES 

At  the  beginning  of  a  calculation  the  surfaces  between  the  fluids  are 
discretized  and  replaced  by  a  number  of  points.  Ve  will  term  these  points 
marker  or  tracer  particles.  In  each  time  step,  at  first  the  new  flow  field 
is  calculated  by  the  Euler ian  MUSCL-type  scheme.  Afterwards  the  massless 
marker  particles  are  advected  in  a  Lagrangean  fashion  according  to  the 
local  flow  field.  The  movement  of  the  interface  can  then  be  visualized  by 
graphic  display  of  these  marker  particles.  The  particles  are  overlaid  on 
the  fixed  computational  grid  and  are  advected  without  any  collisional 
effect  between  them.  A  quite  similar  technique  is  commonly  applied  in 
experiments  using  smoke  or  ink  as  marker  particles. 


At  time  tn  the  kth  marker  particle  is  located  at  a  point  (xj^yjj)  of  the 

computational  domain  and  possesses  the  velocity  (ujj,  v£).  After 

computation  of  the  flow  field  at  the  next  time  level  by  the  Euler  ian 
method  the  new  location  of  the  marker  particle  is  calculated  by 


At/  n+1 
k 


*k +  'ir(u 


yjT1  =  + 


4X*1 


on 


The  velocity  of  the  marker  particle  is  determined  by  bilinear  area 
weighting  interpolation.  At  first  the  location  of  the  particle  relative  to 
the  computational  grid  is  calculated.  For  a  uniform  grid  with  constant 
space  increments  this  is  given  by 


i:  =  int(- 


Ax 


— )  ,  j.  -  int( - ) 

Ay 


(12) 
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where  (xq,  Yq)  denotes  the  left  lower  corner  of  the  computational  domain. 
Next  we  calculate  the  areas  in  reference  to  Fig.  1.  The 
x- component  of  the  velocity  of  the  k-th  marker  particle  at  time  tQ+^  is 
then  determined  from  the  flow  field  by  the  formula 


,.n+l 


<v;;‘ 


A  un+1  • 
Vi+l,j 


i  n+1 


A^i^p/AxAy,  (13) 


the  v- component  is  determined  in  an  analogous  way.  At  the  boundary  some 
modifications  may  be  introduced  according  to  the  physical  boundary 
conditions.  E.g.,  in  the  case  of  periodic  boundary  conditions,  a  particle 
which  leaves  the  computational  domain  should  reappear  at  the  opposite 
boundary . 
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INTERFACIAL  INSTABILITIES  AND  NUMERICAL  RESULTS 

The  MUSCL-type  schemes  and  the  Lagrangean  tracking  of  interfaces  described 
above  are  applied  to  two-dimensional  compressible  interfacial 
instabilities.  We  will  study  interfacial  instabilities  which  are  purely 
inertial  phenomena.  We  adopted  two  basic  examples  of  hydrodynamic 
instabilities:  the  Kelvin- Helmholtz  instability  and  the  instability  of  a 
jet.  A  review  of  two-dimensional  instabilities  and  their  mathematical 
description  in  the  incompressible  case  has  been  given  by  Birkhoff  [1].  The 
initial  data  used  in  our  calculations  are  sketched  in  Fig. 2.  In  the  first 
diagramm  the  fluid  flows  to  the  left  in  the  lower  half.  In  the  second 
diagramm  the  fluid  flow  to  the  right  is  separated  by  a  small  band  of  fluid 
flow  to  the  left.  In  both  cases  density  and  pressure  are  uniform  in  the 
whole  domain.  It  is  well-known  that  these  shear  layers  are  unstable  for 
inviscid  fluid  flow  in  the  sense  that  small  initial  perturbations  will 
rapidly  increase.  Physical  viscosity  has  a  stabilizing  effect. 

We  introduced  sinusoidal  perturbations  of  mode  2  of  the  initial  data.  In 
the  first  case  the  shear  layer  S  is  sinusoidally  perturbed 

S:  y  =  0.025  sin  (4rx)  ,  x  e  [-0.5  ,  0.5]  .  (14) 
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Fig.  3:  Simulation  of  a  Kelvin- Helmholtz  instability 
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In  the  case  of  the  jet  perturbations  are  introduced  via  perturbations  of 
the  velocity  component  into  y- direction.  In  B  the  velocity  v  is  given  by 

v  =  v(x)  =  0.1  sin(4rx)  .  (15) 

At  the  right-hand  and  left-hand  side  of  the  computational  domain  we 
prescribed  periodic  boundary  conditions.  At  the  upper  and  lower  boundary 
those  of  a  reflecting  wall. 

The  numerical  calculations  presented  here  have  been  performed  on  a  grid 
with  200x200  grid  zones  corresponding  to  step  sizes  Ax=0.005,  Ay=0.005. 

At  each  time  step  the  time  increment  is  adaptively  chosen  according  to  the 
Courant- Friedrichs- Lewy  condition.  In  the  second  step  (6)  of  the 
MUSCL-type  scheme  we  used  the  simplest  Godunov- type  scheme  theoretically 
investigated  in  [6] .  Einfeldt  [5]  has  shown  how  to  use  it  for  practical 
calculations.  The  marker  particles  (we  used  40.000)  are  placed  on  the 
interfaces.  The  development  of  the  interfaces  is  shown  in  the  figures 
below  by  displaying  the  marker  particle  field  at  different  times. Figs.  3, 
4  indicate  the  stabilizing  effect  of  the  numerical  dissipation.  Fig.  3 
shows  the  results  of  the  MUSCL-type  scheme  (4)- (6)  using  the  slope 
calculation  (9)  with  1  =  1.  The  plots  show  that  the  amplitude  of  the 
sinusoidal  perturbation  increases.  At  time  t=0.4  the  vortex  sheet  differs 
from  the  sinusoidal  profile  as  predicted  by  the  linear  theory.  At  x=0.25 
and  x=-0.25  the  sheet  becomes  vertical  and  starts  to  roll  up. 


462 


Fig.  5:  Simulation  of  a  transonic  jet 


Fig.  6:  Simulation  of  a  transonic  jet 
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This  roll-up  into  a  pair  of  spirals  becomes  obvious  in  the  next  plots.  The 
vorticity  becomes  concentrated.  With  increasing  1  for  slope  calculation 
(9)  the  numerical  scheme  becomes  more  compressive  and  numerical 
dissipation  is  reduced.  This  yields  that  also  small  scale  perturbations 
introduced  by  the  approximation  of  the  problem  on  the  rectangular  grid  may 
increase.  Fig.  4  shows  the  results  for  the  parameters  1=1.6  on  the 
nonlinear  and  1=2.0  on  the  linearly  degenerate  characteristic  fields.  The 
amplitude  of  the  sinusoidal  perturbation  increases  faster  than  for  1=1. 
The  shear  layer  consists  of  several  separated  small  vortices.  No  smooth 
roll-up  into  spirals  will  occur  as  in  the  previous  case  (Fig.  31  where  the 
small  perturbations  are  suppressed  by  numerical  dissipation.  A  turbulent 
roll-up  of  the  shear  layer  is  obtained. 

The  situation  for  the  transonic  jet  is  quite  similar.  Fig.  5  shows  the 
result  when  the  slope  for  1=1  is  used  on  all  characteristic  fields. 
Initially  the  perturbation  of  the  velocity  v  leads  to  a  sinusoidal 
perturbation  of  the  fluid  flow  to  the  left.  Due  to  the  Kelvin- Helmholtz 
instability  the  upper  and  lower  shear  layers  start  to  roll-up  smoothly. 
Four  asymmetric  vortices  occur  forming  a  Karman  vortex  street.  This  vortex 
street  is  stable  for  all  times.  As  in  the  previous  case,  small 
perturbations  will  increase  if  the  numerical  dissipation  is  reduced. 
Besides  the  four  main  vortices,  8  smaller  vortices  occur.  At  time  t=1.2 
they  form  an  inner  and  an  outer  vortex  street.  The  outer  one  consists  of 
four  pairs  of  vortices.  The  smaller  vortices  surround  the  bigger  ones. 
This  situation  is  not  stable.  The  inner  and  outer  small  vortices 
interchange  later  on  and  the  fluid  flow  tends  to  a  turbulent  mixing. 


CONCLUSIONS  AND  REMARKS 

A  comparison  of  our  numerical  results  with  experiments  shows  that  the 
numerical  dissipation  has  a  stabilizing  effect  similar  to  physical 
viscosity.  The  Karman  vortex  street  produced  by  the  high  resolution  scheme 
which  possesses  inherently  the  largest  amount  of  numerical  dissipation  of 
all  schemes,  considered  here,  is  quite  similar  to  vortex  streets  behind  a 
circular  cylinder  at  Reynolds  numbers  of  about  100  (see  e.g.,  [43]).  If 
the  numerical  dissipation  is  reduced  by  using  a  more  compressive  slope 
calculation  within  the  MUSCL-type  algorithm,  the  laminar  roll-up  of  the 
shear  layer  tends  to  a  turbulent  roll-up  and  the  vortex  street  which  is 
stable  for  large  time  scales  tends  to  turbulent  mixing.  Similar  results  as 
by  numerical  dissipation  can  also  be  obtained  by  solving  the  compressible 
Navier  Stokes  equations  for  different  coefficients  of  physical  viscosity 
[11],  An  almost  identical  roll-up  of  a  single  shear  layer  as  shown  in 
Fig. 2  has  v  n  obtained  by  Krasny  [7]  for  the  incompressible  case.  His 
calculatioi  are  based  on  the  evolution  equations  of  a  vortex  sheet.  He 
pointed  out  that  the  vortex  sheet  equations  have  a  short  wavelength 
instability.  Due  to  roundoff  errors  this  instability  restricts  the  number 
of  discretization  points  for  a  given  machine  precision.  In  our  direct 
simulation  this  short  wavelength  instability  can  also  be  seen.  If 
numerical  dissipation  is  small  and  the  grid  is  fine  enough,  small 
perturbations  due  to  approximation  errors  can  increase.  The  numerical 
solution  does  not  converge,  if  the  step  sizes  tend  to  zero.  On  a  finer 
grid  smaller  structures  can  be  captured,  the  numerical  dissipation  is 
smaller,  small  additional  vortices  are  created.  E.g.,  on  a  grid  with  500  x 
500  grid  zones  the  numerical  solution  initially  seems  to  be  similar  but 
some  time  later  it  becomes  quite  different  due  to  different  vortex  pairing 
and  transition  to  turbulence. 
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The  MUSCL-type  algorithm  used  for  our  calculations  has  been  fully 
optimized  for  the  vector  computers  Cyber  205  and  Fujitsu  VP50.  This  could 
be  done  in  a  straightforward  manner,  because  it  is  an  explicit  algorithm 
and  contains  no  recursive  elements.  Some  difficulties  arise  from  the  fact 
that  for  efficient  vectorization  the  data  should  be  stored  contiguously 
within  long  vectors  rather  than  two-dimensional  arrays.  Within  the  x-step 
of  the  splitting  algorithm  it  is  easy  to  use  such  one- dimensional  arrays 
for  the  parts  consuming  most  computer  time,  because  the  first  index  of  the 
two-dimensional  variables  can  be  chosen  to  be  the  index  of  the  inner 
loops.  In  the  y-step  this  situation  changes.  Hence,  we  transpose  all 
physical  quantities  at  the  beginning  of  the  y-step.  Thus  all  calculations 
can  be  performed  in  the  same  way  (for  the  Strang- type  splitting  only  one 
transposition  of  the  physical  variables  per  time  step  is  necessary).  By 
this  technique  we  obtained  a  speed-up  of  6-10  in  comparison  to  Siemens 
7890.  The  typical  computer  times  for  the  calculations  on  a  grid  with  200  x 
200  zones  as  presented  above  are  10  -  20  minutes,  depending  on  the 
algorithm  used  for  slope  calculation.  Within  this  time  about  2000  time 
steps  can  been  performed. 
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ON  THE  "FLUX-DIFFERENCE  SPLITTING"  FORMULATION 
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INTRODUCTION 


The  present  paper  refers  to  the  numerical  prediction  of  the 
inviscid  compressible  flows  described  by  the  Euler  equations. 
We  will  focus  our  attention  on  unsteady  flows  (time  marching) , 
but  any  concept  can  be  easily  translated  in  terms  of  steady 
supersonic  flows  (space  marching) . 

The  Euler  equations  are  obtained  directly  from  the  basic  laws 
of  the  mass  flow  conservation,  equilibrium  of  forces  and  the 
first  principle  of  the  thermodynamics.  However,  since  they 
are  hyperbolic,  they  also  describe  propagation  of  waves. 

The  hyperbolic  character  of  the  Euler  equations  is  best 
revealed  by  a  proper  rearrangement  of  them,  which  I  like  to 
call  the  "formulation".  There  are  different  formulations,  all 
related  to  the  well-known  method  of  characteristics.  I  intend 
the  formulation  as  the  step  in  which  the  wave- like  nature  of 
the  problem  is  emphasized,  by  acknowledging  that  the  evolution 
of  the  flow,  at  any  grid  point,  is  determined  by  the  merging 
of  signals  propagated  along  characteristic  rays.  Since  the 
phenomenon  appears  governed  by  advection  equations  (those 
which  describe  the  convection  of  signals) ,  these  approaches 
are  generally  known  in  the  literature  as  "upwind"  methods. 

Different  upwind  formulations  have  been  proposed.  Some  are 
based  on  the  quasi- linear  form  of  the  gove -ning  equations 
(lambda  formulation,  split  coefficient  matrix  method,...), 
others  on  their  divergence  form  (flux  vector  splitting,  flux 
difference  splitting,..).  Non-linearity  creates  differences 
among  such  formulations.  Indeed,  they  would  coincide  for  a 
linearized  version  of  the  Euler  equations.  The  main  feature, 
common  to  all  of  them,  is  the  attempt  to  interpret  the  usual 
thermodynamical  properties  and  the  velocity  field  in  terms  of 
waves  or  signals,  each  of  them  travelling  along  well  definite 
paths.  We  note  that  a  formulation  can  only  be  thought  of  for 
a  system  of  equations.  In  fact,  in  a  scalar  problem,  the  only 
governing  equation  reveals  immediately  its  hyperDolic 
character. 

The  present  paper  is  addressed  to  the  "flux  difference 
splitting"  formulation  (FDS)  and  intends  to  review  some  of  the 
forms  under  which  it  has  been  proposed  in  the  literature.  To 
the  inexperienced  reader,  such  forms  may  appear  rather 
different  and  unrelated.  Our  aim  is  to  look  at  them  from  a 
single  standpoint  and  to  put  their  common  background  into 
evidence. 
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I  the  FDS  formulation,  the  discrete  data  given  on  a  set  of 
points  is  used  to  create  a  piecewise  continuous  distribution 
of  values.  In  its  simplest  form,  such  a  distribution  is  a 
sequence  of  constant  values.  Therefore  a  discontinuity  of  the 
flow  properties  occurs  at  the  middle  of  each  interval. 
Godunov  [1]  proposed  to  look  at  the  evolution  of  this 
discontinuity  along  the  hyperbolic  coordinate,  time.  Its 
collapse  generates  three  families  of  waves.  A  careful 
analysis  of  this  system  of  wave*  provides  information  on  how 
to  interpret  the  difference  of  certain  flow  properties  over 
each  interval,  in  terras  of  propagating  signals.  In 
particular,  the  difference  of  the  flux,  needed  for  the 
numerical  integration  of  the  Euler  equations  in  their  original 
form,  is  split  into  terms  contributing  to  the  flow  evolution 
at  points  located  at  the  left  and  right  ends  of  the  interval. 

The  evolution  of  the  discontinuity  is  described  by  the 
solution  of  a  Riemann  problem  (RP).  Subsequently,  the 
difference  of  the  flux  is  split  on  the  basis  of  the  resulting 
pattern  of  the  waves.  Finally,  the  terms  obtained  by  the 
splitting  are  introduced  into  a  numerical  approximation.  The 
latter  can  be  characterized  by  the  kind  of  assumed 
discretization  (finite  differences,  finite  volumes,  finite 
elements..)  and  by  the  numerical  scheme  (explicit,  implicit, 
prescribed  order  of  accuracy. . . ) . 

In  his  original  presentation,  Godunov  pointed  out  two 
shortcomings  in  the  procedure  that  he  suggested.  The  first 
was  the  computational  effort  needed  to  solve  the  RP  exactly, 
including  tedious  and  time  consuming  numerical  iterations  to 
account  for  possible  shocks.  The  second  was  the 
unsatisfactory  level  of  accuracy  in  the  results,  due  to  the 
use  of  a  first-order  upwind  scheme. 

It  is  clear  now  that  the  practical  failure  of  Godunov's 
otherwise  brilliant  idea  was  due  to  the  inconsistency  in  using 
a  first-order  scheme  of  low  accuracy  after  spending  time  in 
searching  for  an  exact  solution  of  the  RP. 

Consequently,  efforts  to  circumvent  the  difficulty  were 
attempted,  along  two  different  lines  :  (i)  the  search  for 
approximate  but  efficient  solvers  of  the  RP,  and  (ii)  more 
sophisticated  interpretations  of  the  RP,  to  reach  satisfactory 
accuracy  level. 

We  begin  by  reviewing  Godunov's  basic  suggestion.  Then  we 
focus  our  attention  on  some  approximate  and  efficient  solvers. 
Finally  we  look  at  two  sophisticated  interpretations  of  the 
initial  data,  aimed  at  improving  accuracy. 

Some  of  these  procedures  were  originally  suggested  with 
reference  to  the  Lagrangian  point  of  view,  followed  by  a 
proper  Eulerian  remapping,  whereas  others  were  proposed  in  the 
Eulerian  mode.  Our  present  review  is  always  based  on  the 
latter. 


467 


GODUNOV'S  BASIC  SUGGESTION 


We  consider  the  Euler  equations  which  describe  the 
one-dimensional  unsteady  flow,  written  in  divergence  form. 
With  the  usual  notations ,  we  have  : 


WT*fx=0 


1  p 

j  n  PU  , 

W=| 

!  pM, 

1 

e  j 

u(- p+e) 

The  initial  data  (time  t0  ,  step  K)  are  given  at  grid  nodes, 
in  particular  at  the  points  (N,N+1),  which  delimite  the 
interval  of  length  DN  X=Xjj^j-Xn  .  With  reference  to  Fig.  1,  we 
consider  two  constant  values  (f^j  ,  f^+i),  separated  by  a 
discontinuity  at  the  middle  point,  The  evolution  of 

the  discontinuity  in  time  is  described  by  the  governing 
equations  (Eq.l).  We  expect  then  the  generation  of  a  system 
of  waves,  the  two  so-called  "acoustic"  waves  (1,3)  and  the 
entropy  wave  (2).  In  general  these  waves  propagate  on  the  two 
sides  of  the  interval,  depending  on  the  speeds  (u^Ta)  for 
waves  (1)  and  (3),  and  the  speed  (u)  for  wave  (2).  Two 
uniform  regions  (c,d)  coexist  with  the  initial  ones  (asN, 
bSN+1) . 


Now  we  consider  the  difference  of  the  flux  over  the  interval 
(D^  f ) ,  as  split  into  three  terms: 

"  Lf  fr { f4Mfd-feM  £- fj  •  (2) 

Each  of  them  is  related  to  a  wave,  respectively  (fb  -fj  )  to 
(3),  (f^  -fc  )  to  (2)  and  (fc  -fg  )  to  (1).  We  define: 

(3> 

where  DN  f  is  built  up  using  those  terms  (from  Eq. 2)  that 
belong  to  waves  propagating  to  the  left  (negative  speed)  and 
Dn  f  uses  terras  belonging  to  waves  moving  to  the  right 
(positive  speed).  For  the  pattern  of  Fig. 1  : 

if -frf. 

Once  such  a  splitting  has  been  done  over  all  the  intervals,  we 
proceed  to  the  numerical  integration  of  Eq.l.  By  confining 
our  attention  to  the  plain  first-order  difference  algorithm, 
we  have  (Fig. 2 ) : 


K+1  K 

W„  =  W., 


Wt-I>T  =  wJ-f/DT* 


(5) 
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EXACT  ANO  APPROXIMATE  SOLUTIONS  OF  THE  RIEMANN  PROBLEM 

As  described  above,  Godunov's  procedure  is  very  simple. 
Unfortunately,  the  computational  penalty  to  be  paid  to  split 
Eq.2  according  to  the  exact  solution  >.f  the  RP,  is  too  heavy. 

This  is  due  to  the  non-linearity  of  the  Euler  equations 
(Eq. 1),  including  the  third  one  (energy),  that  accounts  for 
variations  of  entropy.  One  or  both  of  the  "acoustic"  waves 

(1.3)  can  be  shocks  with  finite  strength.  In  this  case,  the 
Rankine-Hugoniot  equations  can  only  be  solved  iteratively. 

The  problem  has  been  circumvented  by  introducing  "approximate 
solvers"  of  the  RP,  which,  in  fact,  are  approximate  models  of 
the  RP,  to  be  solved  exactly. 

Two  have  been  the  main  suggestion  proposed  in  the  literature 

[2.3] .  They  have  been  developed  indipendentely ,  almost  at  the 
same  time.  Both  are  widely  used.  Here  I  review  these  two 
approximate  solvers  and  a  third  one  developed  later  [5]. 


THE  APPROXIMATE  SOLVER  PROPOSED  BY  ROE 


The  evolution  of  a  discontinuity  is  described  by  the  Euler 
equations  (Eq. 1).  These  can  be  written  in  the  quasi- linear 
form  : 


WT  +  A  Wy  =  0 


(6) 


where  the  matrix  A  depends  on  the  variable  w.  Roe  has 
proposed  to  linearize  the  physics  described  by  Eq.6,  by 
replacing  the  matrix  A  with  a  constant  matrix  X  The  latter 
is  determined  on  the  basis  of  the  flow  properties  at  points 
N.N+l,  which  define  the  Rieraann  problem  as  detailed  in  [2]. 


The  linear  equations,  which  describe  the  evolution  of  the 
discontinuity  are: 


wT+A  wx=o. 


The  constant  matrix  A  is  constructed  with  proper  average 
values  uT,  IT,  a”  as  reported  in  [2].  The  eigenvalues  of  A 
(slopes  of  the  characteristics)  are: 


W  +  a . 


The  corresponding  right  eigenvectors  are: 


M-a. 

H-ua 


r2  = 


M. 

tf/2 


; 


The  prescribed  difference  DN  m=wi4+i~wn  can  be  written  as : 

Dnw  =  +  u2re  -  ^r3  . 


<69 


Since  Djq 
and  . 


w  is  known,  we  can  evaluate  the  values  of 
Finally  we  have: 


DNf  =  ^  <*1  *1  +  \  <4  rz  *  ^  ti3r3  • 


<*1 


*2 


The  prescribed  difference  DN  f  appears  as  split  into  three 
terms,  each  associated  to  a  corresponding  eigenvalue.  The 
latter  represents  the  speed  of  the  wave  in  the  linear  problem, 
constant  over  the  (x,t)  domain.  By  looking  at  Fig. 3,  it  is 
easy  to  recognize  that  : 


fc'fcT  V/f 


;  Vf/ 


V/* 


where  the  regions  (c,,<3f)  approximate  the  exact  ones  (c,d). 
Depending  on  the  sign  of  the  wave  speed,  each  of  these  terms 
contribute  to  the  split  parts  (D^  f,  f)  defined  in  Eq.3. 


The  most  important  feature  due  to  the  linearization  is  that 
the  acoustic  waves  are  now  always  concentrated  on  single  lines 
of  discontinuity.  This  picture  is  close  to  the  correct  one 
for  "compression"  waves,  which,  in  the  exact  solution,  are 
shock  waves.  On  the  contrary  the  situation  is  quite  different 
for  "expansion"  waves,  which,  in  the  exact  solution,  are 
described  by  a  diverging  fan  of  characteristic  lines,  centered 
on  the  initial  location  of  the  discontinuity. 


Unfortunately,  the  method  fails  in  the  following  case.  Assume 
that  the  initial  RP  is  represented  by  an  “expansion"  shock  at 
rest.  This  configuration  is  stable  according  to  the 
conservation  laws,  Eq. 1.  On  the  contrary,  the  second 
principle  of  thermodynamics  (not  included  in  Eq. 1)  makes  such 
a  discontinuity  collapse  into  an  expansion  fan,  this  being  the 
only  acceptable  solution. 

In  the  numerical  procedure  suggested  by  Godunov,  the  expansion 
fan  determined  by  the  exact  solution  is  split  into  two  terms, 
each  of  them  contributing  to  the  opposite  parts  appearing  in 
Eq.3.  Such  contributions,  expressed  in  terms  of  the  flux,  are 
equal  and  opposite.  Consequently,  the  numerical  result  is 
consistent  with  the  correct  collapse  of  the  expansion  shock. 

In  the  linearized  solver,  however,  the  expansion  fan  is 
approximated  by  a  single  vertical  line  and  the  numerical 
collapse  of  the  expansion  shock  does  not  occur.  Some 
artificial  remedy  can  be  found,  as  reported  in  [2],  in  order 
to  satisfy  the  "entropy  conditions".  On  the  contrary,  a 
steady  shock  is  perfectly  described  by  the  numerical 
procedure. 

Once  the  splitting  has  been  done  over  each  interval,  we  can 
proceed  to  the  integration  of  the  Euler  equations.  By  using 
the  first-order  scheme,  we  find  again  Eq.5. 
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THE  APPROXIMATE  SOLVER  PROPOSED  BY  OSHER 


An  alternate  approximate  solver  has  been  proposed  in  [3].  The 
following  presentation  and  interpretation  of  this  procedure 
looks  rather  different  from  the  original  one,  but  it  can 
provide  a  better  understanding  of  this  methodology  in  the 
framework  of  the  FDS  formulation. 

Instead  of  solving  a  RP,  as  in  the  previous  approaches,  we  can 
look  at  the  system  of  three  waves  merging  at  XrJ+l/iat  time 
tQ  ,  thus  generating  the  discontinuity  defined  by  the  initial 
data.  The  picture  of  Fig. 4  shows  these  waves  (1",2",3"), 
which  separate  the  regions  (c",d“).  Let  us  suppose  that  we 
know  how  to  predict  these  waves.  At  this  point  we  may  assume 
that  the  strenght  of  a  wave  is  not  largely  affected  by  the 
crossing  of  other  waves.  This  would  be  true  in  a  linear 
problem,  and  also  in  the  non  linear  homentropic  problem,  where 
the  strength  of  a  wave  is  given  by  the  difference  of  the 
appropriate  Riemann  invariants  across  the  wave.  Therefore  it 
would  follows  that: 

k  fct*  *  k  ;  t» '  L  "  y  fc?  ;  fcr  Fd  -  h~fd-  • 

Furthermore,  we  assume  that  the  new  waves  (1,,2,,3,)>  coming 
out  from  the  discontinuity,  propagate  in  the  same  directions 
as  the  old  ones  (1",2",3").  Once  the  pattern  of  the  new  waves 
is  known,  we  can  soon  proceed  to  the  splitting  of  f ,  as 
required  by  Eq.3. 

We  have  now  to  predict  the  pattern  of  the  waves  (1",2",3")  and 
the  corresponding  regions  (c",d").  Following  [3],  we  suppose 
that  the  acoustic  waves  can  be  considered  as  isentropic.  This 
is  certainly  correct  if  these  waves  are  expansions,  but  only 
approximate  in  the  case  of  shocks,  owing  to  the  entropy 
generated  through  them.  The  only  entropy  variation  is 
accounted  by  wave  (2")  and  corresponds  to  the  initial 
discontinuity  of  the  entropy  as  provided  in  the  initial  data. 
It  is  worthwhile  to  remark  that,  due  to  this  assumption,  the 
RP  retain  its  original  non-linearity. 

The  solution  of  the  RP  requires  the  evaluation  of  six 
unknowns,  two  thermodynamical  properties  and  the  velocity  in 
the  regions  (c",d").  They  will  be  computed  by  matching  the 
regions  (a,c",d",b)  with  the  conditions  which  hold  over  the 
waves  (1”,2",3").  Through  the  acoustic  waves  (1",3"),  we 
conserve  the  entropy  (basic  assumption)  and  the  Riemann 
invariant  (either  g/(Y~1)-a+u  or  a-u)  which  remains 
constant  along  the  characteristics  (u+a  or  u-a)  running  across 
the  wave  (from  d"  to  b  or  from  c“  to  a).  On  the  contact 
surface  (2"),  we  impose  the  continuity  of  pressure  and 
velocity,  as  usual.  Such  conditions,  formulated  as  follows: 
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are  easily  interpreted  in  a  Fortran  code.  Once  the  flow 
properties  in  the  regions  (c" ,  d")  are  known,  we  can  evaluate 
the  fluxes  fcii  and  f^"  and  find  the  splitting  required  by 
Eq.2.  In  the  next  step,  we  evaluate  the  directions  of 
propagation  of  the  waves  (1",2",3"),  so  that  we  can  determine 
to  which  parts  of  Eq.3  (D"|Jj"f  ,  D^f)  the  split  terms 
contribute . 

We  note  that  the  acoustic  waves  can  be  expansion  or 
compression  waves.  Owing  to  the  assumption  of  isentropy,  they 
are  diverging  or  converging  fans,  respectively.  Just  in 
opposition  to  the  previous  approximate  solver,  the  expansions 
are  now  described  correctly,  whereas  the  shocks  are  described 
by  converging  fans,  instead  of  single  lines  of  discontinuity. 

A  very  interesting  feature  of  this  approximate  solver  appears 
in  the  case  of  a  sonic  transition  (vertical  characteristic) 
imbedded  inside  an  acoustic  fan.  The  case  is  not  an  academic 
one:  to  the  contrary  it  occurs  any  time  we  have  a  steady 
shock  and  prevents  the  formation  of  an  expansion  shock.  In 
these  cases,  in  the  spirit  of  Godunov's  idea,  the  content  of 
the  fan  will  be  split  into  two  additional  terms  which 
contribute  to  the  opposite  parts  appearing  in  Eq.3.  The 
reader  interested  on  this  point  (one  of  the  most  important, 
since  we  are  interested  in  predicting  flows  with  shocks)  can 
find  a  wider  and  more  detailed  presentation  in  [4]. 

Once  these  splittings  have  been  operated  and  all  the  terms  of 
Eqs. 2,3,4  are  found,  we  can  proceed  to  the  integration  (for 
example,  see  Eq. 5  for  the  first-order  scheme). 

A  THIRD  APPROXIMATE  SOLVER 

A  third  solver,  somehow  located  between  the  previous  ones,  has 
been  proposed  later  in  [5].  It  follows  basic  Godunov's  idea 
of  predicting  the  evolution  of  the  initial  discontinuity 
directly  (as  in  Roe's  solver),  but  it  assumes  that  the 
acoustic  waves  are  isentropic  (as  in  Osher's  solver).  From  a 
practical  point  of  view,  the  procedure  follows  the  solution 
proposed  in  [3],  but  the  order  in  which  the  waves  are  crossed 
in  going  from  region  a  to  region  b  has  been  reversed  [5]. 

We  think  worthwhile  to  note  that  the  assumption  used  in  the 
previous  approach  [3]  and,  later  on,  in  the  present  one  [5], 
is  not  new  in  the  prediction  of  unsteady  flows  and  has  been 
suggested,  many  years  ago,  in  a  quite  different  scientific  and 
technical  context.  For  example,  in  a  classical  textbook 
written  before  the  computer  era  [6],  an  iterative  procedure  is 
suggested,  to  solve  the  problem  of  interacting  shocks.  In  the 
tentative  initial  configuration,  the  compression  waves  are 
assumed  to  be  isentropic.  It  is  also  shown  that,  most  of  the 
times,  the  initial  and  final  configurations  are  not  very 
different. 

In  conclusion,  the  approximation  introduced  by  the  solver 
affects  only  the  relative  percentage  of  the  terms  in  which  the 
difference  of  the  flux  has  been  split.  It  does  not  affect  the 
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Euler  equations  which  will  be  integrated  in  the  final  step. 
With  reference  to  this  specific  point,  let  us  quote  from  [2]  : 
"....the  expense  of  producing  an  accurate  solution  of  the 
Riemann  problem  would  only  be  justified  if  the  abundance  of 
the  information,  which  is  thereby  made  available,  could  be  put 
to  some  rather  sophisticated  use".  In  other  words,  it  pays  to 
spend  time  in  obtaining  the  exact  solution  ONLY  if  in  the 
following  numerical  work  we  are  capable  to  profit  of  its 
results  with  a  suitable  accurate  scheme.  For  the  first-order 
scheme  (Eq.5),  -nd  also  for  second  order  schemes,  the 
experience  has  proved  that  the  above  approximate  solvers 
provide  solutions  sufficiently  accurate  to  avoid  any  penalty 
in  the  following  numerical  scheme. 


HOW  TO  IMPROVE  THE  ACCURACY 

The  original  procedure  proposed  by  Godunov  is  based  on  a  first 
order  scheme,  as  shown  in  Eq.5.  To  improve  the  accuracy,  we 
can  use  the  ingredients  provided  by  the  solution  of  the  RP 
(exact  or  approximate) ,  that  is  the  split  terms  of  the 
difference  of  the  flux,  and  incorporate  them  in  a  more 
sophisticated  numerical  scheme. 

A  different  approach  has  been  followed  in  two  very  accurate 
procedures,  known  as  the  "Piecewise  Parabolic  Method"  (PPM) 
and  the  MUSCL  method,  respectively.  Here  the  accuracy  is 
improved  in  the  step  related  to  the  formulation  rather  than  in 
the  following  numerical  scheme.  The  interpolation  of  the 
initial  data  is,  indeed,  more  sophisticated  than  in  the 
piecewise  constant  value  distribution.  The  definition  of  the 
RP  follows,  but  little  care  is  taken  to  speed  up  its  solution. 
Once  the  splittings  are  obtained,  the  updating  of  the  solution 
follows  a  numerical  scheme,  similar  to  the  one  shown  in  Eq.5. 
The  accuracy  of  the  results,  however,  is  much  better  than  in 
the  first  order  scheme  which  follows  Godunov's  interpretation, 
due  to  the  previous  careful  work  in  interpreting  the  initial 
data  and  in  defining  appropriate  RPs. 


THE  PIECEWISE  PARABOLIC  METHOD 

The  procedure  is  reported  in  detail  in  [7].  Here  we  point  out 
some  of  the  main  features. 

We  distinguish  two  steps.  The  first  one  is  dedicated  to  the 
interpretation  of  the  initial  data  as  parabolic  arcs  in  each 
cell.  The  second  step  regards  the  definition  of  a  suitable 
RP,  on  the  basis  of  the  previous  interpretation. 

We  start  by  reviewing  the  first  step.  With  reference  to 
Fig. 5,  we  look  for  the  arc  of  parabola  which  describes  a 
general  flow  property  t-p  over  the  cell  (X^j+i/2 N-i/g  )  about 
point  N.  The  coefficients  needed  to  determine  such  an  arc  are 
evaluated  by  requiring  that  the  average  of  this  distribution 
equals  the  prescribed  value  and  by  imposing  the  values  at 

XNtl/2  and  XN-l(2  • 
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Such  values  are  obtained  through  a  particular  interpolation 
procedure.  For  example,  in  order  to  get  the  value  '■Pn+i/2  at 
(see  Fig.  6),  first  we  evaluate  the  integral  ^j)=j^d.X 
numerically  on  the  basis  of  the  initial  values  of  (fl,,  , 
provided  at  the  symmetric  points  N- 1 , N , N+l , N+2 .  Once  Tthe 
values  of  <|>  are  found  at  the  five  locations  Xw+iji/i  (J=:p2, 
H^l,  0),  we  look  for  the  quartic  polinomial  (  )  passing 

_throu§h  these  points  and  we_evaluate  its  analytic  derivative 
=d<p/dX.  Then  we  compute  at  N+l/2.  This  represents  the 
value  which  delimits  the  arc  of  parabola  about  the  point 

N,  on  the  right-hand  side.  A  similar  prediction  is  done  for 
the  left-hand  side,  that  is  for  Since  these  values  are 

also  needed  for  the  neighboring  arcs,  we  have  : 

^L,Ki  “  ~ 

fu.M  “  4V,  I'M  ”  4*10+ >/4 

and  so  on  for  any  other  interval.  At  this  stage  the  initial 
distribution  looks  as  a  sequence  of  arcs  of  parabola, 
continuously  connected  to  each  other. 

Now  we  examine  each  arc  and  we  modify  those  which  do  not  look 
monotonic.  It  is  at  this  point  that  we  may  introduce  (and  we 
certainly  do  it  in  the  proximity  of  a  captured  shock)  a  jump 
at  the  middle  of  some  interval  (X^+1/2  )  ,  since  the  two  arcs 
merging  here  can  be  modified  and  then  *Pr,i\J  differs  from 
+  •  Further  readjustments  can  still  be  introduced  to 

achieve  more  definite  and  sharp  transitions  in  the  final 
numerical  results  through  captured  discontinuities , 
particularly  in  the  case  of  contact  surfaces.  The 

distribution  over  a  general  interval  (XN  ,  XN+..  )  looks  now  as 
in  Fig. 7. 

At  this  moment,  we  proceed  into  the  second  step.  The  picture 
of  Fig. 7  does  not  look  like  the  RP  configuration  of  Fig.  1. 
Indeed,  the  relatively  small  discontinuity  is  closed  by  two 
non  uniform  flow  regions.  Therefore  we  try  to  define  an 
"appropriate"  RP,  that  is,  to  determine  the  two  levels  of  the 
flow  properties  which  define  a  RP  as  close  as  possible,  to  the 
configuration  of  Fig. 7  in  terms  of  wave  propagation.  Such 
values  are  called  and  ^N+i/Z.R.  and  bhe  RP  is  defined  as 

shown  in  Fig. 8.  The  equivalence  of  this  RP  with  the  non 
uniform  regions  configuration  of  Fig. 7  is  required  to  hold  for 
the  time  interval  (DT)  determined  by  the  CFL  rule.  It  is 
specifically  in  the  search  of  this  appropriate  RP  that  the 
wave- like  nature  of  the  phenomena  is  introduced  in  the 
procedure,  since,  up  to  now,  no  reference  was  made  to  it. 


It  is  convenient  to  recall  the  definition  of  the  Riemann 
variables,  expressed  in  terms  of  pressure,  density  and 
velocity.  Their  differential  form  is  given  by  : 


dR  =  — —  -  du  dR,=*  d(p)  *  rr-J-  d  R? »  ~~  +  d-U 
a,vi  ap  2  °  r+p  6  ap 


The  first  and  the  third  variables  represent  the  "acoustic” 
signals,  whereas  the  second  one  is  related  to  the  entropy.  We 
can  define  their  finite  forms  approximately  : 
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±_ 


-U. 


R*"  f  +^pu  '  Rj’ 


The  variables  (R^jRg.I^)  are  certainly  much  more  significant 
than  the  original  ones  (p, p  , u)  to  emphasize  the  propagation 
of  waves . 


Let  us  now  focus  our  attention  on  the  search  of  Y5v+i/2,1.  .  the 
left  hand  side  value  of  the  RP,  and  consider  the  distribution 
of  vp  over  the  cell  about  point  N  (see  Fig. 9.1).  First  we 
evaluate  in  which  directions  propagate  the  waves  which  belong 
to  this  cell.  Therefore,  we  look  at  the  sign  of  the  speeds  of 
the  characteristics  at  point  N  (u  :p  a  ,u  ).  Let  us  suppose 
that  (u  +a  )  is  positive,  whereas  (u  )  and  (u  -a  )  are 
negative.  In  this  case  we  expect  that  the  R3  signal  only 
flows  toward  the  Xfj+f/2  (R2  and  propagate  in  the  opposite 
direction).  Note  that  during  the  time  interval  DT,  only  the 
section  (X^-vi/*.-  (u,,+aw)*DT)  of  the  initial  distribution 
contributes  to  the  evolution  at  X  n+;/£  (see  Fig. 9. 2).  We 
compute  the  averages,  Pgip^  ,  and  U3  over  this  section  and 
the  average  of  the  third  signal  Rj  there: 


This  is  the  only  wave 
left.  Therefore,  the 
must  provide  : 


*»- 


impinging  on  X|j+^2  , 

left  hand  side  values 


coming  from  the 
of  the  RP  of  Fig.  8 


Oh) 


-  R 


M+'/2,L 


n 


which  is  satisfied  by 


assuming: 

’  ft  J  UKW/2,L*  ’ 


If  (uw)  is  also  positive,  but  (u^a^)  still  negative,  we 
compute  the  average  values  (p2,  )  over  the  section 
(Xw-Mte-V'DT>  which  are  related  to  the  average  value  of  the 
entropy  carried  on  X  ^+1/2  during  the  interval,  DT.  These 
values  define  : 

-D  _  _L  *  _Jk_ 

P2  /U 


In  this  case  the  left  hand  side  values  of  the  RP  (Fig. 8) 
provide  : 

OU.  .  3(R2)-..-.-Ra 


must 


*2 


which  are  satisfied  by  assuming: 


"Hj +1/2,1.'  "(3 


"^■#+1/2,1.“  '^'■3 


Finally,  for  a  supersonic  flow  at  point  N  (uN/a,j>l),  we  also 
evaluate  a  third  average  (p.  ,p.,u.)  over  the  segment 
<X»t1lir(uN-V*DT)  (see  f  iS-  9.4).  With  these  values  we 
compute: 
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must  provide  three 


RA1  = 


-  U, 

<3n  Pm 


Now  the  left  hand  side  values  of  the  RP 
conditions : 

;  lRi  Wr Ri1 

which  are  satisfied  by: 


1 VL 

'V'A.L  L^3'^)/(^P^4  UJ  +  U0 


Similar  operations  must  be  repeated  at  the  right  hand  side  of 
the  next  interval,  which  extends  from  to  The 

attention  is  here  focused  on  the  waves  that  propagate 
leftward.  Therefore,  we  will  only  consider  contributions  from 
the  waves  with  negative  speed.  The  averaging  process  is  the 
mirror  image  of  the  one  just  considered;  a  set  of  values: 

'  fw+l/2,  R  J  UW-*t/i,R 

is  obtained  which  define  the  RP  of  Fig. 8  on  its  right  hand 
side. 


The  appropriate  RP  is  now  completely  defined  and  the  full 
picture  of  Fig. 8  is  determined  quantitatively.  Let  us  note 
that  the  averages  obtained  for  each  wave  on  the  pertinent 
section  are  crucial  for  predicting  the  advection  of  each 
signal  accurately  and,  at  the  same  time  respecting  the  domains 
of  dependence. 

Two  further  steps  are  still  needed  to  complete  the  procedure. 
First,  we  must  solve  the  RPs .  As  we  have  mentioned 
previously,  no  particular  care  is  paid  to  speed  up  this  step. 
Then,  we  must  update  the  solution  in  time  according  to  the 
scheme  of  Eq.5.  The  numerical  scheme  seems  to  have  only  a 
first-order  accuracy,  but  the  accuracy  is  much  higher,  because 
of  the  previous  sophisticated  procedure  followed  in 
determining  the  RPs. 


THE  "MUSCL"  METHOD 

Similarly  to  the  PPM,  this  approach  emphasizes  the 
interpretation  of  the  initial  data  and  uses  a  simple  algorithm 
in  updating  the  solution  in  time  [8], 

The  initial  data  are  not  only  the  values  of  the  flow 
properties  at  each  grid  point  N,  as  in  the  PPM.  In 

addition  a  further  variable  is  given,  to  be  updated  at 

each  computational  step  by  an  integration  procedure,  just  as 
.  We  interpret  these  initial  data  by  means  of 

a  piecewise  linear  distribution  over  a  cell,  as  shown  in 
Fig.  10.  Its  end  values  at  XN_1/2  and  X^+^g  equal 
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ft,*-  ^-^/2 

respectively.  In  the  middle  of  the 
find  the  discontinuity 

Tw+i/*,l  equals 


interval  (X^j  >XW+1), 
^L, W-*1  ~  ^R.W 


we 


as  we  can  see  by  comparing  Fig. 10  and  Fig. 11.  The 
discontinuity  separates  two  regions  with  flow  properties 
varying  with  X  linearly  and  the  initial  configuration  looks 
like  a  sequence  of  neighboring  segments.  This  is  not  the  end 
of  the  initial  step.  In  regions  of  strong  gradients,  indeed, 
the  slopes  of  the  segments  must  be  readjusted  not  to  generate 
numerical  oscillations  in  the  integration  step  which  follows. 


The  most  peculiar  feature  of  the  MUSCL  method  consists  in 
working  out  the  initial  value  problem  directly  from  the 
distribution  shown  in  Fig. 11.  In  the  following  analysis,  we 
can  distinguish  between  the  initial,  instantaneous  breakdown 
of  the  discontinuity  and  the  analysis  of  the  propagation  or 
waves  proceeding  from  non- unif orni  regions. 


The  former  is  worked  out  as  a  RP.  An  almost  exact  solution  is 
developed.  Let  ip%+1/2  be  the  flow  properties  at  X  N41 ,2  , 
immediately  after  the  'collapse  of  the  discontinuity^  The 
tools  for  predicting  the  second  phase  (smooth  interaction  or 
waves)  are  the  classical  compatibility  equations  along 
characteristics.  With  reference  to  the  (u  a) , (u) , (u+a)  waves, 
they  are  written  as:  # 

f  ~(ap)-UT  -  ux  ] 


-p*-  H'j  p*  *  -  «  Px  1 

( qpl  U*  =  a)  L  -p* •+  ( a  p)uj ] 

respectively.  These  equations  hold  in  the  non-uniform  region 
following  the  breakdown  of  the  discontinuity ,  at  The 

unknowns  are  the  time  derivatives.  The  brackets  containing 
the  space  derivatives  do  not  change  across  suitable  chosen 
characteristics;  therefore  such  derivatives  can  be  computed 
using  the  initial  distribution  of  values.  For  example,  in  the 
case  of  Fig. 12,  with  (u+a)  positive  and  (u)  and  (u-a) 
negative,  it  would  result: 


[  -  L^x-faP)yx]& 

L+J-rf  PxW-twIfida. 


*  l  Vl°P)u*V 


where  the  space  derivatives  on  the  right  hand  sides  are 
computed  from  the  initial  data. 


We  are  now  ready  to  update  in  time  both  the  properties  and 
.  By  quoting  [8],  we  point  out  that  "the  slopes  (Bvy>) 
are  independent  of  the  average  values  (ify,);  they  cannot  be 
derived  from  the  latter,  must  be  storea  separately"  and  also 
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updated  in  time  separately. 


First  we  evaluate  the  flow  properties  at  ,  at  the  time 
T+DT/2  (step  K+l/2)  and  at  the  final  time,  T+DT  (step  K+l),  by 
the  simple  algorithm: 


N+l/2 


KM 

N-*'/2 


IP  + 
'U+l/2 


'  _ \  •  BT/2 

■  'r 


(7) 


We  note  that  this  integration  is  carried  out 
conservative"  primitive  variables  (p, p ,u) , 
the  compatibility  equations.  Then  we  compute 
of  the  flux: 

„  ,  K *l/z  .  n  ,  K+l/2  , 


on  the  "non 
which  appear  in 
the  difference 


According  to  the  previous  Eqs . 2 , 3 , 4 
that: 


and  to  Fig. 2, 


we  recognise 


We  note  that  such  a  splitting  refers  to  the  intermediate  time 
(T+DT/2).  This  improves  the  accuracy  in  time. 

So  far,  we  did  not  integrated  the  Euler  equation  (Eq. 1)  yet; 
we  have  only  prepared  the  necessary  ingredients.  As  for  the 
PPM,  we  go  to  the  plain  scheme  of  Eq. 5 ,  which  again  seems  to 
provide  first-order  accuracy,  but  only  apparently  .  From  the 
new  values  of  the  "conservative"  variables  w*+'1  >  we  decode 
the  values  of  the  primitives  ones  ,  needed  as  initial 

data  in  the  following  step.  ' M 

As  pointed  out  previously,  we  also  have  to  update  the  slopes 
(«D^+1|J  )  in  time.  They  are  computed  as  follows  : 

KM  KM  KM 

N  ^  %-'/2 

where  the  terms  in  the  right-hand  side  are  the  ones  obtained 
in  Eq.7.  We  have  worked  out  two  independent  integrations  on 
'“Pn  and  As  pointed  out  in  [8],  "this  approach 

potentially  has  the  effect  of  a  mesh  refinement  of  a  factor  of 
two" . 


CONCLUDING  REMARKS 

In  closing  this  short  review,  I  would  like  to  add  some  final 
remarks . 

v 

First,  let  us  recall  that  the  same  ideas  can  be  used  for 
steady  supersonic  flows,  to  the  expense  of  some  formal 
complication. 

A  second  comment  refers  to  the  extension  to  multidimensional 
flows.  We  know  that  the  ID  hyperbolic  problem  (ID  unsteady  or 
2D  steady  supersonic  flows)  is  a  very  well  defined  problem, 
dealing  with  three  compatibility  equations,  three  signals,  and 
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three  unknowns.  In  the  multidimensional  case  the  situation  is 
not  so  clear.  The  number  of  the  unknowns  is  increased  by  one 
or  two  additional  components  of  the  velocity,  whilst  we  find  a 
single  or  double  infinity  of  available  compatibility 
equations,  characteristic  rays,  and  signals.  Some  criteria 
have  to  be  devised  in  order  to  select  the  more  significant 
information.  These  are  related  to  the  choice  in  defining  the 
grid  and  the  velocity  components.  We  would  like  to  point  out 
that  these  problems  are  common  to  any  upwind  formulation 
(whether  the  quasi  linear  or  the  conservative  form  of  the 
governing  equations  is  used) ,  as  well  as  to  the  original 
method  of  characteristics. 

A  third  remark  is  of  practical  nature.  Anyone  of  the  above 
mentioned  approximate  solvers  has  been  widely  incorporated  in 
codes  for  practical  applications  (nontrivial  geometries  and 
curvilinear  grids).  On  the  contrary,  the  last  two  accurate 
procedures ,  which  require  a  rather  heavy  work  in  the 
interpretation  of  the  initial  data,  have  been  used,  to  our 
knowledge,  only  for  the  understanding  of  basic  physical 
phenomena  and  confined  to  regular  Cartesian  grids. 
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Summary 

The  notion  of  hyperbolicity  is  generalized  for  over¬ 
determined  Quasi  linear  systems.  We  define  the  system  as 
hyperbolic  if  it  is  compatible  and  if  its  Jet  manifold 
is  generated  by  the  characteristic  elements.  The 
criterions  of  compatibility  are  also  formulated. 


Let  us  consider  a  quasilinear  first  order  system  of  PDE’s 


J  A*v(u,x)  =  f^  ( u ,  x ) , 
J  oyt 


V,  i 


(1) 


When  m  >  l  one  speaks  of  an  overdetermined  system.  Maxwell 
equations  (because  of  the  constrains  div  E  =  0,  div  B  =  0)  or 
vorticity  equations  in  hydrodynamics  can  be  viewed  as  proto¬ 
types  of  such  system. 

For  any  u0,xo  we  define  a  linear  space  3(u0>x0)  of  in¬ 
tegral  elements  of  the  homogeneous  system  as  composed  of  all 
lx  n  matrices  (p^,)  satisfying 


V  K 


0. 


(2) 


Special  role  is  played  by  the  characteristic  elements  which 
are  the  matrices  of  rank  1,  i.e.  they  are  of  the  form  p^  = 

=XJ  \u.  In  order  to  demonstrate  it, let  us  recall  the  standard 

definition  of  hyperbolicity .  Suppose  that  m  =  l.  Let  xi  be 

the  chosen  direction.  We  say  that  system  (1)  is  hyperbolic  at 

(uQ,xo)  in  the  direction  x4  if  and  only  if: 

1  For  any  X  =  (0,1  ),  X  e  R ,  the  characteristic 

polynomial  r 


W(X)  =  det|A“(u0,x0)X1  +  A'0,(uo,xo)\e||t, 

has 


a  =  2, . . . ,n. 


l  (including  multiplicities)  real  roots  for  X  ,  say 
x*,x2,  ...  ,xl. 

1 '  i  ’  ’  1 


l -dimensional  space,  i.e. 

(a  1  a;)  *  .  (a  ”  Aj  «  =  0. 


a  =  2, 


X... 

. , £  span 

.  ,n, 

i  =  1,  .  .  . 
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dim|x, . . . =  i. 

As  follows  from  this  definition,  for  any  (X  , . . ,X  )  e  Rn  1 

z  n 

we  have.  I  different  characteristic  elements  of  the  form 
p  =  lxJX  I  where  X  =  (Xli,X2,  .  .  ,x^)  and  X  is  a  correspond¬ 
ing  eigenvector.  Matrices  p  satisfy  Eqs.(2). 

Any  system  of  partial  differential  equations  can  be 
converted  into  a  Pfaffian  system.  For  example,  system  (1)  can 
be  written  as  a  system  of  one-forms 

du  -  (A-1)-1f  dx*  =  -  (A‘  1)_1A'a  p  dx1  +  p  dx°  (3) 

cl  a 

in  the  space  of  {u,x,p  }  of  dimension  l+n+(n-l)t,  a.  =  2,  .  .  ,n, 

CX 

p  =  (p  J),  P  J  e  R. 

ct  a  ci 

It  is  interesting  to  note  that  if  system  ( 1 )  is  hyperbolic 
then  the  space  3(u0>x0)  is  generated  (as  a  linear  space)  by 

the  characteristic  elements.  In  other  words  there  exists  a 
following  representation  of  (3) 

du  -  f  dt  =  ?  X  «  X*  +  ?  X  ®  X2  +  •  ■  ■  +  ?  X»Xn  (4) 

11  2  2  n  n 

where  the  matrices  of  X  «  Xa  satisfy  Eqs . ( 2 ) ,  and  X  are 

Ct  w  ^ 

treated  as  differential  forms  X  =  X  dx  ,  f  =  (A'  )  f  and 
k  =  (n-1 )  x  l . 

The  above  property  will  be  used  in  order  to  generalize  the 
notion  of  hyperbolicity  for  an  overdetermined  system.  However, 
this  property  is  insufficient  to  make  a  good  definition.  If 
k  <  (n-1)  x  l,  the  system  is  overdetermined  and,  in  general, 
it  may  be  incompatible.  By  adding  compatibility  conditions 
representation  (4)  can  loose  its  validity.  Indeed,  these 
conditions  can  lead  to  some  constraints  among  the  variables 
u,  ?,  x.  If,  for  example,  =  K2  is  such  a  constraint  then 

the  right  hand  side  of  (4)  is  no  more  a  linear  combination  of 
elements  of  rank  1  (characteristic  elements)  with  "free 
coefficients"  {  ,  ... ?fc.  To  avoid  such  complications  we  will 

require  the  system  be  compatible.  ^ 

The  most  general  notion  of  compatibility  for  C  systems  is 
expressed  by  the  notion  of  "formal  integrability "  [6,7,9]. 

Janet  [2]  (see  also  [8])  used  the  notion  of  passive  systems 
whereas  Cartan  [1,3]  by  introducing  the  notion  of 
involutivity  was,  in  addition,  able  to  formulate  an  algebraic 
criterion  allowing  to  verify  in  a  finite  number  of  steps 
whether  the  system  is  involutive  (hence,  also  formally 
integrable)  or  contradictory.  He  also  proved  that  after  a 
finite  number  of  prolongations  any  system  becomes  involutive 
or  contradictory.  There  also  exists  a  criterion  of  formal 
integrability  which  is  expressed  by  the  2-acyclicity  of  the 
symbol.  However,  this  criterion  is  rather  cumbersome  in 
application  and  therefore  we  are  using  here  a  less 
complicated  notion  of  involutivity. 

In  order  to  give  a  very  brief  review  of  these  ideas  let  us 
consider  the  following  first  order  system 
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F*  { u ,  Du ,  x )  =  0 , 


s  =  1, . . .m. 


(5) 


Adding  to  Eqs.(5)  their  first  differential  consequences 
a* v  F* ( u , Du ,  x )  =  0, 


where 


9*v  F*(u, p, x) 


9Fb  +  «F^  +  £F^ 

ax*  av?  axp 


obtains  what  is  called  the  prolonged  system, 


denoted  by 


one 

P(F). 


Similarly,  further  prolongations  can  be  obtained  according  to 
the  formula  pr(F)  =  p(pr_  (F)),  r  =  2,3,....  Equations  (5) 


can  be  solved  for  some  of  the  derivatives  of  u  to  obtain 


V  =  *yJ(u,  {U^  },  X), 


(j,i>)  <=  n  c  {1,  .  .  ,  1}  X  {1 ,  .  .  ,  n}  , 

( j' ,v’ )  e  {1, . . ,1}  x  {1, . . , n}  \  n, 

Now  we  define  all  derivatives  on  the  left  hand  side  as  the 
principal  derivatives  associated  with  representation  (6), 
whereas  the  derivatives  on  the  right  hand  side  are  called 
parametric.  This  generates  a  splitting  of  all  higher  order 
derivatives.  By  definition,  any  derivative  of  a  principal 
derivative  is  principal  and  those  which  are  not  principal  are 
said  to  be  parametric.  Representation  (6)  is  said  to  be 
passive  [2]  if  for  any  r  =  1,2,...  the  prolonged  system 
pr(6)  can  be  formally  written  as 

Pr  =  *r(u,x,Qr),  (7) 

where  Pr  and  Qr  are  sets  of  principal  and  parametric 
derivatives,  respectively,  of  order  less  or  equal  r.  In  other 
words,  the  prolongation  does  not  restrict  the  freedom  of 
parametric  derivatives.  It  could  happen  that  at  certain  stage 
one  would  obtain  relations  involving  parametric  derivatives 
only. 

Passive  systems  are  formally  integrable:  the  formal  solu¬ 
tions  are  Taylor  series .  Freedom  of  the  general  solution  is 
given  by  its  parametric  derivatives.  The  above  definition  of 
a  passive  system  is  not  very  constructive  since  it  requires 
an  infinite  number  of  prolongations  be  checked.  The  situation 
improves,  however,  when  system  (6)  is  of  a  special  form 


i  i 

*11 ( X , u, u 


1 

X 


1 


). 


*2*(x,u.u  *  ,u  *  ), 

1  2 


(8) 


i  i 

-  n  .  t 

*  (  X ,  u ,  u  , 

n  ,  x 

1 
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i.e.  when  the  subsets  Ia  c  I  =  {1,2, •■•,1}  are  ordered  in 
the  following  way  I(  c  Ia  c  • • ■  c  1^  and  where  Tfc  =  I  s.  Ifc . 

u  ,  u  , • • ■ ,  u  n  and  any  of  their  derivatives  are  then 

1  #  *  2  *  X  n  I 

principal  derivatives.  The  remaining  derivatives  e.g.  u  1  , 

,  X 

*2  *n  *1  *1  1 

u  *  u  X  ,  u  X  X  '  u  X  .  are  Pa^«®etric.  In  this 

case  it  is  possible  to  prove  that  if  the  first  prolongation 
does  not  restrict  the  freedom  of  the  parametric  derivatives 
then  it  is  so  in  all  higher  prolongations  [3] .  There  also 
exists  an  algebraic  criterion  which,  admitting  linear  trans¬ 
formations  of  variables  x  and  u,  answers  the  question  of 
local  existence  of  this  well  ordered  form  (8).  This  criterion 
concerns  the  symbol  of  Eqs.(5),  i.e.  the  part  of  the  line¬ 
arized  system  which  is  homogeneous  in  Du.  By  linearizing  (5) 
we  obtain 


Ar(uo*xo>  <  =  °- 

Then  we  define  3^  =  {  ;  A*wp^ 


0,  PJt  = 


PJ  =  o  } 


for  r  =  0,l,--',n  -  1.  Similarly,  we  define  the  prolongation 
of  the  space  3r  as  the  set  of  solutions  to  the  homogeneous, 

second  order,  part  of  the  prolonged  system: 

P(3.)  =  {(P^)J  faUP^v  =  0,  =  P^.  P^  =  0  for  o  <  r}. 


There  exists  a  coordinate  dependent  projection 

6  :  P(3  )  - .  3 

r+i  r  r 


defined  by 

P(3r)  a  (p^) 


(pJ  )  «  3  . 

r+1  V  r 


Definition.  If  there  exist  systems  of  coordinates  for  x  and 
u  such  that  mappings  (9)  are  surjective  then  one  says  that 
system  (5)  has  an  involut ive  symbol. 

One  can  prove  that  the  set  of  such  coordinate  systems  is 
open.  It  follows  [1,3]  that 

Theorem.  If  system  (5)  has  an  involut ive  symbol  then  it  can 
be  represented  in  the  form  of  (8).  Moreover,  if  the  prolonged 
system  can  be  written  as 

P*  =  *(Q*) 

i.e.  if  the  freedom  of  parametric  derivatives  up  to  the 
second  order  is  not  restricted,  then  the  system  is  involut ive 
and,  hence,  formally  integrab le. 


Having  sketched  the  notion  of  involutive  systems  let  us 
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define  the  notion  of  generalized  hyperbolicity .  Let  us 
confine  our  attention  to  the  homogeneous  systems. 

Definition.  A  first  order  homogeneous  system  A*U(u)  uJ  =  0 

is  hyperbolic  if  and  only  if  J 

1°.  it  can  be  represented  as 

du  =  X  e  X1  +  •  •  ■  +  ?k  g  ®  Xk  , 

i.e.  it  is  generated  by  its  characteristic  elements, 

2°.  it  is  involutive. 

In  order  to  see  how  broad  is  the  class  of  generalized 
hyperbolic  systems  and  what  kind  of  patologies  does  it 
contain  let  us  take 

rot  v  =  0 

as  an  example.  Let  x“  =  (X0^)  be  a  triple  of  independent 

vectors  in  R  .  Then  rot  v  =  0  is  equivalent  to 

dv  =  ?  X1  «>  X1  +  f  Xz  «  X*  +  ?  X3  »  X3. 

The  system  is  involutive  and  generated  by  its  characteristic 
elements  therefore,  according  to  our  definition,  it  is 
hyperbolic.  However,  it  is  not  hyperbolic  in  the  usual  sense. 
Note,  that  every  vector  is  a  characteristic  vector! 

In  order  to  avoid  these  patologies  one  can  consider 
systems  obtained  from  the  usual -sense  well -determined  hyper¬ 
bolic  systems  by  adding  certain  constraints  (e.g.  Maxwell 

equations).  Most  natural  class  of  such  systems  is  composed  of 

systems  generated  by  “full  branches''  of  the  characteristic 
cone.  Suppose  that  the  characteristic  determinant  W(X)  can 
be  factorized  as  follows 

W(X)  =  Wt(X)  Wz(X). 

It  is  possible  to  define  a  system  of  partial  differential 
equations  associated  with  the  branch  W  (X )  in  the  following 
way  1 

du  e  1  X  »  X  j  A*U(u)  XJ  X^  =  0,  W4(X)  =0  1,  (10) 

i.e.  du  is  a  linear  combination  of  characteristic  elements 
associated  with  W4(X)  =  0. 

Let  us  formulate  a  criterion  concerning  the  question 
whether  the  symbol  of  a  hyperbolic  system  is  involutive. 

Theorem.  Suppose  that  for  every  r  =  0,1, . n-1  the  space 

3^(xo,uo)  is  generated  by  the  characteristic  elements 

3  =  span  {  X  ®  X1 , • • ■ ,X  ®  X* }  such  that  X*  *  0  for  s  = 

r  i  )c  r 

=  1 1 . . . • k.  Then  the  symbol  of  the  system  is  involutive . 

To  prove  it  let  us  notice  that  the  elements  fX  »  X*  e  X*}, 
s  =  l,...,k,  belong  to  p(3  ).  We  have  <5  (X  ®  X  «  X )  = 

r  r+l 

=  *  *>•  Therefore  the  mappings  <$r^p(3r)  - ►  3. 


are 


surjective,  which  proves  the  theorem. 

How  to  check  the  compatibility  of  the  system 

du  =  5  *  ^  < 

provided  its  symbol  is  already  involutive?  Suppose  X,  X 

functions  of  u  only.  Taking  the  exterior  derivative  of 
we  have 

y  X  •  (dz  ~  Xa  +  *  6\a)  +  i  y  [X.X]  ®  (xa  ^  \ft) 


where 


dXa  = 


u  only.  Taking  the  exterior  derivative  of  (11) 

^  +  ?a  <*“) .+  \  I  tx^]  ®  (Ka  -  x*>  --  0, 

^  — y  Xa  ✓«.  X^5,  [X,Y]  is  the  commutator 


of  the  vector  fields 


du' 

X,  Y: 


[X.Y]  =  XJ 


Y  -  YJ 


Equation  obtained  by  differentiating  (11)  should  have  alge¬ 
braic  solutions  for  (d?a)  at  any  (?,u,x).  This  can  be 

rather  easily  checked  if  (11)  does  not  contain  too  many  modes 
(i.e.  characteristic  elements).  For  example,  let  X, . . . ,j<  and 

Xi,...,Xk  be  independent  at  every  u.  Then  one  gets  the 
following  compatibility  conditions  for  (11) 

a)  ££>$-*  e  span 


.  a  r.  a  .  ft, 

x  e  span  {X  ,X'  }, 


a  *  ft. 


Thus,  the  variation  of  wave-vector  X“  under  Jhe^  influence 
of  wave  "ft"  must  be  a  linear  combination  of  X  , X'  .  In  this 
case  the  solutions  can  be  interpreted  as  interacting  Riemann 
waves  [4,5], 

For  a  high  number  of  modes  rather  than  with  the  Pfaffian 
forms  it  is  easier  to  deal  with  partial  differential 
equations . 

The  compatibility  or  incompatibility  of  system  (10)  can 
be  interpreted  in  physical  terms.  System  (10)  involves  only 
such  modes  which  satisfy  Wi(X)  =  0.  Therefore  if  the  system 
is  compatible  then  the  nonlinear  interaction  of  these  modes 
does  not  generate  modes  from  other  branches.  Particularly,  if 
the  initial  condition  consists  only  of  modes  from  Wi(X)  =  0, 
then  this  is  also  true  for  the  solution  for  t  >  0  as  long  as 
it  stays  continuous.  Incompatibility,  on  the  contrary,  leads 
to  the  production  of  modes  from  other  branches  of  the 
dispersion  relation. 

As  an  illustration  let  us  consider  the  system  of  Euler 
equations  for  an  ideal  gas 

B  +  +  p(p)  =  0, 

»t  P  ,  1  r,  s 


under 


+  div(pv)  =  0. 


In  this  case 


has  two  branches  [4],  the  linear  branch 


T 


T 


W±(X)  =  Xq  +  v  Z  =  0  of  multiplicity  2  and  the  quadratic 

branch  W2(X).  The  system  associated  with  W2(X)  is 

compatible  and  it  defines  irrotational  flows.  The  system 
associated  with  Wi(X)  is 


It  v  +  v-Vv  =  0, 
div  v  =  0,  Vp  =  0. 


(13) 


It  defines  isobaric  flows  and  it  is  incompatible  what  can  be 
checked  by  taking  the  divergence  of  the  first  equation.  By 
prolongations  we  obtain  additional  constraints  for  the  first 
order  derivatives  Vv  which  are 

Tr  (Vv)2  =  0,  Tr  (Vv)2  =  0.  (14) 


Note  that  div  v  =  Tr  (Vv).  The  full  set  of  equations,  i.e. 
(13)  and  (14)  is  involutive.  Thus,  if  the  initial  conditions 
satisfy  p  =  const  and  Tr  (Vv)r  =  0,  where  r  =  1,2,3,  then 
there  exists  a  solution  to  Eqs4(13).  If,  however,  the  initial 
conditions  satisfy  only  div  v  =  0  and  Vp  =  0  then,  in 
general,  the  solution  of  Eqs.(12)  does  not  satisfy  Eqs.(13). 
This  is  so  because  this  solution  may,  in  addition,  involve 
the  sound  modes  although  they  were  not  present  in  the  initial 
conditions . 
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Runge-Kutta  Split-Matrix  Method  for  the  Simulation 
of  Real  Gas  Hypersonic  Flows 
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SUMMARY 

A  class  of  three  step  explicit  Runge-Kutta  type  time  stepping  schemes 
for  use  in  conjunction  with  second  order  upwind  and  third  order  upwind- 
biased  space  discretisations  of  the  quasi-conservatively  formulated  Euler 
equations  is  studied.  The  fractional  time  steps  are  optimized  to  yield  a 
second  order  accurate  method  with  a  maximal  region  of  (linear)  stability. 
The  method  is  incorporated  in  a  3-D  Euler  code  for  the  simulation  of  ideal 
gas  and  equilibrium  real  gas  flows.  A  pseudo  space  marching  method  is  pre¬ 
sented  to  deal  with  the  supersonic  part  of  the  flow  field.  It  uses  trie  time 
stepping  scheme  as  relaxation  procedure.  The  method  is  much  more  efficient 
than  pure  time  relaxation  and  converges  to  the  same  steady  state.  The 
applications  shown  include  2-0  and  3-0  simulations  of  ideal  and  real  gas 
flows  with  fitted  bow  shock  and  captured  embedded  shocks. 


INTRODUCTION 

The  development  of  new  space  transport  systems  and  of  hypersonic  air¬ 
craft  requires  the  simulation  of  high  speed  air  flows  about  realistic  con¬ 
figurations.  New  concepts  of  propulsion  systems  have  to  be  studied  and  here 
the  numerical  simulation  of  the  flowfield  can  lead  to  new  insights.  The  con¬ 
struction  of  these  configurations  requires  an  accurate  prediction  of  flow 
about  three-dimensional  bodies  at  Mach  numbers  ranging  from  0  <=  M^,  <=  30. 

The  high  temperatures  occuring  in  hypersonic  flow  fields  (  M„,  >  4  )  cause 
the  excitation  of  vibrations  of  air  molecules  and  at  higher  temperatures  the 
dissociation  of  oxygen  and  nitrogen  and  the  creation  of  oxides  of  nitrogen. 
Air  then  cannot  be  treated  as  an  ideal  gas.  At  low.  enough  altitude  along 
the  shuttle  reentry  trajectory  (  H  <  50  km  ),  where  the  density  of  air  is 
high  enough  for  recombination  reactions  to  take  place,  the  real  gas  effects 
can  be  taken  into  account  by  introducing  a  general  equation  of  state  into 
the  fluid  dynamics  equations.  This  implies  that  the  gas  Is  assumed  to  be 
in  local  vibrational  and  chemical  equilibrium.  Curve  fit  routines  can  be 
used  to  represent  numerically  the  equation  of  state.  The  additional  amount 
of  computational  work  is  then  approximately  20%  more  than  in  the  ideal  gas 
case. 

At  those  altitudes,  where  the  equilibrium  real  gas  assumption  is  valid, 
the  Reynolds  number  is  high  enough  to  make  the  division  of  the  flow  field 
into  an  inviscid  part  with  a  sharp  bow  shock  and  a  boundary  layer  meaning¬ 
ful.  At  higher  altitudes  along  the  shuttle  reentry  trajectory,  where  non¬ 
equilibrium  chemistry  has  to  be  taken  into  account,  the  Reynolds  numbe- 
drops  and  a  full  nonequilibrium  Navier-Stokes  simulation  has  to  be  done, 
which  is  at  least  two  orders  of  magnitude  more  expensive  than  an  equili¬ 
brium  real  gas  Euler  -  boundary  layer  analysis. 

The  relatively  simple  geometry  of  reentry  bodies  and  the  very  strong 
hypersonic  bow  shock  suggests  the  use  of  a  bow  shock  fitting  procedure. 

The  algorithm  must,  however,  be  able  to  capture  embedded  shocks 
correctly. 

The  time  relaxation  prbcedure  must  be  able  to  deal  with  the  very 
strong  transients  occuring  during  the  integration  process  towards  the 
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steady  state.  As  a  result,  some  of  the  integration  procedures  developed 
for  the  subsonic  and  transsonic  flow  regimes  are  not  applicable  or  have 
to  be  modified  for  use  in  the  hypersonic  regime.  An  accurate  time  inte¬ 
gration  procedure  avoids  unphysical  transients  and  is  therefore  a  good 
candidate,  low  memory  requirements,  good  vector i zabl i 1 ity  and  the  appli¬ 
cability  of  the  shock  fitting  algorithm  are  also  important.  An  iterative 
Runge-Kutta  type  time  stepping  scheme  meets  all  these  requirements. 


SPACE  DISCRETIZATION  METHOD 

We  integrate  the  instationary  Euler  equations  in  quasi-conservative 
form  in  generalized  coordinates: 


Qt  +  A+Qc+  ♦  A"Q^'  +  B+Qrl+  + 

+  B"Qn~  +  C+Qc+  +  C*QC'  =  0 


(1) 


where  Q  ■ 


(p,pvx,pvy,pvz,e)T 


are  the  conservative  variables. 


The  matrices  A*,B*,C±  [ 4 1  are  split  according  to  the  sign  of  their  eigen¬ 
values  [1-3).  The  space  derivatives  of  Q  are  calculated  with  a  third  order 
accurate  upwind-biased  formula  [31: 

Q+C  *  —  (Qm-2  ■  6Qm-l  +  3Qm  +  2Qm+i) 

|«  6AC  (2) 

Q  5  =  - (0(11+2  *  SQm+l  +  3Qm  +  20m- 1 ) 

|m  6AC 

and  a  MacCormack-type  artificial  diffusion  term  prevents  wiggles  near  shocks. 

The  bow  shock  can  be  captured  or  fitted  ,  whereas  imbedded  shocks  are 
always  captured.  Owing  to  the  simple  geometry  of  reentry  vehicles  and  the 
strong  bow  shocks  encountered  there,  the  shock  fitting  option  is  preferred 
in  this  case.  For  hypersonic  flows,  where  real  gas  effects  are  important,  the 
pressure  of  the  gas  is  a  general  function  of  the  density  and  the  internal 
energy.  The  flux  matrices  A,B,C  can  be  calculated  with  their  eigenvectors 
and  eigenvalues  for  an  arbitrary  pressure  function  p(p,s)  and  the  shock 
fitting  algorithm  can  be  generalized  for  this  case  (5,10|. 


TIME  STEPPING  SCHEME 

A  systematic  study  of  three  step  time  stepping  schemes  in  conjunction 
with  the  third  order  upwind-biased  and  the  second  order  upwind  space  dis¬ 
cretizations  [2,3 |  has  been  conducted.  The  iterative  Runge-Kutta  scheme 
for  the  stepping  from  time  level  (n)  to  time  level  (n+1)  is  of  the  general 
form  ( 6 1 : 

q(!)  =  qn  -  41  it  P(Qn) 

q’2)  =  qn  -  a2  At  p(q(1))  (3) 

Qn+L  *  Qn  -  a3  At  P(q(2))  / 

•  V 

"K: 
* 

s-S 


■  & 
X 
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where  the  operator  P  contains  the  space  derivatives.  The  coefficients  aj,, 
ag  and  a3  represent  the  normalized  fractional  time  steps. 

An  advantage  of  the  iterative  Runge-Kutta  schemes  is  that  only  one  in¬ 
termediate  set  of  flow  variables  has  to  be  stored  in  addition  to  the  time 
levels  Qn  and  Q'n+1'.  In  contrast  to  classical  Runge-Kutta  methods  [7|, 
however,  it  is  not  possible  to  increase  to  formal  order  of  time  accuracy 
beyond  second  order. 

For  first  order  accuracy  33  =  l  i s  required.  Second  order  accuracy 
is  achieved  by  setting  aj  =  1/2  regardless  of  the  value  of  aj.  The  coef- 
fient  ai  is  used  to  maximize  the  region  of  (linear)  stability  of  the  algo¬ 
rithm.  Setting  aj,  =  0  formal  ly  yields  a  two  step  Runge-Kutta  method  of  second 
order  accuracy,  whereas  with  a2  =  =  0  the  first  order  algorithm  we  used 

earlier  [ 2 , 3, 5 |  is  recovered. 

To  get  an  estimate  for  the  optimal  choice  of  the  parameter  a^  we  carried 
out  a  linear  1-0  von  Neumann  stability  analysis  of  the  linear  advection 
equation: 


ft  +  u  fx  =  0  . 


(4) 


The  analysis  yields  the  linear  amplification  factor  g,  which  depends  on 
the  CFL  number  u  At/Ax  and  on  the  grid  wave  number  k  Ax.  Since  the 
resulting  expressions  for  g  are  too  complicated  to  be  discussed  analytically 
in  general,  the  square  of  the  modulus  of  g  was  plotted  a..  a  function  of  the 
CFL  number  and  of  s  -  sinz(k  Ax).  Fig.  1  shows  a  3-0  view  of  |g|z  for 
the  one  step  algorithm  (  =  ai  =  0  )  with  the  second  order  upwind  and  the 

third  order  upwind-biased  space  discretizations.  The  white  square  hiding  part 
of  the  function  represents  the  plane  | g | 2  =  1,  i.e.  the  stability  Unfit.  The 
plots  reveal  that  the  one  step  algorithm  is  unconditionally  unstable  for  both 
discretizations,  but  the  region  of  instability  vanishes  quadratically  and 
linearly,  respectively,  as  the  CFL  number  approaches  zero.  In  practice, 
the  one  step  algorithm  has  been  sucessfully  used  in  2-0  and  3-D  Euler  si¬ 
mulations  with  CFL  numbers  on  the  order  of  0.2. 

Fig.  2  shows  i g | 2  for  the  second  order  two  step  scheme  (83  *  1,  a? 

=  1/2  al  =  °)>  In  contrast  to  the  central  space  diffencing  scheme, 
whicn  Is  linearly  unconditionally  unstable  with  this  time  stepping,  the 
upwind  and  upwind-biased  space  discretizatibns  are  stabilized  up  to 
CFL  =  1/2  and  CFL  =  respectively.  The  three  step  scheme  with 

ai  >  0  can  extend  the  stability  region  of  the  algorithm.  The  optimal 
stability  region  for  the  upwind  biased  discretization  is  achieved  for 
0.25  <  ai  <  0.3.  In  this  region  the  stability  limit  is  extended  beyond  CFL= 
1.75.  In  contrast,  the  stability  limit  of  the  second  order  upwind  algorithm 
cannot  even  be  pushed  up  to  CFL=1  by  any  choice  of  a^.  Fig.  3  shows 
I g | 2  for  the  upwind  and  upwind-biased  discretizations  with  aj  =  1/4. 

The  central  differencing  scheme  is  unconditionally  unstable  below 
ai  =  1/4  and  reaches  a  maximal  stability  region  of  CFL=2  at  ai  *  1/2. 

The  three  step  Runge-Kutta  time  stepping  with  ag  =  1,  a2  =  1/2  and 
ai  =  1/4  has  been  incorporated  in  the  shock-fitting  2-0  and  3-0 
ideal  gas  and  real  gas  Euler  codes.  A  CFL  number  of  1.25  has  been  found 
to  be  adequate  in  practical  computations. 


PSEU00  SPACE  MARCHING  METHOD 

For  hypersonic  flows  the  one-dimensional  Mach  number  in  the  coordinate 
direction  of  the  main  scream  is  mainly  greater  than  one.  The  Euler  equa¬ 
tions  (1)  then  are  hyperbolic  in  that  coordinate.  In  recompression  regions, 
however,  subsonic  pockets  my  appear.  For  the  simulation  of  flows  of  that 
type  we  developed  a  marching  strategy  using  the  instationary  Runge-Kutta 


I 
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code  as  basis. 

A  zone  of  coordinate  planes  is  defined  in  which  the  instationary  equa¬ 
tions  are  iterated  toward  convergence.  The  inflow  boundary  is  supersonic 
and  the  variables  there  are  prescribed.  At  the  outflow  boundary  zeroth 
order  extrapolation  is  used.  Fig.  4  shows  the  computational  grid  in  the 
symmetry  plane  and  indicates  the  marching  zone. 

The  zone  is  marched  downstream  over  the  body.  If  local  subsonic  pockets 
appear  in  the  flowfield,  the  width  of  the  zone  is  adapted  such  that  the 
subsonic  part  of  the  field  is  completely  covered  by  the  zone.  After  con¬ 
vergence  has  been  achieved  in  the  adapted  zone  the  width  of  the  zone  is 
reset  to  its  original  value  and  the  marching  continues  from  the  supersonic 
downstream  boundary  of  the  adapted  zone. 

The  blunt  body  flow  may  be  simulated  using  the  same  code  with  a  fixed 
zone  width.  The  marching  strategy  saves  much  CPU  time  since  it  generates 
excellent  starting  values  for  the  instationary  relaxation  scheme.  It  does 
not  break  down  if  the  flow  becomes  locally  subsonic  like  pure  space-mar¬ 
ching  schemes  do.  The  pseudo  space  marching  method  is,  however,  slightly 
less  efficient  than  pure  space  marching.  A  similar  idea  has  been  pro¬ 
posed  in  [9| . 


APPLICATIONS 

Several  simulations  of  ideal  gas  and  equilibrium  real  gas  hypersonic 
flows  have  been  performed  with  the  third  order  upwind-biased  space  dis¬ 
cretization  scheme  in  conjunction  with  the  three  step  Runge-Kutta  time 
marching  algorithm  with  (a_3  =  1,  a?  =  1/2,  a^  ■  1/4)  and  CFL=1.25. 

Bow  shock  fitting  was  applied  and  the  pseudo  space  marching  method  was 
used  where  possible. 

Fig.  5  shows  a  comparison  of  lines  of  constant  temperature  in  flow  about  a 
hemisphere-cylinder  at  M„=ll,  a=0,  H=50  km  (^=271  K)  for  ideal  gas  (y=l.4) 
and  equilibrium  real  gas.  A  local  time  step  with  CFL= 1.5  was  used  and  the 
calculation  was  converged  after  500  time  steps.  The  standoff  distance  of 
the  shock  is  smaller  for  the  real  gas  case  and  the  temperature  near  the  stag¬ 
nation  point  is  much  lower.  The  wiggle  in  one  of  the  real  gas  temperature 
isolines  is  a  result  of  inaccuracies  of  the  curve-fit  routine  used  for  the 
calculation  of  the  real  gas  temperatures  [8).  It  is  not  visible  in  the  flow 
variables.  Fig.  6  contains  a  comparison  of  the  ideal  gas  and  real  gas  static 
temperature  distributions  on  the  windward  side  of  a  HERMES  like  body  for 
Mo,  =  IQ,  a  =  30°,  H  =  100  km.  Equal  temperature  increments  of  AT  =  100 
are  used  for  the  isolines.  In  the  real  gas  calculation  the  stagnation  point 
temperature  is  3160  K  compared  to  5840  K  in  the  ideal  gas  case.  The  quali¬ 
tative  form  of  the  isolines  is  similar,  but  in  the  real  gas  case  the  gra¬ 
dients  are  smaller  and  they  appear  smoother  than  in  the  ideal  gas  case. 

Fig.  7  contains  the  Mach  number  isolines  and  the  computational  grid  in 
a  cross-sections  halfway  down  the  body  of  the  real  gas  flowfield.  The  im¬ 
bedded  crossflow  shocks  are  clearly  seen. 

In  Fig. 8  the  ideal  gas  and  real  gas  temperature, Mach  number  and  pressure 
distributions  on  the  body  in  the  plane  of  symmetry  are  compared.  Cn  the 
leeside  the  location  of  the  canopy  shock  can  be  clearly  discerned  in  all 
curves.  Only  every  second  grid  point  is  shown.  Taking  this  into  account, 
one  can  see  that  2  grid  points  are  inside  the  captured  canopy  shock  in 
both  the  ideal  gas  and  the  real  gas  cases.  No  overshoots  or  undershoots 
occur  in  the  solution.  Whereas  the  real  gas  temperature  on  the  windward 
side  of  the  vehicle  is  much  lower  compared  to  the  ideal  gas  case,  on  the 
leeward  symmetry  line  a  crossover  occurs  and  the  real  gas  temperature 
lies  partly  above  the  ideal  gas  result. 

The  reason  for  the  lower  stagnation  point  temperature  of  the  real  gas 
flow  is  the  energy  swallowed  by  the  vibrational  excitation  and  the  dis¬ 
sociation  reaction.  The  temperature  crossover  on  the  lee  side  can  occur 
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because  in  the  real  gas  case  the  flow  velocity  is  smaller  than  in  the 
ideal  gas  case. The  difference  to  ideal  gas  kinetic  energy  is  in  the 
real  gas  case  divided  between  internal  degrees  of  freedom  and  temoera- 
ture.  The  pressure  distributions  of  the  ideal  and  real  gas  simulations 
are  virtually  identical  since  the  pressure  is  a  kinematically  dominated 
variable. 


CONCLUSIONS 

A  systematic  study  was  conducted  to  find  the  optimal  choice  of  frac¬ 
tional  time  steps  of  a  three  step  Runge-Kutta  time  stepping  scheme  in 
conjunction  with  second  order  upwind  and  a  third  order  upwind-biased 
space  discretisations.  A  pseudo  space  marching  method  is  introduced, 
which  is  applied  to  the  supersonic  part  of  the  flow  field  and  which 
uses  the  time  stepping  scheme  as  relaxation  method.  The  algorithm  has 
been  implemented  in  a  3-D. Euler  code  capable  of  ideal  gas  and  equilibri¬ 
um  real  gas  shock  capturing  and  shock  fitting.  The  applicability  of  the 
code  to  flow  simulation  about  real  3-0  configurations  at  hypersonic  free 
stream  Mach  numbers  is  demonstrated. 
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Fig. 2  :  3-0  plot  of  the  square  of  the  linear  amplification 
factor  | g | 2  for  the  two  step  second  order 
Runge-Kutta  time  stepping 
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Second  order  upwind 


Third  order  upwind-biased 


Fig. 3  :  3-0  plot  of  the  square  of  the  linear  amplification 
factor  | g | 2  for  the  three  step  second  order 
Runge-Kutta  time  stepping  (aj  =  1/4) 


sweep  direction 


Fig. 4  :  Computational  grid  in  plane  of  symmetry  with 
Pseudo  space  marching  zone 
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rig.6  :  HERMES-like  forebodv,  M«  =  10,  a  *  30,  H  =  50  km 


Fig. 7a  :  Computational  grid 


Fig. 7b  :  Real  gas  lines  of 

constant  Mach  number  (AM  =  0.2) 

Min:  1.57  Max:  8.02 

7  :  HERMES-1  ike  forebody,  M<»  =  10,  a  s  30,  H  =  50  km  Cross  sectional  view 


Fig. 8a  :  Static  temperature  distribution 
on  body  in  plane  of  symmetry 


Fig. 8  :  HERMES-1  Ike  forebody,  M*  »  10,  a  =■  30,  H  =  50  km 
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I.  INTRODUCTION 

We  study  the  problem  of  existence,  uniqueness  end  asymptotic  behaviour  (or  t  -*•  oo  of 
(weak  or  strong)  solutions  of  equation  In  the  form 

u„  -  XAu,  -  LH(i|  3/ 0x,  o,  (u,t)  ,  f(u>Ul) 
u  =  0  on  a  (l 

u(x,0)  =  U0(x)  ,  u,(x,0)  =  u,(x) 

where  X  ?  0  .  ut  r  0u/dl  end  Ual  =  dU/Bx,. 

In  ( I )  0  Is  e  bounded  domain  In  ft"  wllh  8  sufficiently  smooth  boundary  30  , 
o,  (1=  I .... ,  H)  are  continuous  functions  sal  Isfyfng  certain  monolonlc  end  other  conditions  to 
be  specified  later.  Equations  of  the  type  ( I )  with  f  =  0  and  X  >  0  ,  were  given  the  lirst 
systematic  treatment  by  Greenberg  ,  NacCamy  and  Mlzel  [8]  In  the  case  of  space  dimension 
N  =  I  .  fhey  were  proposed  by  the  authors  (loc.  ell.)  as  the  field  equation  governing  the 
longitudinal  motion  of  a  viscoelastic  bar  obeying  the  nonlinear  Yolght  model.  For  Instance  If  we 
denote  by  x  the  position  of  a  cross-section  In  the  homogeneous  rest  configuration  of  the  bar, 
by  u(x,()  (he  displacement  a(  time  (  of  (he  section  from  f(s  rest  position  ,  by  t  (x,t)  (he 
stress  on  the  section  at  time  l,  then  the  equation  of  motion  becomes  (If  the  density  Is  one) 

u,,  =  f,  .  (x,t)  €  (0.1)  x(O.oo)  ,  (4) 

If  a  nonlinear  dependence  of  the  strain  on  ua  Is  allowed  ,  then  (4)  yields  the  nonlinear  wave 
equation 


=  0  ,  (x.t)  €  0  x  (  0,T) 

(1) 

(2) 

(3) 
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Utt  =  o'  (o,  )  u„  .  <5> 

In  [9]  MacCamy  and  Mizel  assumed  that  o  satisfies  the  physically  plausible  conditions 
o(0)  =  0  and  o'(t;)  >  0  ,  e;  €  (  -oo,  oo)  ;  moreover  o'  is  taken  to  be  monotone  decreasing 
in  |  £  | .  In  their  paper  Greenberg  ,  MacCamy  and  Mizel  (loc.  cit.)  assume  the  material  to  be  a 
non  linear  Kelvin  solid,  that  is ,  they  assume  for  the  strees  a  relation  of  the  following  form 

t  =  o(u„)  4  Xu,t  (6) 

where  X  -positive  constant  -  is  the  viscosity  coefficient  .  Since  the  appearance  of  the 
Greenberg  -  MacCamy  -  Mizel  work  ,  there  has  been  a  rather  impressive  literature  on 
equations  of  the  type  ( I )  above,  e.g.,Caughey-E11lson  [1],Defermos  [4],  Clements  [2], 

[3],  Webb  [16],  Yamada  [1 7],  to  name  but  a  few. 

The  case  X  =  0  ,  N=  1  andf(u,ut)  =  |ut|*  sgn(ut)  ,0<a<  1  with  nonhomogeneous 
boundary  conditions  corresponds  to  the  motion  of  a  linearly  elastic  rod  in  a  nonlinearly  viscous 
medium.  For  instance  if  we  consider  mud  as  the  surrounding  medium  then  a  is  equal  to  0.1. 
In  section  2  we  give  some  results  with  regard  to  equation  ( I ),  first  with  X  >  0  and 
f(ut)  =  IujP  sgn(ut),  0  <  a  <  I  .  For  N  =  I ,  uB  in  H0'  (0)  fl  H2  (  0)  ,  u  ,  In  L2(Q), 
o  in  C1  UR .  IR)  with  o' >  0  and  locally  Holder  continuous  [5] ,  there  exists  a  unique  strong 
solution  u(t)  of  the  initial  and  boundary  value  problem  (i.b.v.  problem)  ( I)  -  (3)  i.e.  t  -►  u(t) 
is  continuous  on  t^Oto  H0'  (0)fl  H2  ( OXsnd  twice  continuously  differentiable  on 
t  >  0  to  L2  (  0) 

In  the  case  N  =  1  ,  X  =  0  ,  o(x)  =  x  and  f(.t^ )  r  1^1*  sgn  (i^ )  ,  0  <  a  <  I  ,  we  study 
the  equation  ( I )  with  a  nonhomogeneous  condition  namely 

u,(0,t )  =g(t),  u(  I  ,t )  =  0  (7) 

and  we  prove  [7]  that  the  i.b.v.  problem  (I)  ,  (3)  and  (7)  has  a  unique  global  solution  on 

(  0,oo) 

For  the  equation  of  the  form 

uu  -  Au  =  ef(t,u,ut)  ,  (x,t )  e  (0, 1)  x  (O.T)  (8) 

an  asymptotic  expansion  of  order  2  in  e(  e  >  0)  is  obtained  [15],  for  e  sufficiently  small 
and  fe  C1  ([O,co)x  R2). 

In  section  3  we  consider  the  problem  with  X  >  0  ,  the  function  f  being  a  function  of 
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u  only:  f  =  f(u) ,  then  for  u0  In  h’0  ( G) ,  u,  in  L2  ( 0)  and  a  certain  local  Lipschit2ian 
condition  on  f,  a  local  existence  and  uniqueness  theorem  is  obtained.  If  we  strengthen  the  above 
hypotheses  and  assume  that  I  <  N  <  3  ,  u0  €  H0'  ( Q)  f|H2  ( 0)  and  u,  6  L2(  0  ),with 
ie.  C*  ( R.  R ) ,  f  >  -c,  f(0)  =  0  ,  then  ,  the  unique  solution  u(t)  exists  for  all  t  *  0  ,  with 
the  property  that  Au  (t)  and  i\(t)  decay  exponentially  to  0  as  t-+  oo  [6]  ;  this  property 
generalizes  a  result  of  Webb  (16]. 

2.  SOME  RESULTS  ON  EQUATIONS  IN  THE  FORM  (1) 

Let  L2  =  l2  (0)  .  H0’  =  H,|  (0)  ,  H2  =  H2  (  0)  . 

A-  Problem  1 

Consider  the  equation 

uu  -  Aut  -  8/  0Xj  (a,  (u,  ())+|U[P  sgn(ut)=0  (  0  <  oc  <  1 ) 

(9) 

with  the  initial  end  boundary  conditions  (2)  and  (3). 

Theorem  I  (weak  solution)  .  Let  Oj  ,  1=1 . N  be  real -valued  functions 

satisfying : 

o,  in  C(  R  .  R )  ,  o,  (0)  =  0 

each  Oj  :  L2  -♦  L2  where  a,  (f)  =  0,  o  f  for  f  in  L2  ,  takes  bounded  sets  into  bounded 
sets  and  is  locally  Lipschitzian. 

Let  uo  in  H0'  and  u,  in  L2 .  Then,  for  each  T  >  0  ,  the  i.b.v.  problem  (9),  (2)  and  (3) 
admits  a  unique  weak  solution  u(t)  on  (0,T)  with  the  following  properties: 

u  in  L”  (0,  T;  H0' )  and  ut  lnL“  (0,  T;  L2)  D  L2  (  0,  T;  H0'  ) 
u(t)  locally  Holder  continuous  on  (0,T)  to  H„' . 

-  If  we  consider  the  problem  of  global  existence  of  strong  solutions  of  (9) ,  (2)  and  (3) ,  we 
shall  have  to  strengthen  conditions  on  the  Initial  data  and  on  the  a,'  s .  The  role  of  the  space 
dimension  is  important  and  we  shall  limit  ourselves  to  N=  I.  Then,  we  have  the  following 

Theorem  2  (strong  solution) .  Let  N  =  1  and  let 
u„  in  H0'  H  H2  ,  Uj  in  L2 
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<jj  in  C1  (R  ,R) ,  a,'  >  0  .  o,(0)  r  0  and  o',  locally  Holder  continuous. 

Then,  there  exists  a  unique  solution  of  the  l.b.v.  problem  (9),  (2)  and  (3)  with  the  following 
properties: 

t  -»•  u(t)  is  continuous  on  t  >  0  toHg  0  H2 

continuously  differentiable  on  t  >  0  to  Hg  f|  H2 
continuously  differentiable  on  t  >  0  to  L2 
twice  continuously  differentiable  on  t  >  0  to  l2- 
The  idea  of  the  proof  is  as  follows.  We  tak8  the  weak  solution  w(t)  of  (9) ,  (2)  and  (3)  which 
exists  as  per  Theorem  1  and  then  ,  using  the  analytic  theory  of  semi-group  and  the  uniqueness 
of  the  solution,  we  prove  that  w(t)  is  in  fact  the  strong  solution  of  the  theorem  by  considering 
the  first  order  differential  equation  with  initial  contition: 

u,  =  Au  +  u,  -  Au0  +  G(w)  +  F(w)  ,  u(0)=  u0  (10) 

where 

G(w(t))  =\l  Aw(s)ds  ,  F  (w(t))  =  -\l  f(wt(s))ds  ,  (ID 

•  a  / 

A  being  the  nonlinear  operator  :  H0  (0)  -*•  H'  (0)  defined  by  Au:  -  (o  (ux)),  and 
f(ut )  the  function  |  utf  sgn  (ut ) . 

B  -  problem  2 

uu  -  Au  +  |i\  I*  sgn(i\)  =  0  •  (12) 

To  the  equation  ( 1 2)  are  associated  nonhomogeous  mixed  conditions  (7)  and  initial  conditions 
(3).  Here  we  shall  make  the  following  assumptions : 

u0<E  h'(Q)  ,  u,  €  Lz(0)  ,  0  =  (0,1) 

(13) 

g(t)  ,  g’(t)  €  L2  (  0,T)  ;  g(0)  exists  . 

Let  V  =  { v  €  h’ (0)  such  that  v(  1 )  =  0).  We  use  here  the  Galerkln  method  associated  to  a 
Volterra  nonlinear  Integral  Inequation  namely : 

on  (t)  <  0,  (t)  +  02(t)  JJ  o*  (s)ds  (14) 

with  o„(t)  =  |u‘n)  (t)Hv  ♦  »2  *  li  |ut,n,(0.s)|2  ds 

u(n)  (t)  being  the  approximate  solution  on  a  basis  (v,, . ,vn  )  of  V  and  D,(t)  and  D2(t) 

two  positive  continuous  functions.  Here  and  elsewhere  ||.  ||  stands  for  the  L2  -norm. 


( 1 4)  allows  one  to  get  the  required  a  priori  estimates.  To  pass  to  the  limit  we  shall  use  the  fact 
that  the  function  I  x  |  *  sgn  (x)  generates  a  monotone  operator  and  rely  on  the  following  lemma: 

Lemma  I ,  Let  u  be  the  solution  of  the  following  problem 

uu  -  Au  +  X  =  0 

u,  <o.t)  =  get)  ,  u(  i  ,t)  =  o 

u(O)  =  uo  ,  ut  (0)  =  u, 
u  €  L°°  (0.  T  ;  V)  and  e  L"  (0, T  ;  L2 ) ,  then  ,  we  have 

1/2  a(u0 ,u0)  ♦  1/2  Hu,!2  -  \l  <X,ut  >d0  g(0) u,  (O,0)d8 

<  1/2  a(u(s),u(s))  +  1/2  || ut(s)  ||2  a.e.  se  (0,T) 
with  a(u,v)  =  <  du/dx  ,  dv/dx  >  ,  <  ,  >  denoting  the  scalar  product  in  l2(0). 
The  solution  Is  global  since  the  Volterra  nonlinear  Integral  equation  associated  to  ( 1 4)  has  a 
continuous  solution  V  t€  l  O.T  ]  for  each  T>0.  Finally  we  have  the  following  result . 
Theorem  3  .  For  each  T  >  0  ,  the  i.b.v.  problem  ( 1 2) ,  (3)  and  (?)  under  the  assumptions 
(13)  has  a  unique  solution  uc  L"  (0.  T;  V)  such  that  L”  (0,T;l2) . 

C-  JtflfiJflDLl  • 

uu  -  Au  =  eKt.u.Uj)  ,(x,t)  €  (0,1)  x  ( O.T).  (15) 

Tothehyperbollcequatlonereassoclated  the  conditions  (2)and(3).  Let  the  functions  u0and 
u,  be  defined  by 

Lu0  =  0  ,  (x,t)  €  (0.1)  x  ( O.T) 

u0(0,t)=  u0  ( 1  ,t)  =  0  (16) 

u0(x,0)  =  u„  ,  G0  (x,0)  =  u, 

Lu,  =  f(t,G0,G0)  ,  (x,t)  €  (0.1)  x  (O.T) 

u,  (O.t)  =  u,  ( 1 .  t)  =  0  (17) 

i 

u,  (  x,0)  =  G,(  x,0)  =  0 
with  Lu  =  ull  -  Au  and  u  =  ^  . 
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Under  the  assumptions 


(18) 


U0  €  Ho  n  H2  .  u,  €  Hq 

f(t,0,0)  =  0  .  f  €  C1  ( [  O,oo)  x  R2  )  ,  (19) 

we  have  the  following  theorem 


Theorem  4  .  The  unique  solution  u,  (t)  of  the  l.b.v.  problem  (15)  .(2)  and  (3)  has  the 
asymptotic  expansion,  for  e>0  "small”: 

the  functions  uf  (x.t)  being  defined  by  (1 6)  and  (1 7). 

3.  ASYMPTOTIC  BEHAVIOUR  FOR  A  DAMPED  WAVE  EQUATION 


The  following  equation  Is  considered 

uu  -  Au,  -  Au  ♦  f(u)  =  0  .  (20) 

We  shall  associate  to  (20)  the  Initial  and  boundary  values  (2)  and  (3). 

-  F irst  we  shall  make  the  following  assumptions 

f :  -►  H’’  satisfies  : 

for  each  bounded  subset  B  of  H<J  .there  exists  Ke  >  0  such  that 
|f(y)  -  f(z) jj  _ ,  <  K8  |Vy-Vz|  V  y  ,  z  €  B.  (21) 

H 

Then,  we  have  the  following 

Theorem  5 .  Suppose  f  satisfies (21) and  let  u0  €  H„'  ,  u,  €  L2 .  Then  .there 
exists  a  T  >  0  such  that  the  l.b.v.  problem  (20) ,  (2)  and  (3)  admits  a  unique  solution  such 

that  ue  C(  0,T;  H,J  )andu,€  C(0,T;L2  )  0  L2  (0,  T ;  H,J  ). 

Furthermore,  u(t)  Is  the  limit  of  the  sequence  { un(l)  }  of  solutions  of  the  following  l.b.v. 
problems : 

u"„  -  Au,  -  Au„  =  -f(un.,)  ,  n  >  1  .  u0  =  0  (22) 

u„  =  0  on  SO  ;  un(0)  =  u0  ,  u'„  (0)  =  u 
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(u"  =  utl  ,  U'  =  U,  )  . 

The  sequence  {unj  converges  uniformly  to  u  in  C  (0,  T;  H,J )  and  the  sequence  {u  n} 
converges  to  u’  in  L2  (0,  T;  H<J  )  and  uniformly  in  C(0,T;  L2). 

-  Second  we  shall  consider  the  problem  of  global  existence  and  asymptotx  behaviour  for 
t  -»  oo  .  To  this  end,  we  shall  limit  ourselves  In  what  follows,  to  the  case  I  <  N  <  3  ,  and 
furthermore  ,  we  shall  restrict  some  what  the  hypotheses  on  f  and  the  initial  data.  Thus  we 
shall  oonsider  the  following  conditions  on  f  : 

f€  c'  flR.R)  ,  f(0)  =  0  (23) 

(  f(u)  +  eu)u  >0  for  all  |u|  £  a  ,  (24) 

with  0  <  e  <  1  satisfying  ea2  <  I  where  a  >  0  is  such  that 

II  u  |j  ^  a  ||  V  u  ||  and  ||Vu||$  a  ||Au|  V  u  «  H,  OH2  (25) 

f  £  -  c  ,  c  >  0  .  (26) 

Then,  we  have  the  following 

Proposition  1  Let  u0  €  Hq  D  H2  and  u,  €  L2  and  let  f  satisfies  (23) -(26). 
Then,  there  is  a  unique  solution  u(t)  of  the  i.b.v.  problem  (20),  (2)  and  (3)  definedon 
[  0,  oo ).  Moreover  the  quantity 

||  Au(t)  J2  +  ||uvtt)ft2  ♦  f‘  ft  Vut  (s)  ft2  ds 
is  bounded  on  compact  subsets  of  (0,oo). 

The  main  result  for  the  problem  of  asymptotx  behaviour  for  t  -»•  oo  can  be  expressed  as 
follows : 

Theorem  6.  Let  u0  e  fl  H2  and  u,  €  L2 . 

Let  (23)  and  (26)  hold.  Then,  the  solution  u(t),  which  exists  for  all  t  >  0  as  per 

Proposition  I  .decays  exponentially  to  Oas  t-+  oo  in  the  following  sense:  there  exists  an 
M  >  0  and  y  >  0  such  that 

U  Au  (t)  B2  ♦  |  ut  (t)  B2  *  Me* ,l  for  all  t »  0  . 

-  For  the  prxf  of  the  Theorem  6  ,  first  assume  the  constant  c  in  assumption  (26)  satisfying 

the  following  conditions 

0  <  c  <  1/2  ,  coc2  <  I  («  being  8S  in  (25)  ,(27)).  We  write  (27) 

f(u)  =  g(u)-cu  .then  g'(u)  *  0  and  hence  f  satisfies  (24)  and  thus  by  proposition  I  the 
solution  u(t)  exists  on  (0,oo).  Then,  we  show  that 
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(28) 


r 


8Au(t)82  +(>0l(t)82  <  M  ,  for  all  t  >  0 
where  M  Isa  constant. 

Finally  taking  the  inner  product  of  (20)  first  with  ^(Oe*1  andthenwith  -gAuMe*1  end 
integrating  with  respect  to  the  time  variable  from  0  to  t.  we  find,  taking  (27)  and  (28)  into 
account,  a  suitable  choice  for  gand  i  .choice  which  implies  that  there  exists  an  h  >0 
such  that 

|Au(t)(2  ♦|ul(t)|2  <  Me'*1  .  for  all  t  >  0  .  (29) 

The  restriction  on  c  (  0  <  c  <  I  /2)  cazn  be  removed  by  a  scaling  argument  that  is  to  say 
K=  yx  ,  x  =  yt  with  y  >  1/2 . 

-  On  the  other  hand,  on  the  question  of  global  bound  with  weaker  hypotheses  on  f  and  on 
initialdata  u0  we  have  the  following. 

Proposition  2  If  f€  c\  IR.R  ), satisfies: 

lim,,Uoo  f(x) .  x  >  0  ,  then  under  the  sole  condition  u0  e  Hq  and  u,  e  L2  , 
there  exists  a  global  bound  on  |ut  (t)||  and  |Vu(t)8  for  ell  t^O. 

4.  NUMERICAL  APPLICATIONS  BASED  ON  THE  TAU  METHOD 

The  linear  recursive  schemes  developed  In  sections  2  and  3  enables  us  to  use  the  Tau  method  of 
Ortiz  [  1 0]  i.e.  a  perturbation  technique  based  on  the  ideas  of  best  uniform  approximation  by 
polynomials.  The  approximate  solution  obtained  with  this  technique  is  a  polynomial  which 
satisfies  the  given  partial  differential  equation,  but  for  a  small  pertubat  ion  term  in  the  right 
hand  side  ;  the  supplementary  (initial ,  boundary  or  mixed)  conditions  are  satisfied  exactly , 
provided 

they  are  of  polynomial  form.  Given  a  linear  partial  differential  equation  with  polynomial 
coefficients. 

Lu  =  f(t,x)  (30) 

we  attempt  to  solve  a  slightly  perturbed  form  of  the  original  problem ,  defined  by  the  so-called 
Tau  problem, 

lurt  =  f(t,x)  ♦  x  Hrf  (t,x)  (31) 
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where  Hrj  (t.x)  is  the  product  of  best  uniform  approximations  of  zero ,  of  degrees  r  and  s 
respectively,  on  a  given  domain  D.  The  parameter  x  is  chosen  for  u^  (t.x)  to  be  a 
bivariate  polynomial  which  satisfies  the  boundary  and  initial  conditions  satisfied  by  u . 

The  construction  of  the  bivariate  Tau  approximation  depends  on  two  matrices  of  extrelemy 
simple  structure :  only  elements  on  one  line,  parallel  to  the  main  diagonal,  are  different  from 
zero.  They  lead  to  an  algebraic  problem  for  the  coefficients  of  the  Tau  approximation  with  an 
almost  block  diagonal  matrix.  The  approximate  solution  can  be  constructed  in  any  bivariate 
polynomial  basis.  In  the  example  given  here  we  have  chosen  it  to  be  the  Chebyshev  product 
basis.  Computational  procedures  for  the  numerical  treatment  of  partial  differential  equations 
with  polynomial  coefficients  have  been  discussed  by  Ortiz  and  Samara  (12).  In  [lljwehave 
discussed  the  numerical  solution  of  semi-linear  hyperbolic  problem  of  the  following  type: 

ull  -  Au  =  u2  +  F(t,x)  (32) 

with  the  initial  and  boundary  conditions  (2)  and  (3). 

In  (32)  F  €  LJ(Q)  ,  Q  =  (0,1)  x  (0,1) 

To  solve  numerically  (32)  we  use  the  linear  recursive  schemes  defined  by 

U"n,1  -  A  U„*.  -  2u«  Un*  I  =  '  Un  +  F  •  (33) 

the  uwt  satisfying  the  conditions  given  in  (2)  and  (3) ,  but  for  the  fact  that  functions  have 
been  replaced  by  tight  polynomial  approximations,  to  be  able  to  use  the  Tau  method  in  the 
numerical  approximation  of  problem  (33).  By  using  this  technique  we  effectively  produce 
numerical  solutions  of  a  high  accuracy.  Sufficient  conditions  for  the  quadratic  convergence  of 
the  equation  in  the  form 

uu  -  Au  =  f(t,u)  (34) 

are  given  In  this  paper. 

Some  other  results  on  the  applications  of  the  Tau  method  to  the  numerical  solution  of  nonlinear 
PDEs  are  reported  in  Ref.  [13]  and  [14]. 
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Abstract 

Abstract  :  Finite  volume  TVD  schemes  derived  for  the  Euler  equations  are  extended  to  the 
Navier-Stokes  system.  The  numerical  diffusion  introduced  in  the  approximation  of  the  convective  part 
is  chosen  through  a  total  variation  analysis  taking  in  account  the  physical  diffusion.  Two  dimensional 
numerical  simulations  are  presented,  using  an  algorithm  to  solve  cheaply  the  steady  equations  . 


I.  INTRODUCTION 

Finite  volume  schemes  based  on  approximate  Riemann  solver  to  solve  conservation  laws,  also 
called,  TVD  (Total  Variation  Diminushing)  schemes,  have  received  considerable  attention  in  the  last 
twenty  years,  (see,  among  others,  Harten  [9],  Van  Leer  [28],  Yee  [30]),  and  can  be  said  to  have  reached 
a  satisfactory  degree  of  achievement  . 

These  schemes  were  successfully  extended  to  multidimensional  problems,  by  reducing  the  equations 
to  one  dimension,  through  the  finite  volume  formulation,  and  applying  the  one  dimensional  techniques. 
This  can  be  done  on  unstructured  meshes  (Baba  and  Tabata  [3],  Dervieux  [6],  Stoufflet-Fezoui  [23]). 

On  the  other  hand,  several  research  teams  have  studied  such  algorithms  on  structured  meshes  for 
solving  the  Navier-Stokes  equations.  Some  3D  codes  on  upwind  schemes  have  been  developped  by  Mac 
Cormack  [4],  Hanel  [22]  and  Chakravarthy  [5],  among  others. 

A  particular  class  of  very  efficient  schemes  is  that  obtained  by  the  combination  of  a  monotone 
flux  formula,  and  of  a  second  order  extension  through  monotony  preserving  interpolation,  christened 
Monotonic  Upwind  Schemes  for  Conservation  Laws  (MUSCL)  by  Van  Leer  ([29]).  These  schemes  have 
been  derived  in  order  to  introduce  a  ’’numerical  viscosity”,  which  will  provide  automatic  inforcement 
of  the  entropy  condition,  and  to  provide  second  order  accuracy,  at  least  in  regions  of  smoothness. 

To  solve  advection  dominated  nonlinear  parabolic,  or  incompletely  parabolic  equations  as  the 
compressible  Navier-Stokes  system,  it  is  necessary  to  use  an  approximation  which  will  preserve  the 
entropy  condition,  but  which  will  also  provide  sufficient  accuracy  in  viscosity  dependant  zones,  as 
boundary  layers  or  wakes.  In  other  words,  one  must  make  sure  that  no  more  diffusion  than  needed  is 
added. 

A  model  equation  for  compressible  viscous  gas  dynamics  is  given  by 

r «.  «!u  =  0 

^  ^  dx  dzi  u  (1.1) 

(  u  =  u(i,  t)  €  R 

where  f  is  a  regular  function,  convex  or  not. 

In  our  framework,  a  numerical  scheme  to  solve  (1.1)  is  made  of 
.  an  approximation  of  the  convection  term  df  /dx,  combining 

-  a  numerical  flux  function  h  =  h(u,v)  with  h(u,u)  =  l(u) 

-  a  MUSCL-like  interpolation  formula 
.  an  approximation  of  the  diffusion  term 

.  an  approximation  of  the  time  derivative. 

In  part  II,  we  will  outline  the  general  framework  of  upwind  TVD  schemes  for  multidimensional 
gas-dynamics  equations  on  triangular  (tetrahedral)  meshes. 

The  numerical  formulation  relying  on  the  approximate  Riemann  solver  proposed  by  Osher  and 
Chakravarty  [13]  and  a  multidimensional  MUSCL  like  interpolation  will  be  presented.  Van  Leer, 
Thomas,  Roe  and  Newsome  in  [27]  have  analyzed  in  one  dimension  the  influence  of  the  choice  of 
the  upwind  flux  formula  for  the  convection  part  in  terms  of  accuracy,  and  showed  that  some  flux-vector 
splitting  gave  a  bad  representation  of  the  boundary  layer  .This  will  not  be  our  topic  ;  we  will  only  give 
our  arguments  in  favour  of  Osher ’s  scheme. 
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The  interpolation,  through  which  second  order,  or  even  third  order  accuracy  for  one  dimensional 
problems,  is  reached,  is  also  an  important  feature  of  the  scheme.  In  part  III,  for  the  one  dimensional 
scalar  viscous  conservation  law  (1.1),  we  will  try  to  derive  conditions  on  the  interpolation  which  will 
insure  some  kind  of  monotony  property,  and  still  allow  sufficient  accuracy. 

In  [20], the  extension  of  the  one  dimensional  scalar  conclusions  of  Part  III  to  multidimensional 
systems  will  be  detailed,  together  with  the  different  possible  time  discretizations,  including  linearly 
implicit  methods,  and  accelerators  for  the  steady  case.  Finally,  numerical  results  will  be  presented  and 
discussed  in  part  IV. 

II.  GENERAL  FRAMEWORK  OF  THE  FINITE  VOLUME  GALERKIN  (FVG) 

APPROXIMATION 

Let  Q  an  open  set  of  RN  (N— 2  or  3)  and  let  T  =  <9f!  be  its  boundary  presumed  to  be  smooth, 
rk  a  triangulation  of  Cl.  Let  W  =  (p,  pu,  E)  be  the  vector  of  conserved  quantities  ;  we  write  the 
Navier-Stokes  system  in  conservation  form: 

SW 

^-  +  V.F(W)  =  V.N(W)  (2.1) 

where  F  and  N  denote  respectively  the  convective  flux  term  and  viscous  term. 

The  formulation  can  be  found  in  [24].  The  space  V*  is  defined  as  follows  : 

Vh  -  (v/i  €  C°(Q)  ;  vh  is  Unear  on  each  triangle  }  For  each  vertex  5,  €  Tk  the  cell  C\  is  defined 
as  the  union  of  the  subtriangles  having  S,  as  a  vertex  and  resulting  from  the  subdivision  of  each  triangle 
of  Th  by  means  of  the  medians  (Fig.  1). 


f  Fir 

u 


Find  Wh  €  (  Vh)m  such  that  VSj  €  rh, 

^dx+/  F{Wh).Vid<j  +  f  F(Wh).nd*  =  R.H.S  . 
M  JdCx  Jacx  nr 


(2.2) 


The  numerical  integration  of  the  viscous  terms  of  the  RHS  is  carried  out  in  a  centered  way. 

The  scheme  will  be  completely  defined  if  we  precise  now  which  approximation  is  used  to  compute 
the  left  hand-side  integral  in  (2.2).  For  this,  the  boundary  dC  of  the  cell  Q  is  splitted  in  bisegments 
dSij ,  joining  the  middle  point  of  the  segment  SjSj  to  the  centroids  of  the  triangle  having  Si  and  Sj  as 
common  vertices  (Fig.  1). 

Let  us  introduce  the  following  notations  : 

Fij{U)  =  F(U).  f  Vida  and  P^V)  =  V.F(U).  [  v{da . 

Jds.j  Jasij 


Upwinding  is  introduced  in  the  computation  of  the  convection  term  through  the  numerical  flux  function 
&  of  a  first-order  accurate  upwind  scheme  by  : 


/  F(Wh).v,J<r  =  tf<l)  =  $FJWi,  Wj) 

Jas.i 


where  W,  =  W„(Si)  and  Wj  =  Wh(Sj). 

The  numerical  flux  function  used  in  this  study  is  Osher’s.  The  numerical  integration  with  the 
upwind  scheme,  as  described  previously,  leads  to  approximations  which  are  only  first-order  accurate. 
We  present  a  second-order  accurate  MUSCL-like  extension  without  changing  the  approximation  space: 


Find  Wk  €  (  Vh)m 

[  ^~dt+  H\f)+  [  F(Wh).nda+  f  F(Wh).ndc  =  R.H.S. 

Jc,  01  J ec, nr t  J»c, nr„ 


(2.3) 


where 

=  *F„(Wij,Wii). 

The  arguments  Wij  and  Wji  are  values  at  the  interface  55, j  interpolated  using  upwinded  gradients 
as  described  below. 


« 
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Let  the  centered  gradient  be  : 


VWtf  =  VW|Tr  =  VW\Ti  . 


(2) 

The  values  at  interface  needed  to  compute  the  flux  J  are  now  given  by  : 

Wij  =  Wi  +  La  +  —ivW,,)  .SiSj 

Wji  =  Wj  -  Lji  (i~VW|T/j  +  .SiSj 


(2.4) 


where  the  parameter  k  can  be  chosen  to  select  the  degree  of  upwinding  in  the  interpolation  and  Lij 
and  Lji  are  the  limiting  matrices,  which  are  introduced  to  reduce  numerical  oscillations  of  the  solution 
and  to  provide  some  kind  of  monotonicity  property. 

A  good  procedure  in  term  of  accuracy  is  to  use  limiters  on  characteristic  variables.  For  this,  we 
compute  these  variables  by  the  transformation  taken  at  midpoint  of  the  segment.  If  we  denote  by  TI,y 
the  transformation  matrix  corresponding  to  P\j(W(  S-‘^S> )),  the  values  at  interface  are  now  given  by  : 

Wij^Wi  +  UijLcijUj 

< 

Wji  =  Wj  -  n.yLcy.n-/ 

where  Lctj  and  Lcji  are  diagonal  matrices. 

III.  ONE  DIMENSIONAL  SCALAR  ANALYSIS 
we  nr8t  consider  the  one-dimensional  scalar  convection-diffusion  law  (1.1)  .  We  define  a  regular 
mesh  and  apply  the  finite  volume  scheme  defined  in  II  to  (1.1).  We  denote  by  h  the  mesh  size,  by 
ij=jAx,  jeZ,  Uj=u(ij). 

The  equation  corresponding  to  j  is  given  by: 

“g4,  +  ^1  #(  ui  +  ^"((1  -  *)(“>  ~  ur-i)  +  (1  +  «)(«>+ 1  -  «j))  . 

«i+l  ~  ^((1  ~  «)(«j+2  ~  «i+l)  +  (1  +  *)(«;>!  ~  Vj))  ) 

'  -<J(  uy_i  +  ^-((1  -  *)(ti/-i  -  Uj_2)  +  (1  +  k)(u,  -  Uj_i))  ,  (3.1) 

“i  -  ^((1  -  ")(“!+ 1  -  «j)  +  0  +  K ){Uj  -  Uj.,))  )  ] 

-p-(“j+i  -  2u,  + Uj-i)  =0, 


For  simplicity,  we  have  denoted  by  rj  (resp.  (j)  the  right  limiter  Li,i+i  (resp.  the  left  limiter  Lj,,_i). 
The  numerical  flux  function  4  satisfies  4(u,  u)  =  f(u);  we  will  suppose  it  to  be  monotone,  i.e.  4(v,  w) 
is  a  non  increasing  function  of  w  and  a  non  decreasing  function  of  v. 
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The  scheme  (3.1)  is  defined  by  two  parameters  :  the  right  and  left  slope  limiters  and  the  parameter 
k  defining  the  extrapolation.  Note  that  the  slope  limiters  rt  and  Ij  are  different.  However,  if  one  wants 
to  have  the  same  treatment  of  forward  and  backward  discontinuities,  Ti  and  1,  must  be  linked,  see 
equation  (3.8). 

The  purpose  of  slope  limiting  is  to  provide  some  kind  of  monotony  or  TVD  property  [9]  ;  it  has 
received  considerable  attention  in  the  recent  years  [25],  [14],  [29],  [26].  However,  all  these  studies 
are  designed  for  the  inviscid  (e  =  0)  equation.  Our  point  is  to  derive  a  condition  for  total  variation 
diminushing  taking  in  account  the  physical  diffusion  term  ed3u/dx2. 

Following  Osher  [12],  Osher  and  Chakra. arty  [13],  Harten  [9],  Sanders  [21],  we  will  write  our  five 


point  scheme  as 

^  -  Ci+iA+u,  +  By.^A'uy  =  0 

(3.2) 

where 

A+Uj  =  Uj+l  -  Uj 

(3.3.o) 

A"uy  =  Uj  -  uj _i 

(3.3.6) 

Cy+ J  =  Cy+^(uj+s>uj+iiuj.  uj-i) 

The  following  result,  due  to  Osher,  Chakavarty  and  Sanders,  will  be  our  starting  point. 

Theorem  X  : 

{  Cj+l  >0  d 

If  ^  then  y-TV(u)  <  0 

where  TV(u)  is  the  total  variation  of  u. 

For  a  Lipschitz  continuous  flux  <t>,  we  will  define  a  local  Peclet  number  by  iq  =  a,k/2e,  where  a,-  is 
the  Lipschitz  norm  of  ^  in  a  neighborhood  Ij  of  tq  of  chosen  size,  i.e. 


«  =  Max  (sup(  s„p  #»!*>) 

*€/.  y  ~  z 


sup(  sup 

v/* 


y)  —  ^r) 

y  —  z  35 


which  is  non  negative  because  of  the  monotony  of  4.  We  denote  6j  =  A+u iy/A_t»y  and  we  take 
Ij  =  (uj  —  tA'Uj.Uj  +  tA+u,)  where  k  is  a  chosen  positive  parameter.  As  usual,  we  take  ry  and  Ij 
depending  of  Sj  only.  We  have  the  following  result: 


Theorem  2.  Let  6  g  [0,1], 


/ C  —  1 

If  When  °i  >  0  or 
When  Si  < 

3  ~  1  +  K 


and  When 


n  r  .  <T  4  inf  (k, $(1  +  1/2^)) Sj 
~  3  ~  (1  -  K)  +  (1  +  K )Sj 

_  .4  infaife-D.d-flKl  +  l^.x)) 

(.-n-o+.x, 

.^l  +  «  -  ■■  ■  <  inf  +  1/2^,+t)) 

bi~K~l  (l-Jcft  +  U  +  K) 


(3.4) 

(3.5) 

(3.6) 


When  l  +  #c 


<q<0 


~-J-  (k  -  l)6j  -  (1  +K) 

then  and  Dj+L  are  positive  numbers;  the  scheme  defined  in  (3.1)  is  T.V.D. 


The  proof  can  be  found  in  Rostand  Stoufflet  [20]. 

Note  that  by  using  9  <  1,  one  can  avoid  the  necessity  to  put  the  limiter  to  zero  at  extremas. 

To  treat  forward  and  backward  discontinuities  in  the  same  way,  it  is  necessary  to  have  the  symetry 
condition  : 


H  _  !  +  *  +  (!-  *)4i 
U  ~  (l-*)  +  (l  +  *)4j 


(3.8) 
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If  we  suppose  the  unlimited  scheme  to  be  second  order  (resp.  third  order),  we  must  have  to  keep 
the  second  order  except  at  critical  points, 


r(*)  =  1  +  0(|* -1|)  , 

!(*)  =  1  +  0(|*- 1|) 

(3.9a) 

r(*)  =  1  +  0(|z  —  l|a)  , 

,  1(*)  =  1  +  0(|*-1|2). 

(3.96) 

It  is  easy  to  check  that  the  classical  limiters  (Van  Albada’s[26],Van  Leer’s[29],  Superbee  [25])  all  verify 
the  hypothesis  of  theorem  2,  whatever  the  value  of  v,  so  that  they  all  are  unnecessarily  diffusive  in  the 
viscous  case. 

Since  we  have  now  found  the  constraints  that  the  slope  limiters  must  verify  for  the  scheme  to  the 
T.V.D.,  we  will  investigate  the  influence  of  k. 

Our  study  will  be  based  on  truncature  error,  and  comparison  with  exact  solution,  so  we  will  use  a 
scalar  steady  convection  diffusion  equation: 

au,*  -  cu,rl  =  0  ,  u(0)  =  0  ,  u(l)  =  1  ,  a>0,c>0.  (3.10) 

In  the  unlimited  case,  equation  (3.1)  resumes  to: 

a\l  +  K,  .  1  —  2k,  .  1  —  k.  .1  f.  „  .  „  , 

£  — ~ (“i+1  ~  “•)  + — - — (Ui-Ui_i) - —  (u,-!  -  Ui_2)  -  ^-(ui+i  -  2uj  +  Ui_i)  =  0  (3.11) 

Assuming  (u,-)<  to  be  the  interpolation  of  a  regular  function,  with  u,  =  u(zj),  (3.11)  is  equivalent  to 

au'j  ~  ^  ~  i 1“"")  +  Of*3)  =  0  (3.12) 

taking  the  second  derivative  of  (3.10),  we  obtain  :  au'j'  =  eu'j"  so  that,  from  (3.12),  we  have  third  order 
if  *  =  2/3.  It  appears  that  although  the  approximation  of  u'j  is  only  second  order,  third  order  can  be 
obtained  in  this  linear  scalar  steady  case  because  the  errors  due  to  convection  and  diffusion  eliminate 
each  other.  The  exact  solution  of  (3.10)  is  : 


where  coth  is  the  hyperbolic  cotangent.  We  have  k(v)  — ►  |  when  v  — »  0  and  k(i/)  — ►  —1  when 
v  — ♦  oo.  We  find  again  that  when  the  mesh  site  tends  to  zero,  the  highest  order  approximation  is 
obtained  with  k  =  2/3. 

From  this  study,  we  conclude  that  in  a  boundary  layer  situation  like  that  defined  by  (3.10),  the 
best  result  are  obtained  with  k  given  by  (3.15),  at  least  for  small  values  of  the  Peclet  number.  (If  v  is 
bigger  than  say  2  or  3,  there  is  no  possibility  to  calculate  correctly  the  boundary  layer  anyway). 

Similar  results  were  obtained  by  Hughes  and  Mallet  [10]  ;  they  studied  the  same  equation  (3-10) 
and  concluded  that  only  a  fraction  of  the  inviscid  numerical  diffusion  had  to  be  applied  in  the  viscous 
case,  depending  on  the  Peclet  number,  in  a  way  very  much  alike  to  (3.15). 

We  now  propose  the  following  schemes  for  the  nonlinear  equation  (1.1).  We  use  (3.1)  where  k  is 
calculated  from  (3.15),  at  least  for  small  values  of  v  (big  values  of  v  will  yield  k  rs  -1,  so  we  can  limit 
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the  lower  value  of  k  to  0,  or  even  to  1/3)  ;  in  (3.15),  we  use  an  average  Peclet  number  v  = 
where  u  is  the  midpoint  of  the  considered  interval  (i.e.  ui+i.  to  calculate  0{+i.). 

We  limit  the  extrapolation,  using  the  value  of  k  obtained  in  the  preceding  step,  and  one  of  the 
following  formulas  : 

-  "extended  superbee”: 


f"“(0'n*"(l'(l-— +(l  +  .)i;)) 

I  [min  (((1  +  s)  +  (1  -  k)S()  ,  4s)] 

if  Sj  <  1 

if  Sj  >  1 

(3.16a) 

1 

l  (1  -  k)  +  (1  +  k)6( 

(3.166) 

where  s  =  inf  ^ib,  1  +  • 

(3.17) 

The  parameter  k  defines  Vj  ;  usually  i  =  1  to  avoid  a  too  complicated  evaluation  of  Vj .  This  is  the 
most  compressive  limiter  that  will  match  the  TVD  conditions,  it  has  the  disadvantage  that  it  is  not 
equal  to  1  in  a  neighborhood  of  Si  =  1,  impeaching  third  order  accuracy.  It  does  verify  the  symetry 
condition  (3.8)  . 

-  "third  order  superbee” 


rj(sj) 


max  fo.min  ( 1,  — - r—~A - 

V  V  (i-k)  +  (i  +  «)V/ 

•  1 

4s 

.  (1  -  <c)  +  (1  +  K)Si 


if  Sj  <  1 

if  l<8y<4'-(1-^ 

~  3  ~  1  +  K 

if  8 .  > 

1  -  1+K 


(3.18.a) 


Wj) 


1 


!-«  +  (!  +  k)Sj 
1  +  k  +  (1  -  ie)6j 


if  1  >  Sj  >  —  1±-'c--.. 

-  -  4s-(1-k)  (3.18.6) 

if  not 


where  s  is  given  by  (3.17)  . 

This  limiter  preserves  third  order,  but  doesn’t  verify  the  symetry  condition  (3.8)  for  tj  close  to  1. 
Just  as  the  superbee  limiter,  the  <fi  limiters  can  be  extended  to  an  "extended  <j>  limiter”  and  "extended 
third  order  <j>  limiter” .  <j>  =  2  gives  back  the  superbee.  <j>  limiters  with  <f>  just  under  2  are  usefiil  for 
systems,  as  we  will  see;  <j>  is  then  a  kind  of  security  factor. 

-”/c  limiter” 

It  depends  on  the  viscosity  through  the  value  of  k  only.  It  is  an  average  of  Van  Leer’s  and  Van 
Albada’s  limiters,  derived  to  be  more  compressive  for  high  values  of  k  than  for  low  ones. 


rj(«j)  = 


■( _ 

■\(l-«)  +  46,+ 


4Sj_ 


(1  +  k)S j  ’  (1  -  *)(1  +  Sj)  +  (1  +  «)(1  +  S}) 

i  /  c  \  (1  “  K)tj  +  1  +  K  ..  ,< 

!_”+'(!  +  K)Sj  r 


!?)) 


if  Sj  <  0 

if  not 
(3.19.o) 
(3.196) 


This  limiter  is  less  compressive  than  the  two  preceeding  one,  but  has  smoother  variations. 


IV.  NUMERICAL  RESULTS 

We  first  compared  the  results  of  the  unlimited  scheme  (r;  =  lj  =  1)  for  different  values  of  k.  A 
transonic  flow  at  a  Mach  number  of  May  =  0.85  and  a  constant  Reynolds  number  of  500  was  computed 
on  an  undermeshed  grid  (3114  nodes),  for  k  =  -1  and  k  =  2/3.  On  figure  3,  the  iso-mach  lines  are 
compared.  The  fully  upwind  scheme  (3b)  yields  more  numerical  viscosity  as  can  be  seen  in  the  wake, 
while  the  third  order  scheme  (k  —  2/3,  9a)  allows  spurious  oscillations  behind  the  schock,  although 
very  weak,  but  gives  a  better  result  in  the  wake  and,  though  less  obviously,  in  the  boundary  layer.  This 
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confirms  our  statement  that  different  values  of  k  are  needed  in  different  zones,  depending  on  the  local 
Peclet  number. 

The  history  of  convergence  in  the  case  of  k  =  2/3  is  presented  on  fig.  4  ;  (4  a)  shows  the  logarithm 
of  the  residual  versus  the  number  of  time  steps  for  the  explicit  scheme,  (4  b)  is  the  same  for  the  implicit 
scheme  (details  of  the  algorihm  can  be  found  in[20],  (4  c)  is  a  comparison  of  the  two  schemes  in  terms 
of  CPU  time  on  CRAY  II, using  a  vectorized  program  [2],  Machine-precision  convergence  is  achieved  in 
150  time  steps  or  120  seconds  by  the  implicit  scheme,  while  the  explicit  scheme  takes  1200  time  steps 
or  240  seconds  to  reach  a  residual  superior  to  0.001.  For  a  steady  calculation,  the  use  of  the  implicit 
scheme  divides  the  needed  CPU  time  by  more  than  10,  although  the  awaited  Newton-like  quadratic 
convergence  is  not  achieved. 

The  Peclet  dependent  it, together  with  the  unlimited  scheme  was  used  to  compute  the  same  flow 
on  an  adapted  mesh,  still  rather  coarse  (fig.  5,  2970  nodes),  and  on  a  thinner  mesh  (fig.  6,  5712  nodes). 
The  mesh,  the  iso-mach  lines  and  the  pressure  coefficients  on  the  body  are  compared.  It  can  be  seen 
that  a  good  solution  is  obtained  on  the  smaller  grid,  although  quite  coarse. 

To  compare  the  limiters,  a  hypersonic  flow  over  a  flat  plate  was  computed.  The  Mach  number  is 
Moo  =  10,  the  Reynolds  number  Re/m  =  5.10s,  the  length  of  the  plate  is  2,  the  temperature  at  the 
inflow  is  83, 5K  the  temperature  at  the  wall  is  525  K  ;  Sutherland’s  law  is  used  for  viscosity.  A  first 
computation  was  made  with  the  k  limiter,  and  the  Peclet  dependent  it.  The  mesh  (fig.  7  a,  partial 
view),  speed  vectors  (fig.  7  b),  pressure  coefficient  (fig.  7  c)  and  skin  friction  coefficient  compared  with 
laminar  boundary  layer  theory  results  (fig.  7  d)  are  presented. 

There  are  about  15  nodes  in  the  boundary  layer.  The  shock  at  x  =  0  is  captured  ;  no  oscillation  is 
seen.  The  agreement  with  theory  is  excellent  ;  the  same  flow  was  computed  with  the  Van  Albada  limiter 
and  k  =  1/3,  giving  extremely  similar  tesults  (not  shown),  so  we  consider  this  result  as  a  reference, 
and  used  a  coarser  grid.  The  same  flow  is  computed  on  a  mesh  with  8  nodes  in  the  boundary  layer, 
using  k  =  1/3  and  the  Van  Albada  limiter  for  the  non  linear  fields,  and  the  viscosity  dependant  k  with 
the  K-limiter  for  the  contacts.  The  it  limiter  was  experimented  to  be  too  compressive  for  use  on  the 
nonlinear  waves.  Figure  8  shows  the  speed  vectors.  Figure  9  is  a  comparison  of  skin  friction  obtained 
on  the  preceeding  grid  (full),  using  it  =  1/3,  Van  Albada  limter  for  the  four  fields  (long  broken),  using 
for  the  contacts  the  "third  order  4  limiter”,  with  4  =  1.6  and  the  Peclet  dependent  <c  (short  broken), 
or  the  k  limiter  and  Peclet  dependent  k  (broken  doted).  Figure  10  shows  the  skin  friction  on  the 
second  half  of  the  plate,  for  schemes  which  all  use  «  =  1/3,  Van  Albada  limiter  for  the  nonlinear  fields, 
and  the  Peclet  dependent  it  for  the  contact  discontinuities.  It  is  seen  that  the  ’’extended  superbee”, 
or  "extended  4  limiters” ,  are  too  compressive,  even  for  a  contact,  but  that  both  the  ”  k  limiter”  and 
"third  order  extended  4  limiter”  with  4  ~  1.6  give  results  in  agreement  within  one  or  two  percents 
with  our  reference  result,  at  least  on  the  second  half  of  the  plate.  This  is  an  improvement  over  the  k 
=  1/3,  Van  Albada  limiter,  which  gives  more  than  10  %  error. 

Another  hypersonic  computation  was  performed  around  an  ellipse:  the  Mach  number  is  Mx  =  8, 
the  Reynolds  number  is  constant  and  equal  to  Re^/m  =  1000,  the  angle  of  attack  is  a  =  40°.  The 
mesh  and  iso-mach  lines  are  shown  (fig.  11).  There  is  no  over  shoot  at  the  shock  and  with  the  implicit 
scheme,  the  after  body  flow  can  be  computed  without  any  special  treatment  ;  this  cannot  be  achieved 
with  an  explicit  code.  The  mesh  was  adapted  by  an  automatic  local  mesh  refinement  algorithm,  due 
to  C.  Pouletty  [16]  and  B.  Palmerio  [15]. 

An  easier  calculation  was  performed  to  compare  the  convergence  of  the  explicit  and  implicit  codes; 
fig.  12  shows  the  convergence  history  for  a  flow  around  an  ellipse  at  a  Mach  number  of  4,  for  the  explicit 
and  implicit  scheme.The  mesh  has  1378  nodes  (not  shown).It  is  seen  that  the  implicit  scheme  allows 
schock  capturing  with  a  courant  number  C=100. 

V.  CONCLUSION 

A  numerical  scheme  to  solve  the  compressible  Navier-Stokes  equations,  based  on  a  ”TVD”  finite 
volume  formulation,  has  been  obtained,  by  extending  a  method  first  derived  for  perfect  gas.  We  have 
obtained  a  condition  on  the  limiters  for  the  scheme  to  be  TVD,  taking  in  account  the  physical  viscosity. 
Different  limiters  have  been  proposed  which  match  this  condition,  and  compared  from  a  numerical  point 
of  view.  The  upwinding  also  depends  on  the  local  amount  of  physical  viscosity.  It  has  been  shown  that 
laminar  boundary  layers  can  be  calculated  with  our  scheme,  on  a  triangular  mesh,  with  less  than  ten 
nodes  in  the  boundary  layer. 

An  efficient  algorithm  has  been  proposed  for  the  steady  case,  which  allows  cheap  computation  of 
very  stiff  problems,  as  hypersonic  flows  on  geometries  with  rear  body.  Really  unsteady  flow  remain  a 
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challenge  because  of  their  computational  cost. 
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fig.  7b  :  speed  vectors 
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fig.  7a  :  mesh  (partial  view) 
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fig.  7  c  :  skin  friction  coefficient 
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fig.  8  :  speed  vectors 


comparison  of  skin  friction  for  different 
limiters.  Long  broken:  Van  Albada  limiter, 
short  broken:  third  order  extended  <t>  limiter, 
broken  dotted:  it  limiter,  full:  reference  result. 


fig.  10b 

comparison  of  skin  friction  for  different  limiters, 
enlargement.  Long  broken:  extended  <t>  limiter, 
short  broken:  k  limiter,  full:  reference  result, 
broken  dotted:  extended  superbee  . 


comparison  of  skin  friction  for  different  limiters, 
enlargement.  Long  broken:  Van  Albada  limiter, 
short  broken:  it  limiter,  full:  reference  result, 
broken  dotted:  third  order  extended  superbee  . 


comparison  of  skin  friction  for  different  limiters, 
enlargement.  Long  broken:  extended  third  order  $  limiter, 
short  broken:  k  limiter,  full:  reference  result, 
broken  dotted:  extended  third  order  superbee  . 
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SCM4APY 

If  a  piston  is  accelerated  into  a  tube  filled  with  gas,  shock  waves 
will  be  generated.  A  mixture  of  droplets  and  their  own  vapour  will  shew  the 
same  behaviour,  if  the  fraction  of  the  liquid  phase  is  small.  But  when  the 
fraction  of  the  droplets  becomes  greater,  a  significant  shock  damping  may 
occur.  This  process  has  been  investigated  by  a  method  of  characteristics, 
simultaneously  taking  into  account  mass-,  momentum-  and  energy  transfer  bet¬ 
ween  the  phases.  The  differential  equations  can  be  formulated  in  a  well 
posed  way.  Local  linear  stability  is  present  as  well  as  convergence.  The 
method  uses  two  grids,  one  for  the  gas  phase  and  one  for  the  droplet  phase. 
CPU- time  and  storage  is  saved  by  controlling  the  number  of  characteristics 
to  be  calculated.  Example  calculations  show  that  the  relaxation  zone  con¬ 
sists  of  three  distinct  parts  as  predicted  by  earlier  stationary  investi¬ 
gations:  first  a  fast  condensation  zone,  then  a  friction  zone  and  finally 
a  heat  conduction  zone. 


INTRODUCTION 

A  mixture  of  homogeneously  dispersed  droplets  together  with  their  own 
vapour  and  no  additional  carrier  gas  is  considered.  The  flow  of  such  fluids 
has  many  applications.  For  example  in  steam  turbines,  reactor  cooling,  heat 
pipes,  cryo-techniques  etc.  One  most  important  feature  of  such  fluids  is 
that  they  can  transport  a  large  amount  of  latent  energy  by  varying  the 
liquid/gas  mass  ratio.  The  consideration  of  the  phase  change,  vaporization 
and  condensation,  is  essential. 

In  this  paper  sane  fundamental  aspects  of  the  fluid  being  at  thermo¬ 
dynamic  nonequilibrium  are  discussed.  This  situation  is  of  practical  impor¬ 
tance  since  often  the  time  scales  of  nonstationary  effects  and  of  transport 
processes  happen  to  be  in  the  same  order  of  magnitude. 

As  a  numerical  example  the  shock  wave  generation  by  an  accelerated 
piston  is  selected  because  it  is  a  classical  fundamental  problem.  Moreover 
shock  waves  form  an  excellent  tool  for  studying  nonequilibrium  phenomena  at 
very  defined  conditions,  f.e.  in  a  shock  tube.  Finally  wet  vapour  shock 
waves  may  form  in  practical  flow  situations  as  well,  f.e.  in  accident  sit¬ 
uations  . 

Previous  work  is  on  the  two  phase  piston-cylinder  problem  with  solid 
particles  in  gases  or  on  droplets  in  a  carrier  gas  (see  f.e.  Refs.  [13, [2]) 
There  is  also  a  stationary  analysis  of  the  nonequilibrium  wet  vapour  shock 
wave  [31.  The  present  analysis  includes  the  full  nonstationary  treatment 
under  the  conditions  of  general  phase  nonequilibrium  up  to  high  liquid  mass 
fractions.  An  example  will  be  discussed  for  water  as  the  working  substance. 
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CONSERVATION-  AND  TRANSPORT  EQUATIONS 


A  number  of  model  assumptions  is  necessary  to  arrive  at  a  tractable 
set  of  differential  equations.  One  of  than  being  the  treatment  of  the  fluid 
system  as  two  interacting  continua,  characterized  by  the  volume  fractions 
e-^  and  e  of  liquid  and  gas.  These  give  volume  averaged  densities  if 
multiplied9by  the  individual  real  densities  p.  and  p  .  n  is  the  in¬ 
verse  volume  of  one  droplet.  The  number  of  droplets  per-unit  Volume  of  the 

flow  field  is  e.n  . 

1  P 

Transport  of  mass,  momentum  and  energy  between  the  droplets  and  the 
surrounding  vapour  are  considered.  The  transport  within  the  single  phases 
like  gas  phase  viscosity  or  heat  conduction  within  the  droplet  is  neglected. 
This  is  possible,  because  there  are  no  boundary  layers  in  the  flow  field 
and  the  surface  to  volume  ratio  of  micron  sized  droplets  is  large.  It  is 
important  to  consider  droplet-droplet  interactions  if  one  deals  with  high 
liquid  mass  loadings  (  1  -<p  >50% ,  cp  =  gas  mass  fraction  ) .  Moreover  a  con¬ 
sideration  of  the  nonuniform  pressure  distribution  around  the  droplet  is 
essential.  The  flow  is  one-dimensional  in  space.  With  these  assumptions  the 


conservation  equations  are  written  in  flux  form  as 

droplet  3/3t  (npq)  +  3/3x  (npqv|)  =  0  ,  (1) 

number 

mass  3/3t  (egpg)  +  3/3x  (egPgVg)  =  (npe|)  1  f  (2) 

3/3t  (6|P|).+  3/3x  (e|pjVj)  =  -  (np£|)  I  ,  (3) 

momentum  3/3t  (egpgvg)  +  3/3x  (egpgVgVg)  =  - 3/3x  (EgP)  -  (p-;pg(vrvg)2)  3/3x  (q)  (4) 

+  (mpE|)  (FD+i  vI>, 

3/3t  (6[P|Vj)  +  3/3x  (e|P|V|V|)  =  -  3/3x  (qp)  +  (p-Cpg(vrvg)2) (e0  (5) 

-  (np£|)  (FD+I  v,)f 

energy  3/3t  (egPg(Vg2/2+Ug))  +  3/3x  (EgPgvg(vg2/2-Hjg))  =  -  3/3x  (egpvg)  (6) 

-  v|(P'£pg(vrvg)2)  3/3x  (E|) 

+  (npE|)  (Q+F0V|+  I  (V|2/2+hg(T|)))  , 

3/3t  (qp|(V|2/2+U())  +  3/3x  (qp|V|(V|2/2+ut))  =  -  3/3x  (qpq)  (7 ) 

+  V|(p-t;pg(vrvg)2)  3/3x  (E|) 

-  (npE|)  (Q+F0V|+  I  (V|2/2+hg(T|)))  , 


Here  v. ,v  are  the  liquid  and  gas  phase  velocities,  u.  ,u  the  in¬ 
ternal  energies?  h  (T,)  is  the  gas  enthalpy  at  the  temperature9  T.  of  the 
liquid  and  s  is  defined  below  (Equ. (24)) .  There  is  one  extra  equation  for 
the  number  of  droplets.  The  zero  on  its  right  hand  side  means  that  no  new 
droplets  are  formed  by  nucleation,  and  droplets  do  not  vanish  completely 
upon  evaporation.  The  mass  equations  contain  source  terms  I  for  net  vapo¬ 
rization.  The  pressure  forces  in  the  momentum  equations  contain  a  term  which 
is  multiplied  by  the  change  of  the  liquid  volume  fraction  (  3e,/3x  ) .  Al¬ 
though  being  small,  this  term  is  essential  for  the  numerical  stability  and 
for  the  hyperbolic  nature  of  the  system  of  equations.  Physically  it  contains 
the  nonuniform  pressure  distribution  around  the  droplet  mentioned  before, 
combined  with  the  effects  of  cutting  droplets  by  the  boundaries  of  the  volume 
element  according  to  Stuhmiller  [4].  Various  source  terms  in  the  momentum- 
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and  energy  equations  depend  on  the  net  evaporation  rate  I  .  FD  is  the 
drag  force  and  Q  is  the  heat  flux  by  conduction. 

After  differentiation  and  inserting  mass-  into  momentum-  as  well  as 
momentum-  into  energy  equations,  by  furthermore  assuming  ideal  gas  with  con¬ 
stant  specific  heat  for  the  gas  phase,  the  conservation  equations  are  written 
in  a  characteristic  form 

gas  0/3t  +  vaa/ax)(eap)-c2(a/at  +  va.3/ax)(eapg)=  (8) 

(rl)(R9-(c^)Rm), 

(3/3t  +  (Vq+c)  3/3x)  (egp)  +  c  (egpa)  (3/3t  +  (v„+c)  3/3x)  (va)  =  (9) 

(3/3t  +  (Vg-  j)  3/3x)  (egp)  -  c  (egpg)  (3/3t  +  (vg-c)  3/3x)  (vg)  =  (10) 

(Y-DRe+(c2/y)Rm)-cRj  , 

where  Rm=  (np8|) 1  , 

Ri=  (P-?Pg(V|-vg)2)  3/3 x  (6|)  +  (np£|)  (Fd  +  I  (vrvg))  f 

Re=  -  (V|-vg)  (p-Cpg(vrvg)2)  3/3x  (et)  +  (npe|)  (Q+FD  (v,-vg)+  I  ((vrvg)2/2+hg(T|)-ug)), 

droplets  &ld t  +  v|  3/3x)  (npe|)  =  -  (npe|)  3/3x  (V|)  f  (11) 

(3/3t  +  V|  3/3x)  (e|pt)  =  -  (e(p|)  3/3x  (v,)  -  (npe,)  I  ,  (12) 

or: 

(3/3t  +  V|3/3x)((e|p|)/(npe|))  =  -l  , 

(e|P|)  (3/3t  +  V|  d/dx)  (v,)  =  -  3/3x  («|P)  +  (p-?pg(vrvg)2)  3/3x  (e()  -  (npe|)  F0  ,  (i  3) 

fe|P|)  @/3t  +  V|  3/3x)  fui'  -  (e|p)/(npe|)  (3,31  +  vj  3/3x)  (npE|)  =  -  (npe,)  (Q  +  I  hv),  ( 1 4) 

where  c  is  the  gas  phase  velocity  of  sound.  Note  that  the  right  hand  sides 
contain  spacial  derivatives.  These  form  snail  correction  terms  for  the  gas 
tut  they  are  essential  for  the  droplets .  This  will  be  discussed  below. 

Besides  using  ideal  gas  law,  the  constitutive  equations  contain  the 
temperature  dependence  of  the  gas  phase  viscosity  n  ,  thermal  conductivi¬ 
ty  \  ,  heat  of  vaporization  hy  ,  liquid  density  p.  ,  and  vapour  pres¬ 

sure  ps  .  From  these  the  interphase  transport  equations  follow  as 


1  =  It  d2  Pg  Pj  dg  C  (Ps(T |)/P  *  1 ) 

([3], [5])  , 

(15) 

Pj  -  1/(1  +Kn((4/3Kn+0.71  )/(Kn+1  )-4/$+4/(3aj))) 

([5])  , 

(16) 

Oj-1  , 

(17) 

°C  “  0.26  ([3]), 

(18) 

Fq  -  ic  d2  coeg-2-7pg/2  (v|-vg)|v|-vg||}f  , 
co-const.  ([6])  , 

(19) 

eg'2-7:  droplet  Interaction  ([4])  , 

(20) 

(3,-  1/(1/(1+0.42Kn)+1.67Kn/Of)  ([7])  , 

(21) 

0,-1  , 

(22) 
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(p-Cpg(v,-Vg)2)  d/dx  (E|)  ( [4  ] ) ,  (23) 

C  =  0.37cDeg-2.7  ([8], [4])  (24) 

(nonsynmetric  pressure  distribution  around  the  droplet) , 

Q  «  (ltd)  Nu  \  (T|-Tg)  Pq  ,  (25) 

pq  -  1/(1/(1+Kn)+3.75Kn/ap)  ([7])  ,  (26) 

“q°  1  •  (27) 


The  net  mass  transport  is  driven  by  the  difference  of  vapour  pressure 
and  gas  pressure.  It  is  not  limited  by  diffusion  in  the  gas  phase  like  in 
the  case  of  an  additional  carrier  gas.  A  Knudsen  correction  accounts  for 
small  droplets  (Kn  =  Knudsen  number) .  For  the  drag  force  a  constant  drag 
coefficient  is  used  as  suggested  by  recent  shock  tube  data.  There  is  a 
correction  for  droplet-droplet  interaction,  Knudsen-  and  nonunifom  pressure 
corrections.  Heat  conduction  uses  standard  Nusselt  formulation  and  a  Knudsen 
correction. 


STABILITY  ANALYSIS 

As  mentioned  before,  there  are  derivatives  remaining  on  the  right  hand 
sides  of  the  characteristic  eouations.  So  the  system  can  not  be  of  strict 
hyperbolic  nature.  Hence  one  can  only  investigate  local  linear  stability 
from  which  convergence  can  be  expected  through  Lax's  equivalence  theorem 
and  by  experience.  This  is  done  by  applying  a  method  described  by  Ramshaw 
and  Trapp  [9]  .  The  set  of  equations  is  written  in  matrix  form.  The  co¬ 
efficients  are  assumed  being  locally  constant,  including  incompressibility 
of  the  gas  phase. 


Scheme  of  the  set  of  equations 

A(9v/dt)  +  B(9v/9x)  +  c  =  0  (A,B,c  are  constant)  f 

(28) 

Eigenvalues 

|B-VM  =  0.i  =  1....7  , 

(29) 

*e1 . ^e5:  vl,  vt  vi.  vg.  v9  <al1  real> 

/ 

Xe6,.X07  are  real,  if 

E|PgC  +  egPg£  2  egPgel 

(30) 

or 

0.37CDEg'2'7  2  E|  . 

(31) 

By  neglecting  the  dynamic  pressure  corrections  vre  get,  as  usual,  real 
eigenvalues  for  the  gas  characteristics,  but  not  so  for  the  droplets.  If, 
on  the  other  hand,  these  corrections  are  included,  the  gas  characteristics 
still  remain  real  and  positive  and  the  droplet  eigenvalues  are  real  if  the 
above  condition  for  e.  is  fulfilled.  In  the  examples  discussed,  this  is 
the  case.  Thus  the  variable  pressure  distribution  as  well  as  the  particle- 
particle  interaction  ensure  local  stability. 
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NUMERICAL  treatment 


In  the  following  a  first  order  method  of  characteristics  is  defined. 

For  the  gas  the  three  characteristic  directions  v+c,  v-c  and  v  are  used. 
The  nonisentropic  changes  are  transported  along  these  directions.  The 
difference  scheme  for  the  gas  phase  is 


Par  constant  time  steps  the  v+c  -  characteristics  are  ccnpated  to  get 
the  new  spacial  coordinates.  The  base  points  of  the  remaining  tvro  charac¬ 
teristics  are  interpolated. 


(Vg)„  =  («Y~1)FV  (c2Wm)  +  c  Rj)+At  -  ((y-l)Re+  (c2/Y)Rm)-  c  R[).At  (32) 

(vg  c  *gPg)+  +  (vg  c  EgPg)-V((c  Egpg)+  +  (c  EgPg)-), 

(EgP>n  =  <«gP)+- (c  £gPg)+  ((vg)n  - (vg)+)  +  (CH)R8+  (c2/y)Rm)+  c  Rj)+At  ,  (33) 

(EgPg)n  =  (EgPg)o  +  «EgP)n  "  (EgP)0VC20  -  ((Y-1)(R8-  (C2/Y)Rm))oAt/c20  ,  (34  ) 

Rm=(VH)l,  (35) 

Ri=  (P-(rf>g(Vrvg)2)  AE|/Ax  +  (npel>  <FD  +  1  (vrvg»  /  (36) 


Re=  -  (vl-vg)  (P"?Pg(vrvg)2)  Aej/Ax  +  (npej)  (Q+FD  (vrvg)+  I  ((vrvg)2/2+hg(T|)-ug))  .  (37) 


For  the  droplets  there  is  only  one  characteristic  direction  given  by 
the  velocity  v^ 

n 


o  x-direction 


Fig.  2  Droplet  characteristic. 

(np®0n  =  (np®0o  ~  «np®|)  AV|/Ax)0At  ,  (38 ) 

(®fP|)n  =  («(P|)o  “  ((«1P|)  AV|/Ax)0At  -  «np«|)  l)0At  ,  (39) 

or: 

((«(P|)/(npel))n  “  <e)Pl)o/(npe()o-  'oAl  , 

(vpn  =  (vPo  "  ((A(C)P)/Ax  +  (p-Cpg(vrvg)2)  Ae/Ax  +  (npe|)  FD)0/(e|P|)0)At  ,  (40) 

(upn  =  (uPo  +  (CHPV^PPo  ((np£Pn/(npe))o  ~  0  +  <Cnpe|V(e|P|)  (Q  + 1  MgAt  .(41) 
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The  left  side  boundary  is  given  by  an  accelerated  piston  within  a  cer¬ 
tain  time  (40  usee  in  the  exanple  discussed  below) .  Then  the  piston 


Fig.  3  Numerical  grids  (without 
the  lines  t=  const . ) . 


velocity  remains  constant  (in  the  example  below  its  Mach  number  is  Map=1 .25 
using  the  upstream  velocity  of  sound) .  The  boundary  condition  is  nonisen- 
tropic.  The  piston  is  assumed  to  form  a  thermally  insulating  wall.  Droplets 
which  hit  the  piston  get  trapped.  A  v-c  -  characteristic  gives  information 
about  the  pressure  in  front  of  the  piston. 

The  right  side  boundary  consists  of  a  Mach  wave  until  a  shock  wave  is 
generated  by  the  intersection  of  two  v+c  -  characteristics.  Here  the  first 
v+c  -  characteristic  behind  the  shock  wave  is  combined  with  the  changes 
along  the  direction  of  the  shock  front,  by  using  a  differentiated  form  of 
the  gas  phase  jump  conditions  [  10] .  The  two  families  of  curves  shown  in 
figure  3  form  two  independent  grids  together  with  the  lines  t=oonst. 

During  the  course  of  the  calculations  the  number  of  characteristics 
increases  with  each  time  step.  In  order  to  arrive  at  reasonable  storage  re¬ 
quirements  and  computing  time,  the  number  of  characteristics  is  reduced  at 
a  later  stage  if  the  gradients  along  the  characteristic  lines  became  suffi¬ 
ciently  small.  A  change  larger  than  0.02  of  the  value  at  the  base  point 
should  not  be  used  because  of  stability  problems  occur ing.  Convergence  is 
proved  in  the  usual  way  using  calculations  with  reduced  time  step®.  The 
order  of  convergence  is  between  0.5  and  1 

For  the  initial  condition  a  tube  is  assumed,  filled  with  water  vapour 
at  20  mbar  at  .rpcm  temperature  (phase  equilibrium) .  The  diameter  of  the 
droplets  is  70  pm  .  The  initial  liquid  mass  fraction  is  65%  (c%=  0.35). 

Exanple  calculations  show  profiles  for  different  times  up  to  4  msec  . 
In  the  pressure  profiles  the  intial  jump  across  the  vapour  shock  front  can 
be  seen,  which  is  then  followed  by  an  additional  strong  increase  due  to  the 
acceleration  of  the  droplets  and  conversion  of  their  kinetic  energy  into 
thermal  energy  of  the  gas  phase  (Fig.  4).  The  temperature  profiles  (Fig.  5) 
also  show  the  initial  shock  and  the  following  dissipation  of  the  droplet's 
kinetic  energy.  The  dotted  line  is  the  droplet's  temperature .  As  predicted 
by  earlier  stationary  studies  by  Marble  [3],  it  first  rises  behind  the  shock 
front  by  condensation  until  the  droplet's  vapour  pressure  has  reached  the 
pressure  of  the  surrounding  gas.  Fran  this  moment  on  any  transfer  of  heat 
from  the  gas  to  the  droplet  leads  to  a  slight  evaporation,  thus  stabilizing 
the  droplet's  temperature  by  vaporization  cooling.  The  parameter  1-pg/p 
indicates  the  direction  of  the  phase  change  (positive:  condensation,  nega¬ 
tive:  evaporation) .  Temperature  equilibrium  is  not  reached  for  the  present 
exartple. 
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The  velocity  profiles  (Pig-  7)  indicate  that  for  the  late  times  the 
droplet's  acceleration  is  nearly  complete  before  the  piston  is  reached. 


0  0.25  x  [m]  0.5 


Pig.  7  Velocity  profiles  (dashed:  gas,  dotted:  droplets). 

The  quasi-stationary  profiles  are  nearly  the  same  as  the  ones  which 
can  be  calculated  by  stationary  equations  at  a  sufficient  distance  from  the 
piston. 
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SUMMARY 

The  investigation  of  detonation-dynamics  and  its  cellular  structu¬ 
re  for  gaseous,  explosive  mixtures  is  of  importance  in  order  to  find  safe¬ 
ty-relevant  criteria  for  the  onset,  respectively  failure  of  detonative 
combustion.  It  was  shown  by  the  author  in  [1]  by  comparing  characteristic 
time-  and  length-scales  that  a  hyperbolic  mathematical  model,  which  ignores 
dissipative  transport-processes  is  appropriate,  in  order  to  describe  the 
cellular  detonation-structure.  The  detonation-dynamics  may  therefore  be  in¬ 
vestigated  by  the  inviscid,  non-conductive  and  non-diffusive  model  of  the 
gasdynamic  EULER-equations  together  with  kinetic  balance-equations  for  the 
(adiabatic)  induction- reaction  and  the  exothermic  reaction.  Latter  descri¬ 
bes  the  rate  for  release  of  chemically  bounded  heat.  A  steady  solution  of 
the  model -equations  constitutes  the  ZEL' DOVICH-DORING-V . NEUMANN  (ZDN)  - 
equilibrium  structure.  In  this  paper  stability-criteria  for  the  onset  of 
transverse  waves  and  unsteady  nonequilibrium-processes  are  investigated 
numerically  starting  frcm  ZDN  -  initial  data  for  global  reaction-kinetics. 

The  equations  are  solved  by  a  two-step  predictor-corrector  MACCOR- 
MACK-scheme,  which  is  monotonized  by  adding  nonlinear  flux-limiters.  In 
the  case  of  a  linear  transport-equation  V. NEUMANN  stability-analysis  may 
be  performed.  The  stability- bound  for  the  COURANT-number  is  determined  by 
neglecting  the  nonlinear  source-terms.  Exploiting  the  stability-properties 
of  the  applied  scheme  a  spontaneous  establishment  of  many  experimentally 
observed  flow-phenomena,  e.g.  Mach-stems,  transverse  waves  and  oscillatory 
behavior  can  be  obtained.  The  calculations  are  performed  for  two-dimensio¬ 
nal  channel -gecmetry  in  a  shock-fixed,  detonation-front  oriented  frame  of 
reference  (GALILEI-transformation) . 


PREFACE 

The  author  is  grateful  to  Prof.  Dr.  Fritz  Ebert  for  stimulating 
his  research  in  the  attractive  field  of  gasdynamics  of  combustion  and  reac¬ 
tive  f  1  w-phencmena .  This  paper  is  devoted  to  Prof.  Ebert  on  the  occasion 
of  his  50th  birthday  in  November  88. 

INTRODUCTION 

Combustion  phenomena  occurring  in  jet  propulsion-systems,  parti¬ 
cularly  in  closed  combustion-chambers  and  afterburners  are  known  to  be  as¬ 
sociated  with  self-excited  nonlinear  oscillations  (see  for  instance  the 
well-known  phenomenon  of  the  singing  flame) .  An  intimately  strong  coupling 
between  whe  heat  released  due  to  exothermic  chemical  reactions  and  the  crea¬ 
ted  pressure-waves  occurs  for  detonative  combustion. 

In  spite  of  rich  experimental  evidence  the  transition  phenomenon 
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of  a  high-speed  deflagration  to  a  shock-induced  detonation  still  lacks  a 
profound  theoretical  explanation.  An  appropriate  mathematical  model  for 
studying  the  transition  phenomenon  must  consider  the  different  transport 
mechanisms  for  def lagrative,  respectively  detonative  combustion.  Whereas 
a  pure  flame-front  propagation  (i.e.  a  deflagration)  requires  molecular 
transport-processes  (heat  conduction  and  species  diffusion) ,  a  detonation- 
process  is  sustained  by  self-ignition  caused  by  adiabatic  compression  due 
to  a  shock-wave  with  sufficiently  high  mach-number. 

Since  the  beginning  of  the  80s  of  this  century  large-scale  expe¬ 
riments  connected  with  light-water  reactor  safety  have  been  world-wide 
performed.  The  experimental  results  provide  evidence  that  the  detonation- 
limits  are  geometry-dependent  and  no  pure  material-properties.  They  indi¬ 
cate,  however,  that  the  detonation-limits  may  be  scaled  by  the  detonation 
cell-size.  Latter  constitutes  the  most  important  dynamic  detonation-para- 
meter  (J.  Lee  [2]  ) ,  since  it  is  a  reference-value  for  the  other  parame¬ 
ters  like  the  critical  initiation-energy  or  the  critical  transmission- 
distance  fran  a  confined  into  an  unconfined  configuration. 

Self-sustained  detonation  propagation  is  known  to  be  connected 
with  transverse  wave-phencmena  (cellular  detonation-structure) .  In  a  dy¬ 
namic  detonation-process  the  transverse  pressure-waves  are  reflected 
shock-waves  of  a  single  Mach- reflexion  of  the  precursor  detonation-front. 
For  planar  channel -geometry  the  right-  and  left-running  family  of  trans¬ 
verse  waves  must  be  distinguished.  Additionally  in  rectangular,  spatial 
geometry  the  family  of  slapping  and  galloping  transverse  waves  may  be  dis¬ 
cerned  (see  W.  Fickett  &  W.C.  Davis  for  further  reference  [3]  ) .  The  for¬ 
mation  (birth)  of  a  detonation-cell  is  caused  by  collision,  resp.  focus¬ 
sing  of  the  transverse  waves,  resulting  in  a  Mach-stan  near  the  focus 
(B.  Sturtevant  *  V.A.  Kulkamy  {4}  ) .  The  whole  life  (opening  and  closure) 
of  a  detonation-cell  can  only  be  described  by  the  mechanism  of  double 
Mach-reflexion  (see  fig. 2  on  the  next  page) .  At  the  apex  of  the  detona¬ 
tion-cell  Mach- stem  and  primary  (incident)  shock  interchange.  The  trans¬ 
verse  waves  move  approximately  with  the  equilibrium  sound-velocity  c  of 
the  burnt  gases.  eC! 


MATHEMATICAL  MODEL 

The  tine-dependent  thermo-fiuid-dynamic,  differential  balance- 
equations  governing  the  cellular  detonation-dynamics  may  be  easily  derived 
fran  their  integral  form.  Fig.l  shows  a  control-volume  G  with  capacity  V. 
The  normal  unit-vector  jj°  is  oriented  in  the  same  direction  like  the  sur¬ 
face-element  vector  dA  =  dA  n°  of  the  control  volume's  envelope  9G. 

£  stands  for  the  vector  of  internal  (or  external)  sources  of  matter,  momen¬ 
tum,  resp.  energy.  The  integral  form  of  the  balance-equation,  equation  (1) 
reads:  ^ 

Ju  dV  |5  +  /  djf  F(U)-n°  dA  dt  =[  os  dv|5  , 

(cr  K  ~  ~  d)  IV 

where  the  temporal  integration- limits  are 
the  initial-time  t  and  the  time  of  imme¬ 
diate  interest  t. 

U  =  [j',5v,i»eo,j>rJT  (1.1) 

denotes  the  vector  of  transport-variables  in 
the  volume-element  dV, 

s  =  [0,  wrq,  wrJT  (t  -  r T)  (1.2) 

a  source-vector  containing  the  exothermic  heat- re lease  w^q  per  time-unit 
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Fig ■  2  :  Schematic  sketch  of  dynamic  phenomena  occurring  during  a 
detonation  propagation-process 
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due  to  the  temporal  change  of  the  heat  release-parameter,  the  reaction  ra¬ 
te  -  velocity 

wr  =  Dr/Dt  =  wr(r,p,T)  (1.3) , 

multiplied  with  the  net-heat  production  per  unit  mass  of  the  gas-mixture  q. 
In  equation  (1.1)  p  stands  for  the  density  of  the  mixture,  y  its  fluid-ve¬ 
locity,  p  the  thermodynamic  pressure  and  pe  the  specific  total  energy, 
which  is  composed  of  the  specific  internal  energy  ye  and  the  kinetic  ener¬ 
gy  per  unit-volume  fX?/2,  i.e.: 

e  =  6  +  v2/ 2  (1.4) . 

o 

For  a  polytropic  gas  follows  from  the  thermal  equation  of  state 
p  =  p  ( ,  T  )  =  s  RT  (1.5) 

that  £(T,j>)  =  £  (T)  =  C  T  =  RT/  (AC  -  1)  =  -  (1.6), 

p  (K  -  1) 

where  R  denotes  the  (universal)  gas-constant,  cv  =  Oe  / 9  T)„  the 
constant-volume  heat-capacity  per  mass-unit  andvthe  i sen tropic  exponent 
K.  =  1  +  R/cv  (1.7). 

According  to  a  simple  two-substance  model  the  rate-parameter  r  in 
(1.1)  signifies  the  mass-concentration  of  burnt  gas.  Therefore  r  =  0 
corresponds  to  fresh  (unbumt)  gas  and  r  =  1  to  complete  heat- release. 

The  approach  of  a  value  r  =  1  is  unrealistic,  since  endothermic,  back¬ 
wards-directed  reactions  ensure  the  formation  of  a  dynamic  thermochemical 
equilibrium  (lower  index  eq)  with  vanishing  reaction- rate  w^^C  together 

with  r  =  r _  at  the  end  of  the  reaction  -  zone. 

eq 

Usually  the  exothermic  rate-velocity  w^.  in  (1.3)  obeys  simple  ARRHE¬ 
NIUS  -  kinetics  and  writes: 

w  =  Pn_1  k  [rm  exp  {  ~  E2  )  -  (l-r)m  exp  (  -  — -— )]  (1.8) , 
r  *  R  T  RT 

where  the  exponents  n  and  m  denote  the  order  of  the  reaction  and  its  con¬ 
centration  -  influence.  E2  stands  for  the  activation-energy  of  the  exo¬ 
thermic  reaction.  Before  any  heat  will  be  set  free,  a  (non-exothermic)  in¬ 
duction  -  reaction  takes  place.  The  induction-delay  is  taken  into  account 
in  the  source-term  (1,2)  by  means  of  a  temporal  shift  applying  the 
HEAVISIDE  -  distribution 

t  -  rT  )  =  \  1  f°r  tiTI  (1.9) 

1  l  0  //  t<tj 

with  the  induction-delay  time 

E. 

rT  =  k.  9*  exp  ( - - — )  and  -l<e«-.5  (1.9.1). 

1  1  J  R  T 

The  activation-energy  E.  of  the  induction- reaction  together  with  E2  and 
the  pre-constants  k^,  resp.  k2  in  equations  (1.8),  resp.  (1.9.1)  can  be 
obtained  fran  laboratory  -  experiments  (see  for  instance  Korobeinikov  et. 
al.'  s  data  in  [5]  )  • 

The  scalar  (dot)  product  of  the  flux  -  dyadic  f"  (U)  (second  -  order  ten¬ 
sor)  with  the  normal  unit-vector  q  appearing  in  equation  1  at  the  begin¬ 
ning  of  this  section  results  in  a  vector  £  of  convective  fluxes  of  the 
transport  -  variable  U  according  to  the  form : 

f  (U)  =  o  f  v-n°,  v(v.n°)+p/0n°  ,(e  +p/£)v.n°,  r  v-n°J  =  F  (U)-  n°  (2) 

A/  /V  J  AW  A/  #V  "»  W  y  (V  U  W  #S»  'W  A.  ■*  AV 
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The  integral-form  (1)  of  the  transport-equations  is  the  starting- 
point  for  a  numerical  scheme  based  on  the  finite-volume  method.  By  means 
of  GAUSS  -  GREEN  's  integral-law  it  follows  directly  from  (1)  that 

It  £  r|r>  dvdt-%Sd',dt  <3), 

where  7  denotes  the  Nabla  {-  or°gradient)  operator,  which  reads  for 
two-dimensional,  cartesian  x,y  -  geometry  with  orthonormal  basics  -  vec¬ 
tors  (e  ,  e  )  :  7  **  ~b  /dx  e  +  3/3y  e  .  The  flux  -  dyadic  F  has  in 

this  coordinate  -  system  tne  form:  Y 


F  =  F  ;  e  +  F  ;  e 
~x  /-x  <~y  ~y 


(3.1)  . 


The  differential-form  of  the  balance-equations  cast  in  conservation 
vergence  or  flux)  -  form  equivalent  to  (3)  new  reads: 


(di- 


3  U/  3t  +  3F/3x  +  3F  /3y  =  os  (4) 

with  U  =  [j>,  fu,  fv,  $  e  prj1  (4.1)  and  the  source-term 

^  rv  ° 

s  =  [O',  q,  lj  p  vt.  X(t  -Tt)  according  to  equation  (1.2). 

The  semicolon  in  (3.1)  denotes  a  dyadic  (tensor)  -  product  of  the  vector- 
fluxes  in  the  x-,  resp.  y-direction  with  the  basis-vectors 

^  2  T 

F  =  F-e  =  1"  pu,  pu  +  p,  puv,  u  (  oe  +p) ,  or] 

-x  ^  ~x  X  (4,2) 

=  F-ey  =  [j»v,j>vu,  j»v  +  p,  v  ( j»  eQ+p) ,  _p  r  ] 

In  (4.1),  resp.  (4.2)  u  and  v  are  the  components  of  the  fluid-velocity 

v  =  u  e  +  v  e  (4.3) . 

~  ~y  ' 

The  system  (4)  is  of  hyperbolic  type,  since  the  JACOBIAN  -  matrices 


Jx  =  3Fx/3u,  Jy  =iFy/  3  U  (5)  have  real  Eigen  -  values  (characte- 
stics)^  ,  resp.  X  with 

x  y  fp  «p 

Xv  =  £u,  u,  u,  u-c,  u+cj  &  =  £v,  V,  V,  v-c,  v+cj  (5.1). 

/v  x  ~  y 

The  conservation-form  of  a  scalar  hyperbolic  transport-equation  allows  the 
application  of  the  so-called  'shock-capturing'-  technique.  According  to 
this  concept  a  consistently  formulated  numerical  scheme  converges  in  a 
weak  (cjt  integral)  sense  to  the  jump- conditions  (see  P.Lax  &  B.Wendroff 
[6]  ) .  Datter  hold  across  gasdynamic-discontinuities  (particularly  shocks) 
and  are  called  RANKINE  -  HUGCNIOT  -  relations. 

2 

The  square  of  the  velocity  of  sound  c  in  (5.1)  with  c  =  (3p/3p ) 

=  k  (3  p/3p ) T  as  the  (isen tropic)  propagation-velocity  of  weak  pressure- 
waves  without  change  of  locaj  specific  entropy  s  can  be  written  for  a  po¬ 
lytropic  gas  in  the  form:  c  =  lep/f  =  KRT  (5.2) 


NUMERICAL  METHOD 

The  system  (4)  is  solved  by  means  of  a  two-step  predictor-corrector 
MacCormack  -  scheme.  In  the  case  of  a  linear  transport-equation  the  Mac- 
Cormack  -  algorithm  is  equivalent  to  the  Lax-Wendroff  -  scheme  described 
in  [^]  .  A.Harten  introduced  in  [7]  the  notion  of  so-called  total-varia- 
tion-diminishing  (briefly  TVD-)  schemes,  which  combine  the  smoothing  of 
the  high-frequency-oscillations  with  second-order  accuracy  and  high-reso¬ 
lution.  S.F.  Davis  shewed  in  [8]  by  applying  flux-limiters  in  a  form  pro¬ 
posed  by  P.K.  Sweby  in  [9]  that  the  spurious  oscillations  (wiggles)  inhe¬ 
rent  of  the  Lax-Wendroff  -  method  may  be  avoided.  The  critical  amounts  of 
artificial  viscosity  needed  to  satisfy  the  TVD-property  for  schemes  of 
Lax-Wendroff,  resp.  MacCormack- type  are  determined  in  Davis'  paper  [8] . 
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The  inhomogeneous  term  j> s  occurring  due  to  the  exothermic  reaction- rates 
is  considered  adopting  a  strategy  proposed  by  H.A.EWyer  et.al.  in  [10] . 
The  complete  algorithm  for  the  solution  of  a  scalar  hyperbolic  transport- 
equation  of  the  form 

3U/at  +  3F(U)/9x  -  h(U)  =0  (6) 


reads: 

£  pred: 
£  corr ' 


* 

U. 


nn+1  _ 


=  U?  -  At/Ax  (F.^  F?)  +  h^  „  At 


=  [(lF  +  lb)  -  At/Ax 


(F. 


i+1/2 


,)  +  h, 


At]/ 2 


L/®  [  0  i+1/2  <1  -  -  e  i-p/2  -  Ui-1>] 


(7.1) 

(7.2) 


with  h.  +  1/2  =  (h.  +  h.  +  x)/2  (7.3) 

The  subscript  (i)  in  (7.1)  and  (7.2)  denotes  the  discretized  x-position, 
the  superscripts  n,  *  and  n+1  stand  for  the  old,  predicted  and  corrected 
(new)  time-level.  The  chosen  mesh-size  is  Ax  and  the  time-step  At. 

The  parameter  ©  is  a  switch,  which  is  connected  with  Sweby' s  'flux-limi¬ 
ter'-  function  <f( v  )  in  the  paper  [9]  according  to  following  equation: 

0  i+1/2  =  8  *  (1  £  1  "  f  (vi)J  (7.4), 

where  =A  At/  Ax  (7.5)  denotes  the  COURAOT  -  number  as  the  ratio  of  the 
physical  (characteristic)  wave-velocities  A(U)  =3F(U)/3U  and  the  numeri¬ 
cal  signal -velocity  Ax/ A  t. 

The  parameter  vt  =  (Ih-  Uj_^1  /  (lh+-j-  in  (7.4)  stands  for  the  ratio  of 
discrete,  neighbour-gradients  of  the  transport-variable  U  in  (6) . 


«£pred  in  (7.1)  is  the  solution-operator  of  the  scheme's  predictor-step, 

«Ccorr  in  ^ -2)  the  operator  for  the  corrector-step.  Hence  the  value  of 
co  the  solution  determined  at  the  new  time-level  (n+1)  for  the  one-di¬ 
mensional  equation  (6)  reads:  gn+1  =  £  (At)  Un  with  X  x  =  *^corr  ^pred  , 
where  Un  denotes  the  solution  at  time  x  tp  and  at  time 
t  =  t  +  At.  In  the  case  of  a  two-dimensional  transport-equation  (here 
11  1  n  equation  (4))  the  solution  is  advanced  to  the  new  time-level 
tn+1  according  to  :  un+1  =  £x(At/2)  X  (  At/2)  Xy(  At/2) 

£  (At/2)-Un  ,  where  the  X  (At/2)  - 
operators  may  be  combined  resulting  in:  ^ 

un+1  =  Xx(At/2)  (At)  Xx(At/2)-un  (9). 

The  so-called  STRANG  -  type  operator-splitting  in  (9)  ensures  that  the  or¬ 
der  of  the  method  (here:  second-order  accuracy)  may  be  preserved  in  the 
multi-dimensional  case. 

Figure  3  on  the  next  page  shews  the  computational  domain  and  the  bounda¬ 
ries  for  assumed  planar  channel -geometry.  A  numerical  solution  of  the 
hyperbolic  system  (4)  requires  an  appropriate  set  of  initial-  and  bounda¬ 
ry-conditions.  In  the  finite-volume  method  applied  here  boundary-values 
are  prescribed  in  the  image-cell  region  hatched  in  figure  3. 


INITIAL  -  CONDITION 

The  initial-data  are  steady,  planar  solutions  of  the  balance-equati- 
tions  (4) .  They  form  the  well-kncwn,  stationary  Z ELDOVTCH- DORING-V . NEU¬ 
MANN  (ZDN) -  detonation  structure,  which  is  composed  of  a  shock-wave  sepa¬ 
rated  from  a  finite-size  reaction-zone  of  exothermic  heat-release  by  a  di¬ 
stance  resulting  from  the  induction-delay.  The  ZDN-model  is  of  great  sig¬ 
nificance  for  predicting  dynamic  detonation-parameters  like  the  cell-size 
by  applying  the  empirically  confirmed  assumption  that  fixed  ratios  exist 
between  these  parameters  and  characteristic  chemical  length-scales. 
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K.I.  Shchelkin  &  Ya.K.  Troshin  were  the  first,  who  presented  in  fllj  empi¬ 
rical  values  of  a  scaling-factor,  in  order  to  estimate  the  cell-size  for 
any  gaseous  mixture  from  a  chemical  length-scale  of  the  ZDN-structure. 

For  the  global  chemistry  according  to  Korobeinikov  et.al.  (£53)  for  an 
Argon  (, resp.  Helium)  -  diluted,  stoichiometric  oxygen-hydrogen  mixture 
applied  here  the  ZDN  initial-data  are  determined  by  means  of  adaptive  ROM¬ 
BERG  -  integration  of  the  equation  of  motion  of  a  fluid-element  in  a  refe¬ 
rence-system,  which  moves  With  the  average  (so-called)  CHAPMAN- JOUGUET 
(CJ) -detonation-velocity  D„.  Fran  the  integral,  steady  balance-equations 
(reaction-front  equations}  follows  that  there  exists  a  minimum  propaga¬ 
tion-velocity,  the  so-called  CJ-velocity,  below  which  only  deflagrative 
combustion  is  feasible.  The  experimentally  well-known  fact  of  preference 
of  the  minimum -velocity  to  larger  velocities  and  corresponding  thermody¬ 
namic  variables  is  supported  theoretically  by  a  stability-criterion  given 
by  E.  Jouguet  at  the  beginning  of  this  century  (see  chapter  3.8  in  the 
book  of  F.  Bartlma  £123) . 

The  equation  of  motion  for  a  plane  ZDN-structure  reads  in  a  GALILEI-trans- 
formed  (detonation  front-fixed)  frame  of  reference  Dx/Dt  =  D„  -u (r)  (10), 
where  x  denotes  the  distance  fran  the  precursor  shock-front  ancr  u  the 
fluid-velocity  in  the  laboratory-system.  It  follows  from  the  chain-rule  of 

differentiation  that  .  .  tfr. 

x(r)  =  oJfDcj  "  u(*r)j  /  w^d-w-  +  lj  (10.1) 

with  the  exothermic  reaction-velocity  w  =  Dr/Dt  and  the  induction  reac¬ 
tion-length  lj.  For  the  induction  reaction-length  holds  the  equation: 

1I  =  oj  ^DCJ  ”  dt  =  ^DCJ  ~  VW  ^  X  (10.2) , 

where  hr, 
tion 

ne  ZDN-structure  are  assumed  to  be  constant  and  equal  to  the  so-called 
V. NEUMANN  (post  shock)-  state  (subscript  VN) .  For  the  detonation  mach-num- 
ber  Ma^j  =  cq  with  the  sound-velocity  cq  =  (icRT^)1-/2  of  the  unbumt 

(fresh)  gas  follows  from  the  classical  CHAPMAN-JOUGUET  (CJ) -theory  the 
relationship:  o  2 

K  -  1  q  r™  i/2  K  -  1  ‘l  rea  i /? 

Ma^  =  (1  +  — -  )L/Z  +  (  - - -  1/2  (11), 


_  obeys  simple  ARRHENIUS  -  kinetics  (see  [51  )  according  to  equa- 
1  (1.9.1).  The  transport-variables  in  the  induction- zone  of  a  pla- 


2k  R  T  2»c  R  T 

o  o 

where  r  stands  for  the  exothermic  reaction-rate  parameter  according  to 
thermo  chemical  equilibrium. 

Experiments  shew  that  the  dynamic  detonation-process,  although  multidimen¬ 
sional  and  highly  unsteady  in  average,  proves  to  be  stationary  and  one  - 
dimensional  in  average.  Algebraic  terms  for  the  velocity  u,  pressu¬ 

re  p,  density  g  and  temperature  T  in  the  exothermic  reaction-zone  are  an 
immediate  outcane  of  the  integral  reaction-front  equations: 

i  +  K  2  " 

JQ/3'-  _  -  V  —  -.  -4j]  T/To  =  p/PoJ’o f9  (12)' 


where  (£>  =  (Ma^j-1)  +[(Ma2j-l)2  -  2(<f+l)Ma^j  q.t/ (cpTQ)J 


1/2 


u(r)/cQ  =  #/f<*+l)  ^cj]>  P(r)/PQ  -  -  •  K+1 
J>Q/5>(r)  =  1  -$/[(k+  l)  Ma2  ]  and  T/Tq  =  p/pQ 
+  f (Ma2  — 1 )  2  -  2(»-+nM3? 

with  c  =  Rk/(k-1)  as  the  constant  pressure  heat-capacity  per  unit-vo¬ 
lume.  p 

In  order  to  ascertain  the  ZDN-structure  the  inverse-function  of  x(r)  in 
(10. 1)  is  determined,  which  can  easily  be  done  numerically  by  simple  NEW- 
TCN-iteration  rn+1  =  -  fxJl(r  )  -  x/]/  f  (r)  with  f  (r)  =  (dx/dr)n 

for  a  monotonous  function  x(r)  with  given  discretisation  x.  (i=l,...,N). 
Fig. 4  shews  the  calculated  three-dimensional  density-distribution  of  the 
plane  ZDN-structure  for  the  assumed  planar  channel -geometry. 


i 
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In  contrast  to  the  significance  of  the  ZDN-model  for  predicting  dynamic  de¬ 
tonation-parameters  stands  the  fact  that  all  previous  numerical  simulations 
of  detonation-dynamics  avoided  to  attack  the  question  of  hydrodynamic  sta¬ 
bility  of  the  ZDN-structure .  Previous  numerical  studies  of  the  cellular  de¬ 
tonation-dynamics  by  Oran  et.al.  (1982)  [133,  Markov  (1981)  [14]  and  Taki 
&  Fujiwara  (1982)  £15Jwere  restricted  to  arbitrary,  blast-wave  perturbed 
initial  data.  Furthermore  unrealistic,  large-scale  (transverse)  perturba¬ 
tions  of  the  reaction-progress  parameter  r  with  a  wave-length  of  the  order 
of  the  combustion  channel-width  were  applied  in  order  to  establish  the 
complex  wave-structure.  Fig.  5  shows  such  perturbed  initial-data  of  the 
parameter  7  =  1  -  r  applied  by  former  investigators  for  obtaining  trans¬ 
verse  wave-phenomena  in  a  laboratory  reference-system. 

However,  in  a  reference-system  fixed  to  the  detonation-front  the  applied 
numerical  scheme  (7)  yields  a  spontaneous  establishment  of  the  transverse 
wave-structure  (see  also  the  author's  paper  [163). 

BOUNDARY  -  CONDITIONS 

According  to  the  theory  of  characteristics  the  boundary-conditions, 
which  must  be  prescribed  at  the  left,  resp.  right  side  of  the  computational 
mesh  depend  on  the  underlying  mathematical  frame  of  reference.  In  the  sub¬ 
sequent  figure  6  the  characteristic  planes  in  an  (x,y,t) -coordinate-system 
are  drawn  either  in  case  of  a  laboratory  frame  of  reference  (fig. 6a)  or  for 
a  precursor-shock  oriented  (so-called  GALILEI-transformed)  system  (fig. 6b) . 
The  implications  and  advantages  of  the  latter,  namely  the  shock  reference- 
system,  are  discussed  in  [163  (p.7 82). 

The  boundary-values  required  for  the  transport-variables  at  the  ima¬ 
ge-cells  of  the  solid  channel-walls  are  corresponding  to  the  underlying  in- 


Fiq.  6a;  Characteristic  planes  in  a  shock- reference  system 


Fig.  6b:  Characteristic  planes  in  a  laboratory  reference  -system 
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cid  wave  -  model  non- reflecting  (synmetric)  slip-conditions  for  the  velo¬ 
city  u  tangential  to  the  wall  and  reflecting  (antimetric)  conditions  for 
the  normal-velocity  v.  The  other  variables  (density  j>,  internal  energy  e 
and  reaction-progress  parameter  r)  are  also  subject  to  synmetric  or  absor¬ 
bing  conditions. 


V.  NEUMANN  STABILITY  -  ANALYSIS 

An  essential  concern  of  the  author  was  to  allow  only  the  growth  of 
the  physically  relevant  wave-numbers  k  =  2tt  /X  of  the  transverse  wave  - 
structure.  Experimentally  these  wave -numbers  are  known  to  be  harmonics, 
which  fulfil  the  standing  wave-condition  k  =  nir  /  W  (13)  with  the  mode- 
number  n  and  the  channel-width  W  .  Since  a  plane  ZDN-detonation-f rant 
breaks  up  on  the  smallest  scales  forming  a  caustics  (or  singularity) ,  a 
rise  of  the  highest  resolvable  frequencies  must  be  admitted.  The  NYQUIST  - 
frequency  with  kix  =v  for  a  mesh-size  Ax  and  a  wave-length  X  =  2  ix 
is  the  largest  frequency  that  can  be  identified  in  any  finite  difference 
(or  volume) -method. 

In  order  to  allow  an  exponential  increase  of  the  state-variables  U 
caused  by  the  source-term  p  s  appearing  in  equation  (4),  the  1 inear  sta¬ 
bility-analysis  should  supply  an  amplification-factor  Ot ,  which  obeys  the 
inequality  =(An+l/  1+  a  ^  (14) 

with  the  amplitudes  U^  according  to  the  Ansatz:  U.  =  exp(ijkAx), 
where  j2  =  -1  and  O'  in  eq.  (14)  denotes  the  LANDAU  -  symbol.  Concerning 
the  foundation  of  relation  (14)  see  chapter  III-F-5  in  P.Roache's  book  till . 
The  complex  amplification-factor  CL  obtained  by  means  of  1 inear  V.NEUMANN- 
stability-analysis  for  the  Lax-Wendrof f-method  is  an  ellipse  with  the  cen¬ 
ter  (1  -^2)  and  the  half-axes  {r ,  resp.i£,  where  again  denotes  the  COU- 
RANT-number  according  to  eq.  (7.5).  It  is  a  well-known  fact  that  the  clas¬ 
sical  COURANT-FRIEDRICHS-LEWY  (CFL)  -  criterion  with  WS  1  (15)  for  the 

numerical  stability  of  a  scalar,  hyperbolic  transport-equation  is  an  imme¬ 
diate  consequence  of  the  V. NEUMANN  stability-criterion  |0t/«  1  (15.1). 

The  additional  terms  of  numerical  viscosity  added  to  the  mere  Lax-Wendrof f 
(£W)  -  scheme  according  to  Davis'  paper  8  lead  in  the  region  of  steep 
gradients  to  a  restriction  of  the  classical  CFL-criterion  /*/*/<  1  (15). 
In  the  induction-zone  behind  the  shock-wave  the  ' viscosity-switch' 6  was 
chosen  equal  to  one.  Then  P  in  (16)  becomes  V3P/2  ,  and  the  complex  ampli¬ 
fication-factor  Ot  transforms  for  0s  1  into  an  ellipse  with  center  0  and 
the  half-axes  1,  resp.  .  The  ampl if ication-f actors  for  the  different  me¬ 
thods  are  shewn  in  figure  7  on  the  next  page.  In  fig.  7  the  legends  Re 
and  Im  at  the  coordinate-axis  denote  the  real  part,  resp.  imaginary  part 
of  the  amplification-factor  in  the  complex  plane. 

In  the  code  Davis'  TVD  -  Lax-Wendrof  f-method  was  tested  with  6-  1  and  a 
COURAOT-number  of  =  0.95  /F/2  in  the  induction- zone,  which  is  according  to 
(16)  close  to  the  linear  stability-limits  for  high-frequency  oscillations 
with  wave-number  k  A  x  =  tt  . 

The  numerical  results  shew  that  the  energy  of  the  spontaneously  developing 
small-scale  structures  is  aliased  to  the  large-scale,  transverse  wave  - 
structure  with  kAx>*0.  Calculations  performed  with  accuracy  Real*16  in¬ 
stead  of  Real*8  shewed  that  the  transverse  wave-structure  evolves  not  due 
to  the  machine-error  but  by  the  nonlinearity  inherent  to  the  balance-equa¬ 
tions  . 
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RESULTS 

By  means  of  the  method  described  above  a  heuristic  stability-crite¬ 
rion  for  the  onset  of  transverse  wave-phenomena  given  by  Shchelkin  in  [ill , 
chapter  1/3  could  be  reaffirmed  successfully.  The  reason  for  the  excitation 
of  transverse  pressure-waves  in  a  plane  ZDN-structure  is  a  highly  nonlinear 
dependence  of  the  ignition-time  from  temperature  according  to  equation 
(1.9.1) .  The  instability-criterion  given  by  Shchelkin  reads: 

9rT/3T  *<T  -  V  /  U  *  TI  (15)' 

where  u  denotes  the  state  of  the  unbumt  gas  expanding  from  the  shocked 
V.  NEUMANN-state  (subscript  VN) .  Assigning  for  an  unbumt  pocket  in  the  exo¬ 
thermic  reaction-zone  an  isentropic  expansion  from  the  VN-pressure- level 
behind  the  precursor  shock-wave  to  a  pressure  p  =  p(r  )  according  to 
thermochemical  equilibrium,  it  follows  from  (15;*  that  ^ 

E1/^RTVN  ^1_T/'IVN)Iu  =  V^VN  £  1  “  *peq^W  1  d5-1) 

is  necessary  to  obtain  instabilities  in  the  plane  ignition-front  during  de¬ 
tonation.  The  numerical  simulations  in  two  (recently  three)  space-coordina¬ 
tes  provide  evidence  that  the  ZDN-data  are  only  stable,  if  either  the 
Shchelkin  -  criterion  of  instability  is  violated  or  the  channel-width  is 
below  a  critical  value,  which  is  experimentally  known  to  be  the  critical 
kernel  for  the  single  head-spin-propagation  (see  [’ll] ,  chapter  1/6). 

In  fig. 8  the  pressure-distribution  for  a  detonation-propagation  with  mode- 
number  rT  =  2.5  is  plotted  after  Kend  =  285,  290,  300,  resp.  310  time-steps 
according  to  the  CFL-stability-criterion. 

Condition  (15),  resp.  (15.1)  must  be  fulfilled  in  order  to  obtain  nonli¬ 
near  resonance-phenomena  between  the  heat-release  due  to  chemical  reacti¬ 
ons  and  the  transverse  pressure-modes.  By  varying  the  channel-width  and 
keeping  all  other  system-parameters  as  constant  also  non-uniqueness  of  the 
mode-number  and  even  chaotic  cell-structures  could  be  determined.  In  the 
latter  case  no  resonance  could  be  obtained. 
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The  shape  and  size  of  the  detonation-cells  agree  surprisingly  well 
with  experimental  soot-tracks  obtained  by  R.A.  Strehlow  et.al.  (see  £1} 
and  Q.6J  for  further  reference) . 


Fig.  8/1:  Pressure  relief  and  iso-lines  for  dimensionless  time 
t  =  31.049  (corresponding  to  Kend  =  285  time-steps 
according  to  the  CFL  -  stability  -  criterion) 


Fig.  8/2:  Pressure  distribution  for  t  =  31.583  (corresponding  to 
Kend  =  290  CFL  time  steps) 
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CONCLUSION 

Besides  the  influence  of  the  channel-width  W  on  the  resonance-frequen¬ 
cy  and  cell-size  already  discussed  in  Til  the  author  tries  to  investigate 
the  effect  of  changes  of  the  reaction-kinetic  parameters  on  the  regularity 
of  the  cell-structure.  Moreover  the  code  has  been  extended  to  three  space- 
coordinates  in  order  to  detect  other  secondary  flows  associated  with  the 
transverse  wave- structure . 
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SUMMARY 

The  need  to  follow  fronts  moving  with  curvature-dependent  speed  arises  in  the  modeling  of  a 
wide  class  of  physical  phenomena,  such  as  crystal  growth,  flame  propagation  and  secondary 
oil  recovery.  In  this  paper,  we  show  how  to  design  numerical  algorithms  to  follow  a  closed, 
non-intersecting  hypersurface  propagating  along  its  normal  vector  field  with  curvature- 
dependent  speed.  The  essential  idea  is  an  Eulerian  formulation  of  the  equations  of  motion  into 
a  Hamilton- Jacobi  equation  with  parabolic  right-hand  side.  This  is  in  contrast  to  marker  parti¬ 
cle  methods,  which  are  rely  on  Lagrangian  discretizations  of  a  moving  parameterized  front, 
and  suffer  from  instabilities,  excessively  small  time  step  requirements,  and  difficulty  in  han¬ 
dling  topological  changes  in  the  propagating  front.  In  our  new  Eulerian  setting,  the  numerical 
algorithms  for  conservation  laws  of  hyperbolic  systems  may  be  used  to  solve  for  the  propagat¬ 
ing  front  In  this  form,  the  entropy-satisfying  algorithms  naturally  handle  singularities  in  the 
propagating  front  as  well  as  complicated  topological  changes  such  as  merging  and  breaking. 
We  demonstrate  the  versatility  of  these  new  algorithms  by  computing  the  solutions  of  a  wide 
variety  of  surface  motion  problems  in  two  and  three  dimensions  showing  sharpening,  breaking 
and  merging. 
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1.  INTRODUCTION:  EQUATIONS  OF  MOTION 


We  wish  to  follow  the  evolution  of  an  initial  surface  y(0)  propagating  along  its  gradient 
field  with  speed  F(K)  a  given  function  of  the  curvature  K  (either  mean  or  Gaussian).  The  key 
idea,  as  derived  in  [5],  is  to  view  the  evolving  front  y(t)  as  the  level  set  of  a  higher¬ 
dimensional  function  0.  To  be  more  precise,  let  the  initial  surface  y(0)  be  a  dosed,  non¬ 
intersecting  hypersurface  of  dimension  N-l.  We  construct  the  function  0  by  letting 
0(7.0)  =  (ltd)  xeRN  where  g  is  the  distance  from  x  to  7(0),  with  the  plus  (minus)  sign 


chosen  if  x  is  inside  (outside)  y(0).  Then,  at  r= O,  the  level  sen 


7 10(7,0)=! 


*  gives  7(0).  We 


now  require  a  time-dependent  differential  equation  for  $  corresponding  to  the  evolution  of 
yU).  If  the  family  of  level  sets  0=C,  where  C  is  a  constant,  flow  such  that  each  level  surface 
propagates  with  speed  given  by  F(JC),  then  it  can  be  shown  (see  [5]),  that 


p,=F(K)Vp 


0) 


0(7,0)=  given  . 


Equation  (1)  specifies  the  complete  initial  value  partial  differential  equation.  Note  that 


1)  0  is  a  function  in  R^xfO.oo)-*)? ,  thus  we  have  added  an  extra  dimension  to  the  problem. 


2)  At  any  time  r,  the  position  of  the  front  7(f)  is  just  the  level  sett 


7l0(x,r)=l 


=7(0 


Eqn.  (1)  is  an  Eulerian  formulation  of  the  front  propagation  problem.  The  level  surface  0=1 
may  change  topology  as  it  moves,  either  breaking  into  multiple  parts  or  fusing  together.  For 
any  fixed  t,  slicing  0  by  the  level  plane  at  height  1  retrieves  the  position  of  the  front 

2.  HAMILTON-JACOBI  EQUATIONS:  THE  ROLE  OF  CURVATURE  AS  VISCOSITY 

To  see  the  effect  of  curvature  on  a  propagating  front,  consider  a  propagating  closed 
curve  in  R  2  and  special  speed  function  F(K)=\-eK .  Using  the  expression  for  the  mean  curva¬ 
ture  in  terms  of  0,  we  substitute  into  Eqn.  (1)  to  produce 

0,  -H(Vp)  =  e[  ]  (2) 

where  H(Vp)  =  (p}+p$)m.  Eqn.  (2)  is  a  Hamilton-Jacobi  equation  with  parabolic  right- 
hand-side,  which  has  a  type  of  "viscosity"  solution  discussed  in  [1].  Thus,  the  role  of  curvature 
(eK )  is  to  smooth  propagating  fronts  so  that  sharp  comers  do  not  develop.  In  the  limit  as  e-+0 


(curvature  tens  vanishes  and  F(8f  )=  1),  comers  develop,  and  a  weak  solution  is  obtained  from 
an  appropriate  entropy  condition  (see  [6,7,8]).  Thus  the  role  of  curvature  in  this  Hamilton- 
Jacobi  formulation  for  propagating  fronts  is  identical  to  die  the  role  of  viscosity  in  hyperbolic 
conservation  laws:  it  inhibits  the  formation  of  comets,  that  is,  shocks  in  the  tangent  vector. 

3.  NUMERICAL  ALGORITHMS  8ASEO  ON  HYPERBOLIC  CONSERVATION  LAWS 

Our  goal  is  to  approximate  the  solution  to  the  initial  value  problem  given  in  Eqn.  (1).  In 
[5],  a  class  of  non-oscillatory,  upwind,  entropy-satisfying  algorithms  of  arbitrary  order  were 
given  to  solve  this  equation,  based  in  part  on  ideas  in  [3,4].  The  central  idea  behind  these  algo¬ 
rithms  is  to  exploit  the  conservation  form  of  theses  schemes  directly  into  the  initial  value 
Hamilton-Jacobi  equation.  As  a  motivation  to  understand  the  scheme,  consider  the  initial 
value  Hamilton-Jacobi  equation 

V,-F(KX1+V*2)i/2  =  0  (3) 

where  xeR  and  \j rJt  x[0, <»)-»£ .  This  is  a  simplified  version  of  Eqn.  (1),  and  applies  when  the 
propagating  curve  y(0)  can  be  written  as  a  function  y(x,r)  for  all  time.  Furthermore,  in  the 
simple  case  F(*T)=1,  we  have 

Vi-(1+¥z2)1,2  =  0  •  (4) 

Eqn.  (4)  is  a  Hamilton-Jacobi  equation.  If  we  differentiate  with  respect  to  r,  and  let  «=y*,  we 
have 


«r  +  [G(u)],  *0  (5) 

where  G («)=-( l+uJ)1/2.  Eqn.  (5)  is  hyperbolic  conservation  law  which  may  be  solved  by  a 
variety  of  methods.  The  key  lies  in  an  adequate  numerical  flux  function 

gj*vi- g  (Uj-p+u - Mj+q+i)  which  approximates  the  flux  G(u).  Rather  than  differentiate  the 

numerical  flux  function  to  achieve  an  approximation  to  Eqn.  (5),  we  work  directly  with  Eqn. 
(4)  and  write 

y«+‘  =  y«-A/g  .  (6) 

A  wide  class  of  flux  functions  are  described  in  [S],  leading  to  a  collection  of  upwind,  non- 
oscillatory,  entropy-satisfying  algorithms  in  several  space  dimensions  for  the  original 
Hamilton-Jacobi  initial  value  problem  (Eqn.  1).  The  upwind  nature  of  these  schemes  is  crucial 
in  the  formulation  of  far-field  boundary  conditions.  Finally,  parabolic  right-hand-sides 
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(resulting  from  the  curvature  component  of  F(X))  are  approximated  by  straight-forward  cen¬ 
tral  differences. 


4.  EXAMPLES 

A.  Level  Curve,  Burning  out,  Development  of  Corners 

We  consider  a  seven-pointed  star 

)  =  (.  1-K.065)  sin(7-2w  Xcos(2ru  ),sin(2itt )) 

re  [0.1] 

as  the  initial  curve  and  solve  the  initial  equations  with  speed  function  F (K)  =  1.  The  computa¬ 
tional  domain  is  a  square  centered  at  the  origin  of  side  length  1/2.  We  use  300  mesh  points  per 
side  and  a  time  step  Ar=,0005.  At  any  time  «Ar,  the  front  is  plotted  by  passing  the  discrete 
grid  function  $!}  to  a  standard  contour  plotter  and  asking  for  the  contour  $=1.  The  initial  curve 
corresponds  to  the  boi  alary  of  the  shaded  region,  and  the  position  of  the  front  at  various 
times  is  shown  in  Fig.  1.  The  smooth  initial  curve  develops  sharp  comers  which  then  open  up 
as  the  front  bums,  asymptotically  approaching  a  circle. 

B.  Level  Curve,  Motion  Under  Curvature 

We  consider  the  initial  wound  spiral 

y(j)  =  (.le<-«b<*»  -  (.  1-x  (s  ))/20)(cos(a  (s )),  sin(a(r)» 
where  <r  (r )  =  25tan~’0  Oy  (s ))  and 

x(j)  =  (.l)cos(2ju>t\l  y(s)»(.05)sin(2rtr)+.l  re(0, 1], 

and  let  F(Ky=~K,  corresponding  to  a  front  moving  in  with  speed  equal  to  its  curvature.  It  has 
recently  been  shown  (see  [2]),  that  any  non-intersecting  curve  must  collapse  smoothly  to  a  cir¬ 
cle  under  this  motion.  With  Arpou«=200  and  A/ =.0001,  Figure  2  shows  the  unwrapping  of  the 
spiral  from  r=0  to  r=0.65.  In  Figures  2a-d  we  show  the  collapse  to  a  circle  and  eventual  disap¬ 
pearance  at  r=.295  (The  surface  vanishes  when  <  1  for  all  ij .) 

C.  Level  Surface,  Torus,  F(K)=  1-eK 

We  evolve  the  toroidal  initial  surface,  described  by  the  set  of  all  points  (x,y  •*)  satisfy¬ 
ing 

r2  =  (*o)2-((xz+y2)i'2-*1)2 

where  R<f=.5  and  R\=.05.  This  is  a  torus  with  main  radius  .5  and  smaller  radius  .05.  The  com¬ 
putational  domain  is  a  rectangular  parallelpiped  with  lower  left  comer  (-1,-1, -.8)  and  upper 
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right  comer  (1.,1.,.8).  We  evolve  the  surface  with  F(fC)*\-eK,  e=.001,  A/ =.01,  and 
Arpo«it=90  points  per  x  and  y  side  of  die  domain  and  the  correct  number  in  the  i  direction  so 
that  the  mesh  is  uniform.  Physically,  we  might  think  of  this  problem  as  the  boundary  of  a 
torus  separating  products  on  the  inside  from  reactants  outside,  with  the  burning  interface  pro¬ 
pagating  with  speed  K =l-eAf .  Here,  AT  is  die  mean  curvature.  In  Figure  3,  we  [dot  the  surface 
at  various  times.  First,  the  torus  bums  smoothly  (and  reversibly)  until  the  main  radius  col¬ 
lapses  to  zero.  At  that  time  (T=0.3),  the  genus  goes  from  1  to  0,  characteristics  collide,  and  the 
entropy  condition  is  automatically  invoked.  The  surface  then  looks  like  a  sphere  with  deep 
inward  spikes  at  the  top  and  bottom.  These  spikes  open  up  as  the  surface  moves,  and  the  sur¬ 
face  approaches  the  asymptotic  spheroidal  shape.  When  the  expanding  torus  hits  the  boun¬ 
daries  of  the  computational  domain,  the  level  surface  v=l  is  clipped  by  the  edges  of  the  box. 
In  the  final  frame  (T^).8),  die  edge  of  the  box  slices  off  the  top  of  the  front,  revealing  the 
smoothed  inward  spike. 
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FIGURE  1:  EXPANDING  STAR-SHAPED  INITIAL  REGION 
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t.  ABSTRACT 

Dispersive  errors  in  the  discretization  of  the  steady  Euler  equations  describing  the  flow  of 
a  compressible,  inviscid,  ideal  gas  can  produce  low  wave  number  oscillations  near  regions  of 
high  gradient.  A  linearized  analysis  is  presented  which  allows  one  to  predict  the  location  and 
frequency  of  these  oscillations.  This  analysis  is  applied  to  three  numerical  schemes:  Galerkin 
finite  element,  cell-vertex  finite  element,  and  central  difference  finite  element.  Numerical  ex¬ 
periments  are  presented  verifying  the  analysis.  An  example  showing  the  applicability  of  the 
analysis  to  a  problem  with  significant  nonlinearity  is  given. 


2.  INTRODUCTION 

Numerical  solution  of  the  Euler  equations  describing  the  dynamics  of  an  inviscid,  compress¬ 
ible,  ideal  gas  is  becoming  an  important  tool  for  the  practicing  aerodynamicist  [1].  In  many 
solutions,  low  wave  number  oscillations  have  been  observed  in  the  vicinity  of  rapid  flow  vari¬ 
ations  [2].  These  oscillations  cannot  be  explained  by  problems  in  artificial  viscosity,  as  their 
frequency  is  very  low,  and  the  amplitude  is  relatively  independent  of  the  amount  of  artificial 
dissipation  used. 

In  this  paper,  the  dispersive  properties  of  three  particular  algorithms  are  examined.  Each 
of  these  algorithms  is  derived  from  a  finite  element  formulation,  discussed  in  detail  in  [3]  and 
briefly  discussed  in  Section  3.1.  These  three  algorithms  are  the  Galerkin  finite  element  method 
[4,5,6],  the  cell-vertex  finite  element  method,  and  the  central  difference  finite  element  method 
[7],  The  cell-vertex  algorithm  is  identical  to  the  node-based  finite  volume  method  [8]  or  the 
first-order  step  in  Ni’s  Method  [9].  On  grids  with  parallelogram  elements,  the  central  difference 
method  is  equivalent  to  Jameson’s  cell-centered  finite  volume  method  [10]. 

The  approach  taken  is  to  analyze  the  dispersive  properties  of  the  linearized,  steady  Euler 
equations  on  a  regular  mesh,  using  the  spatial  derivative  operator  for  each  of  three  meth¬ 
ods  discussed  below  (Galerkin,  cell-vertex,  central  difference).  This  analysis  is  applied  to  a 
model  problem,  and  the  prediction  of  the  frequency  and  location  of  the  dispersive  oscillations 
is  demonstrated.  Finally,  the  analytic  theory  is  validated  by  comparison  with  numerical  exper¬ 
iments. 


3.  SOLUTION  ALGORITHM 


In  this  study,  the  two-dimensional  Euler  equations  describing  the  flow  of  an  inviscid,  com¬ 
pressible  fluid  are  considered.  To  allow  the  capture  of  shocks  and  other  discontinuous  phenom- 
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ena  (such  as  slip  lines),  the  Euler  equations  are  written  in  conservative  vector  form  as 
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dt  +  dx  +  dy 


(2) 


where  e  is  total  energy,  p  is  pressure,  p  is  density,  u  and  v  are  the  x  and  y  flow  velocities,  V 
is  a  vector  of  state  variables,  F  and  G  are  flux  vectors  in  the  x  and  y  directions,  and  h  is  the 
total  enthalpy,  given  by  the  thermodynamic  relation 


h  -  t  + 


(3) 


In  addition,  one  requires  the  equation  of  state 


=  (7-l) 


(4) 


where  the  specific  heat  ratio  7  is  taken  as  a  constant  (1.4)  for  all  calculations  reported. 


3.1  Spatial  discretization 


The  finite  element  approach  to  discretizing  these  equations  divides  the  domain  into  elements 
determined  by  some  number  of  nodes  (4  in  this  report). 

Within  each  element  the  state  vector  f/M  and  flux  vectors  fW  and  GW  are  written 

tf(«)  =  ]TlV WtfW  (5) 

F(‘>  =  5>J4)fW  (6) 

G<e)  =  Y.  Nle)G\e)  (7) 

where  uje\  and  G\e^  are  the  nodal  values  of  the  state  vector  in  element  e  and  the 
are  a  set  of  bilinear  interpolation  functions  on  that  element.  These  interpolation  functions  are 
expressed  in  terms  of  local  coordinates  (£,q),  which  we  related  to  (x,  y)  by  an  isoparametric 
transformation.  Thus,  inherent  in  the  formulation  that  follows  we  some  transformational 
metrics,  which  we  not  shown  for  clwity. 

These  expressions  can  be  differentiated  to  obtain  an  expression  for  the  derivative  in  each 
element  in  terms  of  the  nodal  values  (shown  here  for  the  state  vectors) 


dUM  _*dN}'),e) 
dx ‘  dxi  ' 

The  flux  vector  derivatives  we  calculated  the  same  way. 

The  expression  for  the  derivatives  is  substituted  into  equation  (2)  and  summed  over  all 
elements  to  obtain 


aA-JjLff._dAr 

dt  dx F>  dy Gl 


(9) 
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where  N  is  now  a  global  vector  of  interpolation  functions,  determined  by  summing  the  inter¬ 
polation  functions  for  each  element. 

The  next  step  can  be  thought  of  as  a  projection  onto  the  space  spanned  by  some  other 
functions  N1,  called  test  functions,  such  that  the  error  in  the  discretization  is  orthogonal  to 
the  space  spanned  by  the  test  functions  (for  more  detail  on  the  mathematics  involved  see  [11]). 
To  do  this,  multiply  Eq.  (9)  by  N1  and  integrate  over  the  entire  domain.  This  results  in  the 
semi-discrete  equation 


*4 --//<*' 

(10) 

M~  JJ 

(11) 

M^  =  -Rxfi  -  RyGi 

(12) 

where  Af  is  the  consistent  mass  matrix  and  It,  and  Ry  are  residual  matrices.  The  mass  matrix 
M  is  sparse,  symmetric,  and  positive  definite,  but  not  structured,  so  it  is  replaced  by  a  lumped 
(diagonal)  mass  matrix  Ml  in  which  each  diagonal  entry  is  the  sum  of  all  the  elements  in  the 
corresponding  row  of  M.  This  allows  Eq.  12  to  be  solved  explicitly.  The  lumping  does  not 
change  the  steady-state  solution,  but  does  modify  the  time  behavior  of  the  algorithm.  Finally, 
this  set  of  ODE’s  is  integrated  in  time  to  obtain  a  steady  solution.  The  details  of  the  time 
integration,  artificial  viscosity  formulation,  and  boundary  conditions  are  not  critical  to  the 
understanding  of  dispersion,  and  can  be  found  in  [3]. 

3.2  Choice  of  Test  Functions 

Various  choices  for  N1  are  possible,  each  giving  rise  to  a  particular  discretization.  If  one 
choses  each  to  be  the  corresponding  N^'\  one  obtains  the  Galerkin  finite  element  approx¬ 
imation.  If  one  chooses  each  to  be  a  constant,  the  “cell-vertex”  approximation  [8]  results. 
This  approximation  is  identical  to  a  node-based  finite  volume  method.  Finally,  if  the  are 
chosen  as 

jyT  =  ^  (1-SfKt-Snl  (l+S{Kl-8r|)  (1+sgKn-s.i)  I+Sr,)  |  (13) 

one  obtains  the  central  difference  or  collocation  approximation  [7] .  On  a  mesh  of  parallelograms, 
this  is  identical  to  a  cell-based  finite  volume  method. 

4.  LINEARIZATION  OF  THE  EQUATIONS 


This  section  describes  the  linearizations  of  the  Euler  equations.  The  2-D  Euler  equations 
(Eq.  1)  can  be  rewritten 
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The  equations  are  linearized  by  “breezing”  the  A  and  B  matrices.  In  the  steady  state,  the  time 
derivative  vanishes,  so  we  can  write  the  linearized  Euler  equations  in  operator  form  as 


(As*  +  Bav)U  =  0  (16) 

where  sz  and  sy  are  the  x  and  y  derivative  operators.  If  we  desire  non-trivial  solutions  to  this 
equation,  the  operator  matrix  (As*  +  Bay)  must  have  zero  determinant.  This  is  the  statement 
that 
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and  Eq.  (17)  can  be  expanded  to 

(ru  +  sv)2  [a*(r*  +  s2)  -  (ru  +  su)2]  =  0  (20) 

where  a  is  the  speed  of  sound.  This  has  solutions 


(  0 
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so  that  Equation  (21)  becomes 
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Since  s  has  unit  norm,  the  non-zero  solution  will  exist  only  if  the  Sow  is  supersonic.  So  far,  no 
restrictions  have  been  placed  on  the  derivative  operators  s*  and  sv.  The  analysis  above  applies 
to  the  exact  derivative  operators  as  well  as  any  of  the  discrete  operators.  The  next  section 
introduces  the  discrete  equations  and  their  solution. 


5.  FOURIER  ANALYSIS  OF  THE  LINEARIZED  EQUATIONS 

This  section  introduces  the  spatial  discretizations  of  the  equations  into  the  linear  model, 
and  discusses  the  consequences  of  the  truncation  error  in  the  approximations.  Many  of  the 
ideas  used  here  can  be  found  in  [12],  but  those  analyses  were  performed  for  a  scalar  problem 
involving  only  one  spatial  direction  and  time. 
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Table  1:  Spatial  Derivative  Operators  for  Various  Methods 


Method 

«*/« 

— 

Exact  Derivative 

4 

8 

Galerkin 

£sin^(2  -I-  cos0) 

j  sin  8(2  +  cos  <f>) 

Cell-Vertex 

}sin^(l  +  cosS) 

j  sin  8(1  +  cos^i) 

Central  Difference 

sin  <f> 

sin  8 

For  purposes  of  analysis,  assume  that  the  equations  are  discretized  on  a  Cartesian  Nz  x  Nv 
mesh  with  grid  spacings  in  the  x  and  y  directions  of  Ax  and  Ay.  Let  x  =  j Ax  and  y  =  kAy, 
then  assume  the  state  vector  is  of  the  form 

U(jAx,kAy)  =  X)  expt'(j>m  +  k8n)U^n  (23) 

m=0  n=0 


where  <j>m  and  $„  are  spatial  frequencies  in  the  x  and  y  directions  and  U'mn  is  some  eigenvector. 
The  spatial  frequencies  are  related  to  m  and  n  by  the  relations 


4m 


2irm 

~n7 

2xn 


(24) 

(25) 


Now  consider  a  model  problem  in  which  Ax  =  1,  Ay  =  /ft  and  vCu,  and  u  =  Ma.  Then 
Eq.  (21)  has  the  solution 


For  a  particular  choice  of  spatial  discretization,  there  is  a  particular  dispersive  character  for 
a  given  Mach  number  M.  Table  5  shows  sz  and  s„  for  the  Galerkin,  cell-vertex  and  central 
difference  methods,  as  well  as  the  exact  spatial  derivative,  assuming  that  <t>  and  8  are  continuous 
rather  than  discrete.  Now  introduce  «i  =  sx  and  S]  =  /^sv,  square  Eq.  (26)  and  solve  for  «i/«j 
to  obtain 

—  =  /ftV- MJ  -  1.  (27) 

*2 

This  representation  of  the  dispersion  relation  has  the  properties  that  si  and  sj  are  functions 
only  of  the  non-dimensional  spatial  frequencies  <f>  and  8,  and  all  the  problem  and  grid  dependent 
terms  are  contained  in  the  quantity  /fti/Afs  —  1,  which  will  be  called  k.  Problems  with  similar 
values  of  k  should  have  similar  dispersive  behavior. 

One  can  obtain  useful  information  from  these  plots  of  0  vs.  <j>.  The  slope  of  a  curve  on  which 
k  is  constant  is  the  spatial  “group  velocity” ,  or  the  angle  at  which  waves  propagate.  Waves 
with  large  spatial  group  velocity  (the  angle  on  the  8/<f>  plot  is  close  to  vertical)  will  travel  at  a 
shallow  spatial  angle  (the  wave  will  move  a  long  way  in  x  for  a  little  change  in  y).  This  allows 
one  to  predict  where  the  dispersed  waves  will  appear.  For  the  exact  spatial  difference  operator, 
the  curves  of  constant  k  are  straight  lines,  indicating  that  all  frequencies  travel  at  the  same 


angle.  Moreover,  for  /R  =  1,  the  waves  have  angle  tan-1(l/\/Af1  -  1)  =  sin-l(l/Af),  which  is 
just  the  Mach  angle,  as  expected. 

Figure  2  shows  the  contours  for  the  Galerkin  method.  Note  that  the  curves  are  multiple¬ 
valued.  In  practice,  the  high-frequency  branch  is  of  no  consequence  due  to  the  presence  of 
artificial  damping  in  the  solution  scheme.  Note  also  that  the  curves  depart  from  the  exact 
Euler  solution  much  later  than  all  the  other  methods.  This  is  due  to  the  fact  that  on  a 
uniform,  Cartesian  mesh,  the  Galerkin  method  is  fourth-order  accurate  for  the  linearised  Euler 
equations  [13], 

Figure  3  shows  the  dispersion  plot  for  the  central  difference  method.  Note  that  the  character 
of  the  diagram  is  similar  to  the  Galerkin  plot.  One  would  expect  the  dispersive  behavior  to  be 
similar  to  the  Galerkin  dispersive  behavior,  and  to  some  extent,  this  is  the  case. 

Figure  4  shows  the  dispersion  curves  for  the  cell-vertex  scheme.  Note  that  the  curves  are 
single-valued.  Also  note  that  the  curvature  is  opposite  the  curvature  for  the  Galerkin  and 
central  difference  methods.  For  a  particular  choice  of  a,  the  dispersion  curve  for  the  cell-vertex 
method  will  lie  on  the  opposite  side  of  the  exact  dispersion  line  than  the  curves  for  the  Galerkin 
and  central  difference  methods.  This  implies  that  the  oscillations  due  to  dispersion  at  a  feature 
(a  shock,  for  example)  should  appear  on  the  opposite  side  (ahead  or  behind)  of  the  feature 
compared  to  the  Galerkin  and  central  difference  oscillations. 

An  important  application  of  these  curves  is  the  prediction  of  oscillations  due  to  disconti¬ 
nuities  such  as  shocks.  In  some  problems,  oscillations  before  or  after  a  shock  can  cause  the 
solution  algorithm  to  diverge.  For  example,  in  a  strong  expansion,  a  post-expansion  oscillation 
may  drive  the  pressure  negative*  while  a  pre-expansion  oscillation  may  not  be  harmful.  The 
dispersion  curves  allow  one  to  predict  the  location  of  these  oscillations  and  choose  a  solution 
algorithm  which  will  place  them  in  a  safe  place.  The  location  of  oscillations  may  be  predicted 
by  the  following  rule:  If  the  9  vs.  curve  is  concave  up,  the  oscillations  will  be  behind  the 
feature  (they  travel  faster  than  the  exact  solution),  and  if  the  curve  is  concave  down,  the  os¬ 
cillations  will  be  ahead  of  the  feature.  For  the  cell-vertex  method,  this  means  that  one  will  see 
pre-feature  oscillations  for  k  >  1  and  post-feature  oscillations  for  it  <  1.  For  the  Galerkin  and 
central  difference  methods,  this  is  reversed:  k  <  1  implies  pre-feature  oscillations,  and  k  >  l 
implies  post-feature  oscillations. 


6.  NUMERICAL  VERIFICATION 

Flows  over  a  1/2  degree  wedge  in  a  channel  were  used  to  verify  the  dispersive  properties 
numerically.  Figure  1  shows  the  geometry  and  flow  topology  for  a  typical  problem.  All  the 
calculations  were  performed  on  50x20  grids,  and  result  in  similar  flow  topologies. 

The  first  set  of  experiments  demonstrates  the  validity  of  the  similarity  parameter  k.  Three 
numerical  test  cases  were  run:  Mach  2  flow  with  /R  =  1;  Mach  1.323  flow  with  /R  =  2  and 
Mach  3.806  flow  with  /R  ~  1/2.  A  quick  examination  of  the  flow  geometry  gives  the  physical 
significance  of  k  as  the  ratio  of  the  number  of  z  grid  lines  crossed  by  the  feature  per  y  grid  line 
crossed.  In  the  Mach  3.606  flow,  the  shock  lies  at  a  much  shallower  angle,  so  that  for  a  smaller 
Ay  the  same  crossing  ratio  is  obtained.  A  similar  argument  holds  for  the  Mach  1.323  flow. 
Figure  6  shows  the  Mach  number  at  mid-channel  for  the  central  difference  method,  scaled  by 
the  free  stream  Mach  number  for  the  different  Mach  numbers  above.  The  central  difference 
method  is  used  here  because  it  exhibits  the  most  oscillation  with  the  greatest  amplitude.  The 
exact  Mach  number  ratios  (M/Moo)  for  these  shocks  are  0.991  for  Afoo  =  2  and  Mx  =  3.606 
and  0.986  for  =  1.323.  These  compare  well  with  the  actual  data,  and  explain  why  two 
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of  the  curves  lie  on  top  of  each  other.  Note  that  the  frequencies  of  the  oscillation  are  nearly 
identical.  Also  note  that  the  frequency  changes  slightly  as  one  moves  further  downstream 
of  the  shock.  This  is  as  predicted  by  the  dispersion  curve.  As  one  moves  downstream  the 
spatial  group  velocity  increases,  meaning  4  increases  slightly.  The  wavelength  predicted  by 
the  dispersion  relation  at  ( x,y )  =  (1.5, 0.5)  should  be  about  10.5  points,  and  the  measured 
wavelength  (crest-to-crest)  is  either  10  or  11  points,  depending  on  where  one  defines  the  crest. 

The  next  set  of  data  shows  the  use  of  the  dispersion  curves  in  predicting  the  location  of  the 
oscillations.  Figure  5  shows  the  dispersion  curves  for  all  three  numerical  methods  and  the  exact 
spatial  derivatives  on  a  single  plot  for  k  =  y/Z.  Here  it  is  apparent  that  the  Galerkin  curve 
stays  much  closer  to  the  exact  curve.  Numerical  examples  were  computed  for  the  Mach  2  case 
above  using  all  three  methods.  In  following  figures  Mach  number  at  mid-channel  is  plotted. 
Figure  7  shows  the  plot  for  the  Galerkin  method,  Figure  8  for  the  central  difference  method 
and  Figure  9  for  the  cell-vertex  method.  Note  that  both  the  Galerkin  and  central  difference 
methods  exhibit  post-shock  oscillation,  while  the  cell-vertex  exhibits  pre-shock  oscillation.  Also 
note  that  the  frequency  of  the  Galerkin  oscillations  is  much  higher,  and  with  a  lower  amplitude 
than  the  central  difference  approximation.  This  is  expected  since  the  Galerkin  method  group 
velocity  errors  occur  at  higher  spatial  frequencies,  (see  Fig.  5).  As  an  interesting  aside,  note 
that  in  Fig.  9  the  pre-shock  oscillations  from  the  reflected  shock  are  visible  at  the  right  side 
of  the  plot.  These  examples  verify  the  use  of  the  dispersion  curves  to  predict  the  location  of 
dispersive  phenomena. 


7.  CONCLUSIONS 


The  primary  conclusion  of  this  study  is  that  the  low  frequency  oscillations  sometimes  seen 
near  shocks  are  due  to  dispersion  in  the  numerical  scheme.  The  linearized  analysis  presented 
gives  one  a  method  for  predicting  the  location  and  frequency  of  these  oscillations.  The  linear 
analysis  is  effective  in  predicting  the  location  of  oscillations,  even  for  problems  with  significant 
nonlinearity.  The  central  difference  finite  element  method  is  shown  to  be  inferior  to  the  Galerkin 
and  cell-vertex  methods  due  to  its  poor  dispersive  behavior.  For  the  practical  analyst,  either 
Galerkin  or  cell-vertex  provides  adequate  performance. 
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Figure  1:  Geometry  for  Wedge  Numerical  Test  Cases 
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Figure  2:  Lines  of  Constant  it  for  Galerkm 
Method 


Figure  4:  Lines  of  Constant  it  for  Cell- Vertex 
Method 


Difference  Method 
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Figure  6:  M/M«,  for  ic  =  \/3>  Central  Differ¬ 
ence  Method 


Figure  8:  Mid-channel  Mach  Number, 
Mao  —  2,  Central  Difference  Method 


Figure  7:  Mid-channel  Mach  Number 
Moo  =  2,  Galerkin  Method 


Figure  9:  Mid-channel  Mach  Number, 
■  Moo  =  2,  Cell- Vertex  Method 
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NUMERICAL  PREDICTION  OF  SHOCK  WAVE  FOCUSING  PHENOMENA 


IN  AIR  WITH  EXPERIMENTAL  VERIFICATION 


Martin  Sommerfeld 

Lehrstuhl  fiir  Stromungsmechanik 
Universitat  Erlangen-Nurnberg 
Egerlandstr.  13,  8520  Erlangen,  FRG 


SUMMARY 

The  ability  of  the  piecewise-linear  method  of  accurately 
predicting  the  shock  wave  focusing  process  in  air  is  demons¬ 
trated  by  comparing  the  numerical  simulations  with  available 
experimental  results.  After  proving  the  grid-independence  of 
the  numerical  results  comparisons  are  introduced  for  the  shock 
wave  pattern  evolving  during  the  focusing  process  and  the 
pressure  histories  at  different  location  in  the  flow  field. 
The  agreement  between  experiment  and  calculation  is  found  to 
be  very  good  for  the  considered  weak  and  strong  shock  cases. 


INTRODUCTION 

In  recent  years  shock  wave  focusing  by  means  of  different 
types  of  concave  reflectors  has  received  increasing  attention 
/I  -  7/.  The  reason  for  this  increasing  interest  is  the  use  of 
converging  focusing  shock  waves  for  the  non  invasive  treatment 
of  kidney  stones  /8/.  Due  to  the  convergence  of  the  shock  or 
blast  wave  reflected  at  the  reflector  surface,  very  high  peak 
pressures  are  attained  in  the  focal  region,  whereby  the  kidney 
stone  is  broken  by  the  resulting  stresses.  For  the  focusing  of 
spherical  blast  waves,  ellipsoidal  reflectors  are  used  /2-4/, 
which  produce  a  focal  spot.  By  reflecting  plane  shock  waves  at 
a  parabolic  reflector,  a  line  focus  is  produced  / 1 / . 

The  first  attempt  to  numerically  predict  the  shock  wave 
focusing  process  was  carried  out  by  Olivier  and  Gronig  /5/ 
applying  the  Random  Choice  methode  based  on  operator 
splitting.  Due  to  the  operator  splitting  however,  this  method 
looses  the  great  advantage  of  representing  shock  waves  and 
other  discontinuities  within  one  mesh  and  strong  oscillations 
are  found  behind  shock  fronts.  The  agreement  of  the  pressure 
histories  with  the  experimental  results  of  Sturtevant  and 
Kulkarney  / X /  was  reasonable  inspite  of  the  above  mentioned 
oscillations  in  the  calculated  pressure  traces. 

Recently,  a  second  order  extension  of  Goudunov's  method, 
called  piecewise-linear  method  /9/,  was  applied  tc  the  numeri¬ 
cal  prediction  of  the  shock  wave  focusing  process  in  air  /6/. 
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Since  the  experiments  conducted  by  Nishida  et  al.  /6/ 
gave  rather  low  pressure  amplifications  in  the  focal  region, 
the  agreement  with  the  numerical  calculations  is  very  poor. 
The  comparison  of  the  shadowgraphs  with  numerically  simulated 
shadowgraphs,  however  showed  quite  good  qualitative,  agreement 
/6/. 


Numerical  simulations  of  shock  wave  focusing  in  water  for 
plane  and  axisymmetric  configurations  were  recently  performed 
by  introducing  an  equation  of  state  for  water,  namely  the  Tait 
equation  /7/.  The  calculations  which  are  also  based  on  the 
piecewise-linear  method,  showed  good  quantitative  agreement  in 
the  pressure  histories  when  compared  to  experimental  results 
obtained  with  an  ellipsoidal  reflector  /3/.  In  the  region 
close  to  the  geometrical  focus  however,  the  calculated  peak 
pressure  is  about  four  times  smaller  than  the  measured  value. 
A  test  of  the  dependence  of  the  maximum  peak  pressure  at  the 
focus  on  the  mesh  size  showed  that  by  decreasing  the  mesh  size 
the  peak  pressure  still  was  increasing  further  /7/.  This  indi¬ 
cates  that  for  the  numerical  simulations  of  the  shock  wave 
focusing  in  water,  a  very  fine  mesh  is  necessary  in  order  to 
obtain  a  grid-independent  result. 

Besides  the  importance  of  testing  numerical  schemes 
against  experimental  results,  the  above  mentioned  problem  was 
a  reason  for  performing  further  numerical  studies  on  the  shock 
focusing  in  air  and  testing  the  grid  dependence  of  the  re¬ 
sults.  As  a  basis  of  the  numerical  simulations  the  experiments 
of  Sturtevant  and  Kulkarny  /!/  were  chosen. 


BASIC  EQUATIONS  AND  NUMERICAL  SCHEME 


The  basic  equations  are  those  for  a  compressible  in- 
viscid,  non-heat  conducting  fluid,  namely  the  Euler  equations 
for  two  dimensions  written  in  conservation  form. 

U,  +  Fx  +  Gr  =  / 
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were  the  variables  £,  u,  v,  p  and  E  are  the  density,  the  velo¬ 
city  in  x-  and  r-direction,  the  pressure  and  the  specific 
total  energy  per  unit  mass  which  may  be  expressed  by 

E  =  p2-  +0.5(u2+i’J). 

V  ~  1 
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The  equation  of  state  is  given  by 

p  =  qRT. 

Since  the  above  equations  are  written  for  both  the  two- 
dimensional  and  the  axisymmetric  form,  we  have  to  set  the 
parameter  j  accordingly  (j  =  Os  two-dimensional  plane  flow; 
j  =*  1:  axisymmetric  flow).  For  the  present  calculations  the 
two-dimensional  form  of  the  equations  is  used  and  the  solution 
to  the  two-dimensional  equations  is  obtained  by  a  second-order 
accurate  operator  splitting  of  the  form 


which  results  in  three  one-dimensional  sweeps  to  yield  the 
solution  at  the  next  time  level  n  +  1  from  a  given  solution  or 
initial  condition  at  time  level  n.  The  one-dimensional  sweeps 
are  solved  by  the  piecewise-linear  method  (PLM)  which  was  pro¬ 
posed  by  Colella  and  Glaz  /9/.  The  PLM  basically  consists  of 
four  steps  which  are  successively  carried  out  for  each  sweep: 


(1)  The  calculation  of  interpolated  profiles  which  are 
taken  to  be  piecewise  linear  for  the  dependent  vari¬ 
ables  by  applying  some  monotonicity  constraints  to 
avoid  physically  unrealistic  oscillations. 

(2)  The  construction  of  time-centered  right  and  left  states 


(V^.,  V, )  of  the  dependent  variables  at 
by  taking  into  account  the  direction  of 
characteristics  (A,  \°  and  X-). 


Xi+l/2  (Fig-  l) 
the  associated 


(3)  The  solution  of  the  Riemann  problem  for  the  right  and 


left  states  (V  ,  V. )  to  give  a  solution  at  n+1/2, 
i+1/2.  r  1 


(4)  Conservative  differencing  of  the  fluxes,  which  are  cal¬ 


culated  from  the  solution  of  the  Riemann  problem. 


Further  details  of  the  PLM  may  be  found  in  the  paper  of 
Colella  and  Glaz  /9/. 


i-1  i  i*1 

Fig.  1:  Construction  of  the  time  centered  right  and  left 
states 


INFLUENCE  OF  MESH  SIZE  AND  BOUNDARY  CONDITIONS 

The  calculations  were  done  according  to  the  experiments  of 
Sturtevant  and  Kulkarny,  where  a  parabolic  plane  reflector  was 
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placed  at  the  end  wall  of  a  shock  tube.  The  reflector  width 
was  203.2  mm  and  hence  the  geometrical  focus  is  located 
60.3  mm  ahead  of  the  reflector  (Fig.  2). 


Fig.  2: 

Reflector  configura¬ 
tion  and  dimensions 


1  NX 


Due  to  the  symmetry  of  the  flow  field  only  one  half  of 
the  whole  domain  of  Fig.  2  was  calculated.  The  boundary  con¬ 
ditions  employed  are  reflection  conditions  at  the  reflector 
axis  and  the  reflector  surface,  inflow  conditions  at  the  right 
hand  boundary  and  outflow  conditions  at  the  upper  boundary. 

In  order  to  prove  the  grid-independence  of  the  numerical 
results,  the  shock  wave  focusing  process  was  calculated  by 
employing  several  different  mesh  sizes  ranging  from  1.5  mm  to 
0.75  mm.  Smaller  mesh  sizes  yield  of  course  a  better  resolu¬ 
tion  of  the  discontinuities  and  shock  waves  and,  by  decreasing 
the  mesh  size,  the  calculated  value  of  the  maximum  pressure  at 
the  focus  approaches  a  limiting  value  (Table);  which  is  close 
to  the  experimental  one.  Comparing  the  result  obtained  using 
the  coarsest  and  finest  mesh  shows  that  the  difference 
is  about  7%.  Further  numerical  tests  were  run  to  optimize 

the  number  of  grid  points 
above  the  reflector  edge 
(Fig.  2),  which  are 
necessary  to  guarantee 
the  appropriate  predic¬ 
tion  of  the  expansion 
eminating  from  the  re¬ 
flector  edge.  As  a  cri- 
terium  to  judge  the  pro¬ 
per  number  of  meshes 
above  the  reflector  edge, 
the  maximum  pressure  on 
the  reflector  axis  ob¬ 
tained  throughout  the 
focusing  process  is  com¬ 
pared  (Fig.  3). 


Table  1:  Dependence  of  peak 

pressure  in  mesh  size 


mesh  size 

nm 

peak  pressure 

P  /PI 

peak  pressure 
ratio 

1.5 

2.405 

0.915 

1.0 

2.540 

0.97 

0.75 

2.629 

1.0 
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Fiq.  3;  Effect  of  the  choice  of  the  computational  domain  on 
the  maximum  on-axis  pressure  distribution 


When  increasing  the  number  of  nodes  in  the  y-direction 
from  75  to  90,  no  considerable  difference  in  the  pressure 
distribution  is  observed.  Since  quadratic  meshes  are  used,  the 
mesh  number  of  90  x  75  in  x-  and  y-direction  is  taken  to  be 
sufficient  for  simulating  the  expansion  waves  from  the  reflec¬ 
tor  edges.  In  order  to  qive  a  good  resolution  of  the  shock 
waves  the  final  calculations  were  conducted  with  a  finer  mesh 
of  180  x  150  nodes  in  x-  and  y-direction,  respectively. 


NUMERICAL  RESULTS  IN  COMPARISON  TO  THE  EXPERIMENTS 

The  efficiency  of  the  shock  wave  focusing,  namely  the 
amplification  of  the  pressure  at  the  focus  and  the  size  of  the 
focal  region,  are  strongly  dependent  on  the  strength  of  the 
incident  shock  front.  The  pressure  amplification  decreases 
with  increasing  incident  shock  strength  due  to  non-linear 
effects  in  the  focusing  process. 

The  numerically  simulated  evolution  of  the  wave  pattern 
during  shock  focusing  for  a  relatively  weak  Mach  number  of  1.1 
is  shown  in  Fig.  4  at  four  different  instants.  In  Fig.  4a,  the 
center  part  of  the  incident  shock  wave  is  still  propagating 
towards  the  reflector,  while  the  outer  parts  are  already  re¬ 
flected  and  defracted  at  the  reflector  edge.  When  the  whole 
shock  wave  is  reflected,  the  concave  part  of  the  reflected 
shock  front  converges  towards  the  focal  point  whereby  its 
strength  is  amplified  (Fig.  4b).  This  converging  shock  is 
overtaken  by  expansion  waves  eminating  from  the  edges  of  the 
reflector,  whereby  the  outer  parts  of  the  converging  shock 
fronts  are  weakend.  When  the  intersection  of  the  converging 
shock  front  with  the  head  of  the  expansion  meets  the  reflector 
axis  (Fiq.  4c),  the  maximum  pressure  is  attained  during  the 
focusing  process.  This  exhibits  an  important  non-linear 
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effect,  since  for  a  finite  shock  strength,  this  happens  before 
the  converging  shock  front  has  reached  the  geometrical  focus. 
The  expansion  waves  colliding  with  each  other  are  reflected  as 
outward  propagating  compression  waves  (Fig.  4c).  At  a  later 
stage  (Fig.  4d)  the  outer  parts  of  the  converging  shock  fronts 
are  seen  to  be  reflected  from  each  other  in  a  regular  way, 
which  is  due  to  the  small  angle  between  the  upper  and  lower 
part  of  the  fronts.  The  outward  propagating  compression  waves 
have  steepend  to  form  a  shock  front  which  follows  the  crossing 
of  the  outer  parts  of  the  converging  shock  fronts  and  form  a 
three  shock  intersection  with  the  reflected  parts  behind  the 
crossing . 

A  direct  comparison  of  the  numerical  predictions  (density 
contour  lines)  with  the  shadowgraphs  obtained  by  Sturtevant 
and  Kulkarny  /l/  for  a  Mach  number  of  1.1  is  shown  in  Fig.  5. 
The  times  given  in  this  figure  are  counted  from  the  instant 
when  the  incident  shock  front  hits  the  reflector  edge  and  are 
identical  for  experiment  and  calculation.  The  length  scale  is 
the  same  for  the  shadowgraphs  and  the  density  contour  plots. 
The  calculated  time  evolution  of  the  shock  wave  focusing  pro¬ 
cess  is  found  to  be  in  very  good  agreement  with  the  experiment 
and  the  evolving  wave  pattern  at  the  different  stages  coincide 
very  well.  The  resolution  of  the  shock  fronts  and  slip  lines 
in  the  numerical  simulation  is  comparable  to  that  seen  on  the 
shadowgraphs.  In  Figs.  5c  and  5d,  the  wave  pattern  after 
focusing  are  shown  in  more  detail.  In  the  shadowgraphs  a  dark 
elongated  spot  is  visible  in  the  focal  region  which  is  a 
region  of  hot  gas.  This  region  is  connected  by  slip  lines  to 
the  three  shock  intersection  of  the  outward  propagating, 
nearly  spherical  shock  and  the  reflections  of  the  outer  parts 
of  the  converging  shocks.  All  these  details  are  also  found  in 
the  numerical  simulation.  Since  the  slip  lines  are  very  weak 
discontinuities  they  appear  only  as  small  kinks  in  the  density 
contour  lines. 

At  a  higher  Mach  number  (Mg  =  1.3)  the  shock  wave  pattern 
at  the  different  stages  after  focusing  are  much  different  to 
the  weak-shock  case.  The  situation  before  focusing  is  com¬ 
parable  to  the  weak-shock  case  (Fig.  6a).  As  soon  as  the 
intersections  of  the  head  of  the  expansion  waves  with  the  con¬ 
verging  shock  wave  meet  each  other  at  the  axis  of  the  reflec¬ 
tor  the  maximum  pressure  is  attained  in  the  focusing  process. 
This  occurs  earlier  than  in  the  weak-shock  case  and  the  loca¬ 
tion  of  maximum  pressure  is  closer  to  the  reflector  surface. 
Since  the  angle  between  the  converging  shock  fronts  is  larger 
than  for  the  weak  case,  a  Mach-type  reflection  is  evolving 
having  a  rather  plane  stem  shock  (Figs.  6b  and  6c).  The  three 
shock  intersections  between  the  outward  propagating  steepened 
compression  waves,  the  outer  part  of  the  converging  shock  and 
the  Mach  stem  are  connected  by  two  slip  lines  with  the  hot 
spot  at  the  focus  (Fig.  6c).  All  the  details  of  the  wave 
pattern  seen  on  the  shadowgraphs  are  found  in  the  numerical 
simulations  and  the  agreement  at  the  different  stages  is  very 
good.  Also  the  slip  lines  and  the  rolling  up  of  the  slip  line 
near  the  focus  at  a  later  stage  comes  out  very  clearly  in  the 
calculations  (Fig.  6d) . 
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Fig.  5;  Comparison  of  shadowgraphs  /I /  with  density  contour 
lines  of  the  numerical  calculation  (Mc  a  1.1) 
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The  plot  of  the  triple  point  trajectories  originating  at 
the  reflector  edge  for  the  weak  and  strong-shock  case  gives  a 
more  quantitative  comparison  between  experiment  and  simulation 
(Fig.  7),  and  the  agreement  is  quite  good.  For  the  weak- 
shock  case  (Mg  =  1.1)  however,  the  triple  point  seems  to  pro¬ 
pagate  slower  outward  in  the  numerical  result.  Furthermore, 
the  measured  pressure  histories  for  the  weak-shock  case  mea¬ 
sured  at  two  locations  near  the  focal  spot  and  at  two  loca¬ 
tions  between  the  reflector  and  the  focal  spot  /l/  are  com¬ 
pared  with  the  numerical  predictions  (Fig.  8).  The  agreement 
is  again  found  to  be  very  good  for  both  the  pressure  ampli¬ 
tudes  and  the  arrival  times  of  the  different  shock  waves.  At 
the  locations  between  the  focus  and  the  reflector  surface  the 
pressure  traces  exhibit  that  the  expansion  wave  originated  at 
the  reflector  edge  and  the  associated  reflected  compression 
waves  propagate  a  bit  slower  in  the  numerical  simulation. 

Finally,  the  maximum  pressure  attained  on  the  reflector 
axis  throughout  the  whole  focusing  process  is  compared  for 
both  considered  shock  strengths.  Fig.  9.  This  clearly  reveals 
the  non-linear  effects  with  increasing  shock  strength,  whereby 
the  amplification  is  reduced  and  the  location  of  maximum 
pressure  is  shifted  away  from  the  geometrical  focus  towards 
the  reflector.  The  pressure  is  normalized  with  the  pressure 
jump  of  the  reflected  converging  shock  as  it  leaves  the  re¬ 
flector  surface  and  the  distance  is  normalized  by  the  focal 
distance.  In  the  calculated  pressure  distribution  the  pressure 
decay  after  focusing  is  not  so  pronounced  as  in  the  experiment 
which  may  be  due  to  boundary  layer  effects.  The  maximum 
pressure  location  of  the  calculation  is  identical  with  experi¬ 
mentally  found  location  for  the  higher  shock  strength  and 
closer  to  the  geometrical  focus  for  the  weak-shock  case. 


Fig.  7:  Trajectories  of  the  triple  point  (comparison  of  mea¬ 
surement  and  calculation) 
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CONCLUS IONS 


The  numerical  simulation  of  the  shock  wave  focusing  pro¬ 
cess  in  air  by  the  piecewise- linear  method  (PLM)  gave  a  very 
good  agreement  with  the  experimental  results  obtained  by 
Sturtevant  and  Kulkarny  /l/  for  both  the  developing  shock  wave 
pattern  and  the  pressure  histories  during  the  focussing  pro¬ 
cess.  The  resolution  of  the  shock  fronts  and  slip  lines  by  the 
numerical  calculation  for  a  mesh  of  180  x  150  (mesh  size 
0.75  mm)  was  found  to  be  comparable  to  the  resolution  on  the 
experimentally  obtained  shadowgraphs  even  for  very  weak  shock 
waves.  The  associated  mesh  size  was  found  by  testing  the  grid- 
independence  of  the  numerically  predicted  results. 


REFERENCES 

/l/  Sturtevant,  B.  and  Kulkarny,  V.A. s  The  focusing  of  weak 
shock  waves,  J.  Fluid  Mech.  ,  73_,  (1976),  651-671. 

/2/  Holl,  R. s  Wellenfokussierung  in  Fluiden,  Dissertation, 
RWTH  Aachen  (1982). 

/ 3 /  Muller,  H.M.  and  Gronig,  H. s  Experimental  investigations 
on  shock  wave  focusing  in  water,  Proc.  12th  Int.  Congr. 
on  Acoustics,  Vol.  Ill,  H3-3,  Toronto  (1986). 

/ 4/  Takayama,  K. ,  Esashi,  H.  and  Sanada,  N. :  Propagation  and 
focusing  of  spherical  shock  waves  produced  by  underwater 
microexplosions.  Ins  Proceedings  of  the  14th  Int.  Symp. 
on  Shock  Tubes  and  Shock  Waves (Eds .  Archer,  R.D. ,  Milton, 
B.E),  pp.  553-562,  Kensington/Australia:  New  South  Wales 
University  Press  (1983). 

/ 5/  Olivier,  H.  and  Gronig  H. s  The  Random  choice  method 
applied  to  two-dimensional  shock  focusing  and  diffrac¬ 
tion,  J.  Comp.  Phys.,  63_,  (1986),  85-106. 

/6/  Nishida,  M. ,  Nakagawa,  T. ,  Saito,  T.  and  Sommerfeld,  M. : 
Interaction  of  weak  shock  waves  reflected  on  concave 
walls.  Ins  Proceedings  of  the  15th  Int.  Symp.  on  Shock 
Waves  and  Shock  Tubes  (Eds.  Bershader,  D. ,  Hanson,  R.), 
pp.  211-217,  Stanford/CAs  Stanford  University  Press 
(1905) . 

/7 /  Sommerfeld,  M.  and  MUller,  H.M. :  Experimental  and  numeri¬ 
cal  studies  of  shock  wave  focusing  in  water,  Experiments 
in  Fluids,  6,  (1987),  209-216. 

/8/  Chaussy,  Ch.,  Forflmann,  B.,  Brendel,  N. ,  Jocham,  D. , 
Eisenberger,  F.,  Hepp,  N.  und  Gokel,  J.M.s  BerUhrungs- 
freie  Nierensteinzertriimmerung  durch  extrakorporal  er- 
zeugte,  fokussierte  Stoflwellen,  Ins  Beitrag  zur  Urologie, 
Bd.  2  (Eds.  Chaussy,  Ch . ,  Staehler,  G. ),  Basels  Karger, 
(1980). 

/9/  Colella,  P.  and  Glaz,  H.M.s  Efficient  solution  algorithms 
for  the  Riemann  problem  for  real  gases,  J.  Comp.  Phys., 
59,  264-289,  (1985). 


573 


FUNDAMENTAL  ASPECTS  OF  NUMERICAL  METHODS  FOR  THE  PROPAGATION 
OF  MULTI-DIMENSIONAL  NONLINEAR  WAVES  IN  SOLIDS 
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Lehr-  und  Forschungsgebiet  Mechanlk 
RWTH  Aachen 
D  -  5100  Aachen,  FRG 


SUMMARY 

The  nonlinear  scalar  constitutive  equations  of  gases  lead  to  a  change  in  sound 
speed  from  point  to  point  as  would  be  found  in  linear  inhomogeneous  (and  time 
dependent)  media.  The  nonlinear  tensor  constitutive  equations  of  solids  introduce 
the  additional  local  effect  of  solution  dependent  anisotropy.  The  speed  of  a  wave 
passing  through  a  point  changes  with  propagation  direction  and  its  rays  are 
inclined  to  the  front.  It  is  an  open  question  wether  the  widely  used  operator 
splitting  techniques  achieve  a  dimensional  splitting  with  physically  reasonable 
results  for  these  multi-dimensional  problems. 

May  be  this  is  the  main  reason  why  the  theoretical  and  numerical  investigations 
of  multi-dimensional  wave  propagation  In  nonlinear  solids  are  so  far  behind  gas 
dynamics.  We  hope  to  promote  the  subject  a  little  by  a  discussion  of  some 
fundamental  aspects  of  the  solution  of  the  equations  of  nonlinear  elastodynamics. 
We  use  methods  of  characteristics  because  they  only  integrate  mathematically 
exact  equations  which  have  a  direct  physical  Interpretation. 


INTRODUCTION 

Many  characteristic-based  methods  have  been  devised  for  the  solution  of 
hyperbolic  problems  with  more  than  two  independent  variables  (e.g.  two-  and 
three-dimensional  wave  propagation).  Most  of  them  (e.g.  GODUNOV-Type-Methods 
and  GLIMM’s  Random-Choice-Method)  use  schemes  developed  for  one-dimen¬ 
sional  wave  propagation  by  various  operator  splitting  techniques.  May  be  this  is 
the  reason,  why  promising  results  are  only  known  for  nonlinear  media  with 
scalar  constitutive  equations  so  far. 

The  mechanical  state  variables  for  solids  are  second  order  tensors,  and  thus 
only  physically  one-dimensional  problems  can  be  modelled  by  scalar  laws, 
whereas  tensor  constitutive  equations  describe  the  material  behaviour  In  multi¬ 
dimensional  problems.  Thereby  a  strong  coupling  of  the  different  spatial 
directions  may  result,  and,  if  the  material  is  nonlinear,  local  effects  of  anisotropy 
may  occur.  Such  effects  are  probably  best  known  from  magnetohydrodynamics 
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and  from  optical  and  mechanical  waves  in  linear  anisotropic  solids  [1.  2].  Due 
to  the  dependence  on  the  solution,  the  situation  is  even  more  complicated  for 
nonlinear  elastic  and  plastic  waves  in  solids.  A  scalar  nonlinear  constitutive  equa¬ 
tion  introduces  a  solution  dependent  inhomogeneity  .  Nonlinear  tensor  constitutive 
equations  cause  the  additional  local  effect  of  solution  dependent  anisotropy. 

For  a  numerical  treatment  of  these  nonlinear  problems,  methods  of  nearcharacte¬ 
ristics  have  been  devised,  which  become  methods  of  bicharacteristics.  If  the  local 
scheme  uses  the  axes  of  symmetry  of  the  local  wave  fronts  of  point  distur¬ 
bances  [3.  4].  The  complete  set  of  PDE’s  describing  a  general  nonlinear  elastic 
solid  can  be  solved  numerically  for  arbitrary  large  deformations  and  large  displa¬ 
cements.  For  convenience  we  restrict  our  discussion  to  hyperelastic  materials  . 
One  can  easily  dispense  with  the  lengthier  treatment  of  CAUCHYelastic  materials 
as  included  in  [4].  since  in  a  purely  mechanical  theory  every  stable  passive  elastic 
material  Is  hyperelastic  (or  GREEN-elastlc)  [5].  Furthermore  we  exclude  all 
physical  situations  for  incompressible  solids  that  do  not  permit  longitudinal 
waves,  e.g.  plain  strain  problems  but  not  plain  stress  problems. 


BASIC  EQUATIONS 


The  material  points  of  a  body  are  denoted  by  their  coordinates  in  a  possible 
reference  configuration  1*  and  the  actual  configuration  B*  In  space  and  time  by 
point-coordinates  5“  and  x a  (a  =  0,  1,  2,  3).  respectively.  The  time-like 
coordinates  are  =  ct  and  x 0  ■  ct  with  time  t  *  t,  and  some  constant 
speed  c .  Co-  and  contravariant  basis  vectors  are  introduced  in  both 
configurations  in  the  usual  manner.  The  material  points  with  position  vector 
r*  =  r  +  E°  g„  in  B *  are  moved  by  a  displacement  field  u(r*)  into  their 
position  r**i  +  x°g0  with  r  *  r  ♦  u .  The  dyadic  notation  of  the  material 
displacement  of  a  field  f  (r*)  over  B  *  is  given  by 


f:=  — v-°*' 

c 


Vf 


■if 

~7a°  * 


*  (<X  =  0.  1.  2.  3), 


(1) 


The  local  approximation  of  the  bijectlve  mapping  In  space  xm?1,  '2 ,  ;3;  5°), 
t  *  1,2,3,  Is  the  deformation  gradient 

F  :=  Vr.  (2) 

Other  useful  kinematic  tensors  are  the  displacement  derivative  R.  the 
positiv  definite  right  CAUCHY-GREEN-tensor  C  or  the  GREEN-deformation 
tensor  G.  With  the  purely  space-like  unit  dyadic  E  we  have 


H  .=  ^7u  =  F  -  E,  !>H  = 

*>F  , 

(3a) 

C:=FTF.  Ct=C, 

III  :=  det  C  =  det2  F  *  0, 

(3b) 

G  :=  i  (C  -  E)  =  i  ( H  + 

ht*  hth>. 

(3c) 

n  9 
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To  a r  of  these  deformation  tensors,  there  Is  a  conjugate  stress  tensor  which  is 
a  single  valued  tensor  function  of  the  deformation  for  elastic  media.  For  hyper- 
elastic  materials  the  simultaneous  invariant  of  the  pairs  of  conjugate  tensors  is 
the  stored  energy  density. 

For  an  elastic  material  the  stress  tensor  is  a  single  valued  function  of  C  and 
thus  also  a  deformation  measure.  This  makes  the  theory  of  elasticity  mathema¬ 
tically  attractive,  although  In  the  nonlinear  theory  there  is  no  analytical  presen¬ 
tation  for  the  inverse  function,  [6].  For  an  isotropic  elastic  solid  the  second 
PIOLA-KIRCHHOFF-stress  5  is  an  isotropic  tensor  function  of  C.  In  three  space 
dimensions  we  use  the  following  presentations  for  compressible  or  incompressible 
solids,  respectively: 


3(0  =  9^ B  ♦  <pj G  +  <p'2  C2  , 


(4a) 


3(C)  =  iJ)'0B  ♦  (JijC  -  pC-1  . 


(4b) 


Here  <p’Q  .  <p'  .  <p’2  and  i(j'0,  ij>’  sure  scalar  functions  of  the  invariants  of  G  and  C, 
respectively.  Note,  for  an  incompressible  solid  only  the  deviatoric  stress  is 
determined  from  the  deformation  in  three  dimensions,  since  III  =  1.  In  this  case 
the  hydrostatic  pressure  p  can  be  calculated  as  the  solution  of  a  boundary  value 
problem.  Furthermore,  the  incompressible  solid  allows  no  longitudinal  waves  in 
three  dimensions.  We  therefore  exclude  this  special  case  from  our  discussion. 
For  the  plane  stress  problem  of  a  plate  one  can  calculate  p(I.II)  —  where  I,  II 
are  principal  invariants  of  C  —  and  thus  obtain  for  the  compressible  and  incom¬ 
pressible  solid  the  formally  similar  representations 


3(G)  *  -PqE  +  'PjG  ,  (4c) 

3(C)  =  ^Bt^C  .  (4d) 

It  is  understood  that  now  3 ,  G,  C  are  tensors  in  two-dimensional  space.  The 
one-dimensional  stress  3:  =  oJj-ogj-  may  be  calculated  from  a  scalar  law 
a  *  fit)  with  e  :  =  gj-  G  t  j .  But  G  is  still  three-dimensional  (with  cylindrical 
symmetry).  Only  the  trivial  hydrostatic  stress  reduces  the  constitutive  equation 
to  a  scalar  law,  where  both  5  and  G  are  spherical  tensors.  There  are  longitudinal 
waves  in  an  incompressible  plate,  due  to  the  variation  of  its  thickness.  Therefore 
we  exclude  plane  strain  for  those  materials.  In  the  local  balance  of  momentum, 
written  in  the  reference  configuration  (multiple  dots  denote  multiple  trans- 
vection). 


pc(V*e)B  -  <V*o):H  -  pb  =  0, 


(5) 


appears  the  first  PIOLA-KIRCHHOFF-stress  d  , 

O  :■  T  5  ,  dT  4  8  ,  (6) 
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which  Is  a  single  valued  tensor  function  of  F  by  eqs.  (3),  (4).  ▼  ,  p,  b  arethe 
particle  velocity,  the  mass  density  in  the  reference  configuration  and  the  den&iiy 
of  body  force,  respectively.  The  material  is  called  hyperelastic  if  the  stress 
function  can  be  derived  from  a  stored  energy  density  U.  This  Imposes  some 
tntegrabtlity  conditions  upon  eq.  (4).  With  the  fourth  order  stiffness  A(F), 
the  constitutive  equations  may  be  written  in  the  form 

So  =  As  SF  ,  (7a) 

where  A  can  be  derived  from  II  for  hyperelastic  solids : 

SF  =  A  :  SF  -  pS2  U  .  (7b) 

From  eqs.  (3a),  (S)  and  (7a)  we  have  the  final  balance  of  momentum 

1=0,  1:*  Pc  (VN)E  -  A  :  V*HT-  pb  .  (8a) 

In  addition,  RICCI's  lemma  on  the  second  covariant  derivative  of  an  integrable 
displacement  field  u(r*)  =  u(r*)  reduces  to  SCHWARZ’s  lemma  if  the 
RIEMANN-CHRISTOFFEL-curvature  tensor  vanishes  everywhere.  Then  it  holds 
also  for  the  jumps  on  an  acceleration  wave  front.  It  reads 

L*  =  0  ,  L*  =  (V*v)E  -  c(V*H)g-  (8b) 

and 

(V*H)  .  (gs  ogj-  -  gro  gR)  =  0  ,  k,  1  =  1,  2,  3  (8c) 

on  a  purely  spatial  and  a  time-like  manifold,  respectively.  Given  initial  fields  of 
displacement  and  velocity.  ua  (r  )  and  Ta  (r  ),  at  time  t  =  ta  we  have  the 
conditions 

u  (f,  ta)  -  ua  =  0  .  ▼  (r,  ta)  -  Ta  =  0  .  (8d) 

Boundary  conditions  shall  be  given  for  place  on  the  part  dBv  (points  with 
r  =  rv)  and  for  traction  on  the  part  of  d B0  (points  with  r  =  rg  )  of  dB, 
dB  =  dBvUdB0  ,  dBvn<dBs  =  9  . 

The  boundary  condition  of  place  at  a  point  r*  :  =  rv+  5°l0  shall  be 

T(f*)-Tb  =  0  (8e) 

with  velocities  V  (r  *)  prescribed  on  dB*  for  all  values  of  time.  With  a  load 
vector  k ( r* )  prescribed  on  dB*(rJ  :=  r0  +  5°i0)  the  typical  boundary  value 
condition  of  traction  is  the  nonlinear  equation 
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(8  f ) 


(obJ|?*=  j*  =  k  (detF  Jhb  C'1  nb  )|?»_ 

a  o 

where  nb  is  the  outer  normal  on  dB .  Eq.  (8f)  calls  for  an  iterative  solution,  [4], 

A  is  strongly  elliptic  for  materials  that  are  infinitesimally  stable  in 
HADAMARD's  sense  in  statics.  Then  the  boundary  value  problem  derived  from 
eqs.  (8a,b,  c,e,f)  is  elliptic  and  the  initial -boundary  value  problem  eqs.  (8a -f) 
is  hyperbolic.  Therefore  we  apply  the  theory  of  characteristics  to  derive  exact 
qualitative  results  and  to  develop  numerical  solution  schemes. 


METHOD  OF  CHARACTERISTICS 


It  is  well  known  that  systems  of  hyperbolic  equations  exhibit  undetermined 
derivatives  In  certain  normal  directions  n*  in  space  and  time.  These  normals 
define  singular  surfaces  (so-called  characteristic  manifolds),  on  which  interior 
derivatives  are  continuous,  but  jump  discontinuities  of  certain  exterior  deriva¬ 
tives  are  admitted.  The  conclusive  equations  -  the  characteristic  condition  and 
the  so-called  compatibility  equations  -  may  be  derived  from  the  general 
eigenvalue  problem  associated  with  the  PDE's .  We  make  the  ansatz 

n*:=  -  -  g  -  ♦  n  (9) 

C  o 

for  the  system  (8a  -  c)  and  find  the  characteristic  condition 

C=i^  det  (Q  in)  -  pv2  (h)  E)  ,  e  =  L,  Tt  ,  T2  (10) 

Pz  E 

where  Q(fi)  is  the  acoustic  tensor,  defined  by 

Q (n):=  (g\oh  :  A  :  g^onjg^og^  .  (11) 

The  condition  (10)  may  be  taken  as  the  equation  for  the  time-like  component  v 
of  n*  .  with  an  arbitrary  choice  of  ail  components  of  the  spatial  normal  n, 
h  *  0. 

Besides  v0  =  0  one  obtains  solutions  vE(n)  of  eq.  (10)  from  the  eigenvalue 
problem  of  the  acoustic  tensor  Q  which,  in  contrary  to  the  locally  isotropic  wave 
propagation  in  compressible  fluids,  depends  on  the  spatial  direction  h. 

Therefore,  for  every  spatial  direction  h  one  has  a  specific  eigenvalue  problem. 
For  hyperelastic  materials  Q(h)  is  symmetric  and  positive  definite,  and  thus 
vf  is  positive.  The  eigenvectors  qe(n)  of  Q  (n)  are  real  and  orthogonal  for 
any  normal  n  at  a  point.  This  situation  holds  even  for  multiple  eigenvalues. 
n  and  qE(n)  are  normalized.  Then  in  three-dimensional  space  n  has  two 
independent  components.  Furthermore,  the  vq  ,  v£  are  first  order  homogeneous 
functions  of  h.  If  one  varies  the  components  of  h  as  parameters  at  a  material 
point,  the  vectors 


(12) 
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generate  the  normal  hypercones  N*  N*  ti»  j,  , 

hyperplanes  envelope  the  local  MONGE-hy t^rco^s  u*  M*  C^ractert8tlc 
tangency  are  given  by  the  bicharacteristics  m*  m*  /  °  '  M  £  ‘  The  llne8  of 
The  local  characteristic  hyperplanes  “~°sent  %  generators  of  M*  ,  M*i. 
MONGE-hypercones  represem  tS  jve  front,  *—  ^  “d  the 
disturbance  at  their  apex  For  .  °ntS  emanatlng  from  a  point 

demonstrated  in  Fig  1  It  shows  m®nsions  and  tlme  the  situation  is 


Crosstab  athe\ZZl\?ZMd^ont!Z  ^Th  *  material  SingU,ar  surfac* 

according  MONGE-cone  degenerates  t<i  the  *******  ‘8  pUrel^  sP«tial.  The 
ne  define  acceleration  waves  with  ooaaihl  M  C  *  Pat*1  *lMe  normals 
(V  Uli;  .  <W  Tli-  .  4Z  \1* ‘T*’"™"  ffdle-llke  derivatives 

deduces  that  the  jumps  on  different  MO NGE  if*  ***  eigenvectora  one 

orthogonal  to  each  other.  But  these  waves  are  ^TT  thr°Ugh  8  P°int  •» 
versal  only  on  the  axis  of  symmetry  of  the  P  0ngitudlna,  ^  trans- 
parallel  to  a.  These  axes  are  calie7  h  ?  '  because  on|y  there  q  (a)  is 

these  directions  are  called  principal I nT*^  !T"  Pr°Pag8ttag 
material  the  eigenvectors  of  a  and  C  or  r  rmed  lsotropJc  elastic 

axes  i  .  Transformation  into  the  ^L  Lnf,  ^  the  acoust'~l 

some  Initial  amplitude  of  the  iumn^  ^"figuration  ls  via  .  *  if 

can  be  calculated  from  the  transport  elation  T[7. ]  magnltude 
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Definition  (11)  allows  A  to  be  written  in  terms  of  principle  wave  speeds, 
which  can  be  found  from  ultrasound  wave  speed  measurements.  Unfortunately, 
not  all  components  may  be  measured  from  sound  disturbances  superimposed 
on  the  standard  uniaxial  tension  test.  There  are  two  principal  axes  • , ,  i  2  in  two- 
dimensional  stress  given  bei  eqs.  (4c,  d).  Taking  care  of  vT  (• , )  =  vT  (e2)  =:  vT 
we  have 

»A  :=  V2  (Sj)  SjOBjoSj  o6|  ♦  VL^®2^®2°®2oe20®2 

*  (SjOtjOtjO*!  *  (joSjotjOtj) 

♦  X2  (»jol,o»2o«2  +  *2o«2o*,o «,).  (13) 

In  three-dimensional  stress  fields  the  values  of  vT  are  different  in  different  prin¬ 
cipal  directions  generally.  The  component  x2  can  neither  be  interpreted  as  wave 
speed  nor  be  calculated  from  wave  speeds  (except  for  special  constitutive 
equations  such  as  for  linear  isotropic  elastic  material  in  small  deformation 
theory).  Both  local  effects,  the  difference  v  L(et }  -  vL(e2)  and  the  rotation 
of  a  have  been  used  for  a  polntwlse  measurement  of  stressflelds  [  8  ].  A  small 
point  disturbance  in  a  deformed  istropic  elastic  body  will  only  propagate  on 
sherical  wave  fronts  if  the  underlying  stress  is  hydrostatic  (or  the  body  is  made 
form  a  material  with  a  special  form  of  the  constitutive  equation). 

The  anisotropy  of  the  local  wave  propagation  depending  on  the  local  defor¬ 
mation  may  lead  to  self-intersections  of  the  quasi-transversal  MONGE-cones 
and  to  crunodes  and  cusps  with  local  focussing  on  their  conics.  These  pheno¬ 
mena  result  in  gaps  which  were  called  lacunae  by  PETROWSKY  [9  ]  and  lie 
like  islands  in  the  domain  of  dependence.  For  linear  anisotropic  media,  various 
criteria  for  the  existence  of  lacunae  behind  the  wave  fronts  of  point  distur¬ 
bances  have  been  found  [1,  4,  9  ,  10  ]  .  But  no  direct  results  are  known  for  the 
nonlinear  case  except  by  arguments  for  the  locally  linearized  equations  [11]. 
Further  information  on  anisotropic  wave  propagation  in  solids  may  be  found  in 
[12]  for  linear  elastic  deformation  and  in  [13]  for  compressible  plastic  defor¬ 
mation. 


There  are  infinitely  many  ways  to  describe  the  propagation  of  a  plane  wave. 
We  use  the  blcharactertstlcs  m*  and  m*  with  the  rays  in  space, 

“o:s  c*o  >  (14a) 


*e  »  mo+  “« 


i 


m*  * 

0  2  pv. 


.19-. 

'  6  d  h 


and  the  near-characteristic  i*  with  the  normal  velocity  i£ 

1  _  . 


m*  +  v  n  =  m*  + 
0  €  0 


-=■ —  q  o  q, 
pv.  ’'e 


(14b) 


(IS) 
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Any  other  time-like  vector  in  the  characteristic  hyperplane  tangent  to  the 
MONGE  cone  M*  is  also  called  near-characteristic,  but  will  not  be  needed  here. 
For  plane  problems  the  space-like  tangent  t  and  either  m*  or  a*  span  the 
characteristic  surface  elements.  By  the  vectors  m*  and  s*  two  total  time  deriva¬ 
tives  in  a  characteristic  hyperplane  can  be  introduced. 


(V*F) 


d  f 

—  +  ( Vf)m 
dt 


and  the  so-called  8 -time  derivative 

( V*f)  i*  :  =  4^  ♦  (Vf)  i  ,  (16b) 

also  known  as  displacement  derivative.  The  discussion  was  only  local  so  far.  In 
finite  time  a  point  disturbance  propagates  along  MONGE-conoids  which  may  be 
twisted.  For  the  Integration  of  some  function  f  on  M£  one  may  use  the  canonical 
HAMILTON  equations  for  the  HAMILTONlan  vg  .  With  n  normalized  and  v£  as 
a  function  of  h,  r,  t  we  derive  the  special  form  of  the  HAMILTON  equations 

(ion-E)V»s,  (17a) 

-*  «  dVE 

(V*r)  m*  =  .  (17b) 

E  dn 

Different  proofs  of  these  equations  were  given  In  [4. 14  ]  .  Instead  of 
eqs.  (17a, b),  we  get  for  i* 

(V  n)i*  =  (ho  i  -  E)  VvE  ,  (18a) 

(V*r)i*  =  v£h.  (18b) 

Different  proofs  of  the  famous  HAYES-THOMAS-formula  (18a)  may  be  found  In 
[4,15  ,16  ,17 ,18  ].  It  is  assumed  that  the  equation  of  the  wave  surface  in  space  and 
time  has  continuous  second  derivatives  in  space.  Thus  eqs.  (17a),  (18a)  do  not 
hold  on  cusps.  In  [4  ]  it  is  shown  that  no  torsion  of  the  wave  front  occurs  in 
plane  problems. 

The  purpose  of  the  discussion  of  point  disturbances  is  to  replace  the  initial  set 
of  PDE's  (8a.  b)  by  a  linearly  independent  set  of  so-called  compatibility  equations 
in  which  no  undetermined  derivatives  appear.  These  equations  only  hold  in  cha¬ 
racteristic  surfaces.  On  Mq  one  gets  for  h*  =  n 

0  =  L*t  ,  (19a) 

and  on  M*  for  n* 


0  ■  q.(h)(v.(h)l-  A:  (h  o  L  )). 
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In  a  more  extended  notation  for  plane  problems, 


0  =  (V*H):  t  o  m*  -  (V*v)t  ,  (20a) 

0  =  (p  VE  <1  e  o  m*  ♦  qg  o  h  :  A  t  o  t  -  pvg(m6t)  qeo  t): 

—  (qg  o  n  :  Ao  si*  +  \>£  q  £  o  t :  A  o  t  ■  (  to£  t)  q  £  o  n  :  A  o  t) :  V*  H 

-  pvEqeb  ,  (20b) 

one  can  see  that  only  interior  derivatives  remain.  These  are  the  cross  derivatives 
in  direction  of  t  and  the  derivatives  in  characteristic  directions  m*  which  may 
be  replaced  by  a*  in  a  near-characteristics  method.  Using  S£  t  =0  eq.  (20b) 
becomes 

0  *  <PVE«1E0  ■**  RE°  ®  :  Ato  t):  V*V 

-  (qEoi:  Aoi**  veq£ot:  Aot):  V*B-pvEq£h  .  (20c) 

To  this  end  all  equations  are  exact  and  hold  for  arbitrary  large  deformation  and 
large  displacement  of  a  general  isotropic  nonlinear  hyperelastic  body.  The 
assumption  of  the  existence  of  a  stored  energy  density  was  a  mere  simplifica¬ 
tion  of  notation.  Its  only  effect  is  the  symmetry  Imposed  upon  A  by  eq.  (7b). 

NUMERICAL  SOLUTION 

Given  the  inital  data  at  points  of  a  suitable  mesh  on  the  inital  value  plane  at 
time  t  «  ta  .  the  solution  at  a  point  P0  on  the  plane  x  =  t0  +  At  may  be 
computed  numerically  by  Integrating  the  HAMILTON  equations  (17  a,  b)  and  the 
compatibility  equations,  which  are  given  for  the  plane  problem  by  equations 
(20a,b).  We  actually  integrate  the  simplified  equations  (18a,b)  and  (20a,c).  From 
Fig.  1  it  is  clear  that  a  near-characteristics  method  uses  points  outside  the 
analytical  domain  of  dependence.  Therefore,  we  integrate  in  characteristic  hyper- 
surfaces  which  are  principal  waves  at  point  PQ.  For  principal  waves,  the  two 
integration  paths  are  equivalent  in  the  limit  Ax  — >  0, since  m*  =  i*  .  The  prin¬ 
cipal  axes  at  PQ  depend  on  the  Iterative  solution.  Therefore,  we  have  to  rotate 
the  local  basis  in  each  iteration  step.  This  expense  is  compensated  by  the 
condensed  presentation  (13)  of  A.  In  the  initial  value  surface  all  functions  and 
the  cross  derivatives  may  be  calculated  from  a  constrained  least  squares  appro¬ 
ximation  with  constraints  following  from  eq.  (8c).  If  the  cross  derivatives  at  P0 
are  considered  as  additional  unknowns,  eqs.  (18a,b),  (20a,c)  contain  only  total 
time  derivatives  in  directions  ig  and  i*  .  These  ODE's  may  be  integrated  by 
HEUN's  second  order  method.  It  can  be  shown  that  the  number  of  linearly 
independent  difference  equations  derived  from  eqs.  (20a, c)  is  less  than  the  number 
of  unknown  functions  including  the  cross  derivatives  at  PQ.  Therefore,  we 
integrate  the  non  characteristic  balance  of  momentum  (8a)  along  the  path  line  to 
get  two  additional  equations.  This  was  suggested  for  problems  of  linear  elasto- 


dynamics  In  [19]  and  for  gas  dynamics  In  [20].  On  the  path  line  all  derivatives 
in  (8a)  are  continuous  because  It  Is  a  material  singular  surface.  Fig.  2  shows  the 
scheme  we  use  for  an  interior  point  of  the  plate.  The  numbers  of  the  points  in 
the  scheme  correspond  to  the  indices  written  in  the  difference  equations.  Fig.  1 
and  Fig  2  indicate  that  the  CFL  stability  condition  is  satisfied.  Note  that  the 
iteration  may  be  started  with  the  first  order  EULER-CAUCHY-integration  of 
(8b)  along  the  path  line  to  give  H0  at  P0  ,  since  a  first  guess  of  tq  is  not 
needed  in  elastodynamics.  The  algorithm  may  be  read  from  Fig.  2  and  the 
following  formulas: 


Praedictor  (first  guess):  i  =  1(119  with  v0  =  0  for  1  =  9 
a<Uv,0<*)1<»>, 

and  from  the  compatibility  equation  along  the  path  line 
H^  =  B9  +  AxVt9. 

Corrector  (k-th  iteration  step): 

?;<k>=f;  +  ^-ti(vEl(i)  + v£0(i»](k-1,t 


K}  «s,*^[^9»vt0‘-»]. 


(22b) 


f 


We  derive  the  difference  equations  for  principal  waves  arriving  at  point  PQ  (see 
Fig.  2)  from  the  compatibility  equations  on  the  quasi-longitudinal  cone  and 
the  quasi-transversal  cone  Mx  .The  appropriate  choices  of  h0i  (i  =  1  (1)  4)  and 
nQj  (J  =  S  (!)  8)  are  ,  #2  ,  -  * 2  .  We  give  an  example  of  the  difference 

equations  on  each  cone. 

From  the  compatibility  equation  on  the  quasi-longitudinal  cone  M£  with  nQi 
and  tQj  :=  «2  and  qu  •  qLl  (*,)  for  1  =  1  it  follows  : 

C vu>  (i» )  ®i  +  vu(®i)‘*L|]<k  '  ”  T<o‘ 

-  tviole,)  «iOa1  +  xg  e2oe2  >-i  vu(i1)qL,oii:  A1l(k-‘,:H<o) 

-  At  t- (x§  e2  o#2)<k"1) :  VT^k) 

*  l  vLO  ^®l^VTO  *t  °®2°  *2  +  X  0*2  0  *  l°*20<k  **  *  ^  ®  O 

♦(vM(i,)  •1b0)<k'1>] 

=  {C'»L0(e1)e1  + 

-  £''lo(*i,«i°«1  +  xo*2°*2*  |  v  li  ^*i ^  qLioSt  «  AJ  :  H. 

-  AT[i-qL|Oii:  A,  «20 

+  ^vu(*i)  qu  (*i>  0  *2 :  Ai 0  *2 5  ♦  vu  s^qu^i}**'1*  •  (23) 

From  the  compatibility  equation  on  the  quasi-transversal  cone  with 
■oj  an<*  t0  :=  *2  an<*  qTj  “  qTj  ^*1^  tor  j  =  S  It  follows  : 

[  vTO  *2  +  VTj<*Tj^k'‘>  TOk) 

-  [  v|-0  «2  o  i,  *  xj*  a,  o  e2  ♦  i-  vTJqTJ  o  ij  :  AjJ(k  :H£k> 

-  At  [-(x^  *to  a2)<k_l>  :  ^T(k> 

+  <'»T0(vt0(*2,#2°  *2°*2  +  x0  *1  °*1  0  *2,)<k"1)  -; 

*  (vT0  e2  b0  )<k"1)] 

*  {tvTO  a2  4  v T|  qXj]Tj 

”  £vTo  *2  o  *i  *x  o  *i  o  «2  +  £  vt,  qTJ  0  *1  s  V 

*  AT  Cj-qxj  0  ®1  :  Aj  *2  o  ij,  :  ^Tj 

*  P  vTiqTj  0  a2  :  A,  o  a2  :  7Hj  ♦  vTj  qTJb,  ]}(k'0  .  (24) 
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We  complete  the  difference  equations  with  the  balance  of  momentum 


_(k) 


-f-[(iA0)<k'Ui  (7H0><k>  +  bJ=  »9+¥tSA*i7H5*b9)- 


(25) 


If  we  are  not  interested  in  the  gradients  at  PQ  we  may  eliminate  them  by  linear 
combinations  of  the  difference  equations  and  just  calculate  t0  and  H0.  After  the 
solutions  at  all  points  at  time  t  =  ta  ♦  At  are  calculated  they  may  be  used  as 
initial  data  for  the  following  time  step. 


On  boundaries  some  difference  equations  are  not  needed.  But  only  in  linear 
problems  they  may  be  replaced  by  boundary  values.  The  schemes  for  the  nonlinear 
problem  use  the  approximation  of  ^?H0  at  P0  [4],  They  also  need  some  iteration 
to  solve  (8f).  The  only  reason  for  both  disadvantages  1st  the  nonlinearity  of  the 
boundary  condition  (8f). 


NUMERICAL  EXAMPLES 

Fig.  3a  shows  the  simple  elongation  strain  path  of  a  typical  rubber-like  material 
using  TRELOAR' s  approximation  with  data  from  [21].  The  functions  i}£  and  ijjj 
in  eq.  (4b)  are  approximated  by  second  degree  polynomials  in  the  eigenvalues  of 
C.  Up  to  point  3  lower  degree  polynomials  would  result  in  roughly  the  same 
curve  since  the  geometrical  nonlinearity  is  predominant.  But  this  is  not  the  case 
for  the  wave  speeds  [4].  Obviously  only  \»L  (et)  can  be  deduced  from  the  uniaxial 
stress-strain  curve.  Fig.  3b  represents  the  related  principal  wave  speeds.  For 
three  different  homogeneous  states  of  stresses  (  uniaxial  pressure  (1),  no  stresses 
(2),  uniaxial  tension  (3))  Fig.  3c  shows  typical  wave  fronts  of  infinitesimal 
point  disturbances  in  a  plate,  l.e.  lines  of  intersection  of  the  MONGE-cones  with 
a  space-like  plane.  The  state  (3)  was  used  for  a  numerical  test,  where  a  small 
shear  deformation  was  superimposed  by  an  initial  disturbance  of  the  velocity 
component  Ta2  .  Both  of  the  MONGE-cones  come  out  nicely  and  the  two  wave 
types  seem  decoupled.  The  amplitudes  of  t«2  are  approximately  ten  times  higher 
than  those  of  T«t  .  In  another  example,  for  a  plate  made  of  a  compressible 
material,  we  found  a  strong  coupling  of  the  two  types  of  waves  [4]. 

Since  at  the  state  1  vL(et)  increases  steepely  with  growing  pressure  one  expects 
pressure  waves  to  form  shocks  quickly.  The  initial  profile  of  the  wave  in  Fig.  4 
changes  in  the  predicted  way  while  moving  to  the  right.  Clearly,  there  is  also  an 
equalisation  in  the  transverse  direction. 
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SUMMARY 

An  existence  result  for  a  nonlinear  telegranh  eauation 
with  a  free  boundary  problem  in  one  space  dimension  is  given. 
The  model  is  applied  to  two  (separated)  fluids  flow  in  a  tube. 


INTRODUCTION 

The  present  contribution  concerns  the  followinn  nroblem: 
For  given  functions  fo,f1,uQ,u1  to  find  functions 
u  =  u(x,t)  ,  K  =  Ut)  ,  (x  c.  [0,£]  ,  t  £  [0,T]  ,  l  >  O,  T  >  O) 
such  that 

utt  "  °2uxx  +  fo(u)t  =  0  '  0  <  x  <  e(t)  '  (1' 

utt  -  c2uxx  +  f1(u)t  =  0  ,  C(t)  <  x  <  t,  t  6.  (0,T)  ,  (2) 


u(?(t)-,t)  =  u(£(t)+,t),  ux(£<t)-,t)  *  ux(?(t)+,t)  ,  (3) 

ux (o, t)  =  ux(f,t)  =  0  ,  t  e[0,T]  ,  (4) 


u(x,0)  =  uQ(x),  ufc(x,0)  =  u1  (x)  ,  X£  [0,f]  (5) 

t 

5  (t)  -  G<  j  u(C(T)  ,T)dT)  ,  (6) 

0 

where  c  is  a  positive  constant  and 


G(y) 


0,  y  <  0 
y,  0  <  y 
i  >  Y  <  l- 


< 


l 


(7) 


This  problem  is  motivated  by  a  model  developped  in  [l] 
describing  flow  of  two  fluids  separated  by  a  free  boundarv  in 
a  cylindric  compartment.  The  purpose  is  to  find  a  velocity  u 
and  a  pressure  p  (which  can  be  recovered  from  u  as  soon 
as  the  problem  (1)  -  (6)  has  been  solved)  as  functions  of  a 
space  variable  x  along  the  axis  of  the  cylinder  (the  cross 
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sectional  derivatives  being  neglected)  and  a  time  t  ,  as  well 
as  a  free  boundary  x  =  £(t) .  A  particular  technological  an- 
plication  consists  in  using  this  model  to  describe  the  fillinrr 
the  compartment  of  the  machine  feeding  a  pipeline  by  ash-water 
suspension  to  be  transported  away  from  classical  power  stations 
The  original  governing  Euler  equations  of  a  compressible  fluid 
flow  with  a  lower  order  friction  term  (cf.  £3] .[7]) ,  are  simply 
fied  to  the  equations  (1),  (2).  The  nonlinear  functions  f  , 

f^  describe  the  friction  of  the  respective  fluid  near  the  wall 
of  the  compartment. 

In  the  next  Section,  after  necessary  preliminaries,  we 
define  a  solution  to  (1)  -  (6),  impose  some  natural  assumpt¬ 
ions  on  the  functions  f  ,  f.,u  ,  u,  formulate  the  existence 

o'  1  o  1 

theorem,  present  its  proof  using  Faedo-Galerkin  approximations, 
apriori  estimates  and  a  method  of  compactness  and  finally,  add 
a  few  remarks . 

MAIN  RESULT 

In  the  seauel  we  use  the  usual  notation  of  function 
spaces.  Namely,  for  a  region  fiC.Rn,  k  >_  0  integer  or  k  =  °° 
we  denote  by  C  (ft)  the  space  of  functions  continuous  toaether 
with  their  derivatives  up  to  the  order  k  in  ft  ,  C ^ +a (p )  ( 

V 

0  <  a  £  1  the  subspace  of  C  (fi)  of  functions  which  are  Holder 
continuous  in  fi  with  the  exponent  cx  together  with  all  their 
derivatives  up  to  the  order  k  ,  H  (fi)  (k  >  0)  the  snace  of 
functions  which  are  square  integrable  together  with  their 
(fractional  order)  generalized  derivatives  up  to  the  order  k 
in  fi  ,  Lp  (fi)  ,  1  £  p  <_  <*>  the  usual  Lp-spaces,  Wk'°°(fi)  = 

=  {u  e  L°°  (fi)  ;  D^ue  L  (fi)  ,  1  <  |  j  |  <  k}  .  If  B  is  a  Banach  spa¬ 
ce,  T  >  0  then  L  (0,T;B)  denotes  the  space  of  functions 
u:(0,T)->-  B  such  that  ess.  sup  ||u(t)i|_  <  00 .  For  a  reaion  with 

U  D 

a  Lipschitz  continuous  boundary  3fi  we  shall  make  use  frecruent 
ly  the  following  embedding  theorems: 

Hk(fi)  4  4  Lp(fi)  for  k  <  |  ,  1  £  p  <  ; 

for  k  >  j  the  the  operator  of  traces  is  continuous  from 

k  k-  X 

H  (fi)  into  H  Ofi)  ; 

Hk  (fi )  44  (fi)  for  any  k  >  £  >  0  ; 

Hk(«)  C,G  C((i)  ,  k  >  £  ; 
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k  (0)+k-l 

H  (ft)  Q.  C  (fi)  ,  ficR,  2  <  k  £  1  . 

These  results  can  be  found  e.g.  in  £2]  ,  [4]  , 

Assumptions 

(i)  The  functions  fo,f.j  are  continuously  differentiable 
in  R  with  locally  Lipschitz  continuous  derivatives 

f'  f '  . 

ro'r1 ' 

(ii)  there  exists  a  constant  a  e  R  such  that 

f^(u)  _>  a  ,  f'  (u)  _>  a  for  all  u?R  ; 

(iii)  u  €  H1 {0,1) ,  u.  S  L2(0,1)  . 

o  i 

DEFINITION.  By  a  weak  solution  of  the  problem  (7)  -  (6)  on 

[0,7]  we  caH  a  couple  (u,f)eL  (0,7;  7T  (0,£)  )  x  V  J  (0,f) 
sueT;  tTiat  u  e.L°°(0tTj  L2(0,l))  ,  u(x,0)  =  (x)  in  the  sense 

of  traces  and 

T  l  T  C(t) 

|  J  (c2ux$x  -  ut4>t)  dxdt  +  |  fQ  (u)  t<j)dxdt  + 

O  O  0  0  (8) 

T  l  l 

j  j  f  1  (u)  t4)dxdt  -  j  u1  (x)  <j)  (x,0)  dx  =0 
O  £(t)  O 

for  all  <j>  CO1  (  [0,£]x  [0,  7])  satisfying  <|>(x,T)  =0,  x  e.  [0,  C]  . 


THEOREM.  let  tfce  functions  f f  i’u 0yU l  satisfy  the  assumptions 
(i)  -  (iii).  Then  there  exists  at  least  one  weak  solution  of 
the  problem  (7)  -  (6)  . 

Proof  .  For  the  construction  of  a  solution  we  shall  make 

use  of  Faedo-Galerkin  approximations  and  a  method  of  connactness. 

Let 

1  /2 

vQ(x)  =  Vj (x)  =  (  j  )  cos  (  ),  j  =  1,2,..., 

x«[o,(]  . 

oo  2 

The  functions  Oj}j_0  form  the  orthonormal  basis  in  L  (0,£) 
of  eigenfunctions  of  the  problem 

-  c2v"(x)  =  Xv(x)  ,  x  e.  (0 ,1)  , 
v'  (0)  =  0  ,  v'  (£)  =  0  . 

The  corresponding  eigenvalues  are  given  by 
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?  o  _o  5 

Aj  =  £  3  ,  j  =0,1,2,...  . 

Finite-dimensional  approximations 
The  finite-dimensional  approximations  are  sought  in  the  form 

n 

u  (x,t)  =  E  u!?(t)  v .  (x)  ,  (x,  t)£  Q  =  [o,£]x[o,T]  , 

j=0  3  3  (9) 

n  —  0,1,2,...  « 

The  coefficients  u^(t)  ,  denoted  simply  by  (t)  ,  are  to  be 

chosen  so  that 

£  Sn(t> 

[u£t(x,t)  -  c2u£x(x,t)]  vk(x)dx  +  |  fQ (un (x,t) ) tvk (x) dx  + 


+  |  f 1 (un ( x , t ) ) tvk (x) dx  =  0,  k  =  0, 1 , . . . ,n,  t  6  [p,t] , 


?n(t) 


,n  * 

un(x,0)  =  E  uq (y) Vj (y) dy  (x)  =  u"(x) 
l-°  0 

n  r 

<(X,0)  =  E  u.  (y)  v .  (y)  dy  v.  (x)  =  u"(x),  xe[o,£j  , 
~  i =0  1  J  J  1 

3  J  0 

where  the  approximations  x  =  ?n<t)  of  the  free  boundary 

are  given  by 

t 

^(t)  =  G  (  un(£n(T)  ,T)di)  ,  n  =  0,1,...  .  (1 


The  equations  (10),  (11)  yield  the  following  integrodif feren- 

tial  svstem: 


uk(t)  +  uk(t)  + 


5n(t) 


f'(  E  U.  (t)  v.  (x) )  E  u .  ( t)  V.  (x)  V  (x)  dx  + 

l  °  j=0  3  3  j=0  3  3  k 


+  (  E  u.  (t)  v.  (x))  E  u.  (t)v.  (x)v.  (x)dx  =  0  , 

£n  (t)  3=0  D  3  j=0  3  3 
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k=0,1,...,n,t£(0,T]  , 


*.  f- 

uk(0)  =  uQ(x)vk(x)  dx,  u^O)  =  |  u.j  (x)  (x)  dx  , 


k  —  0 ,  1  ,  .  .  .  ,  n 


f  n 

£  (t)  =  G  (  T.  u.(T)v.(C(T))di]  ,  te[o,x],  n  =  0,1,...  . 

n  J  -i  =n  3  3  n 


It  is  almost  standard  that  this  system  has  a  maximal  solution 
(uQ (t) , . . . ,u  (t) , ?n  (t) )  and  that  it  is  defined  on  [o,t]  if 
Uj  (t) ,  Uj (t) ,  £n(t)  are  bounded  on  [o,t]  .  The  details  are 
given  in  [5]  • 

Apriori  estimate 
Denote 

E  (t)  =  [u”(x,t)2  +  c2u^(x,t)  2]dx  =  T,  [u  .  (t)  2+  X.u  .  (t)  2]  . 

J  t  x  j=0  3  3  1- 


Then  multiplying  (12)  by  uk(t)  and  summing  up  for 
k  =  0, 1 ,  . .  .  ,n  we  get 


£n(t) 


En(t)  =  -  2 


f'o  (un  (x,  t)  )  u£(x,t)  2dx  - 


-C 

-  2  |  f'(u^(x,t))  u”(x,t)2dx 


<  -  2a 


u^(x,t)2dx  £  2  |  a  |  En(t)  , 


where  we  have  used  the  assumption  (ii) .  We  have  from  (14) 

I C  (t) |  £  max  G(n)  =  l  .  Using  in  (15)  the  Gromwall  ineauality 

neR 

we  get  the  estimate  ensuring  the  global  existence  for  the  svs- 
tem  (12)  -  (14)  namely,  we  find 


[u£(x,t)2  +  c2u^(x,t)  2]dx  _< 
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2|a|T  4  222 

<  e  [u1  (x)  +  c  u^(x)  ]dx  <  oo,  t  6  [0,T]  ,  n  =  0,1,2,... 

O 

Convergence 

From  (16)  and  the  above  mentioned  embeddings  we  pet  that  given 
p*[l»°°)  /  there  exists  a  subsequence  of  (un}“_0  denoted  again 
by  un  such  that 


n 

u 

-► 

u 

weak  *  in 

L“(0,T;H1 (0,4) )  ; 

n 

ut 

->• 

ut 

weak  *  in 

L°° (0,T;L2  (0,4)  )  ; 

n 

u 

-► 

u 

weakly  in 

H1  (fl)  ,  (fl  =  (0,4)  x  (0 , T)  )  ; 

(17) 

n 

u 

->• 

u 

strongly  in 

LP(fl)  ; 

(18) 

n 

u 

->• 

u 

a.e.  in  n  , 

(19) 

where 

U€  L°°  (0 

,  T; (0,4) )  , 

ufc£  L°°(0,T;L2(0,4))  • 

From 

(16) 

and  (10) 2  it 

may  be  easily  seen  that 

sup 

HI 

un(. 

.t)||  ! 

H1 (0,4) 

7  t  £  [o,  T  J  ,  n  =  0,1,2f..,}<oo 

• 

This  together  with  the  embedding  H1 {0,1)  C*  C([0,f])  yields 
sup {  |  un  (x,t)  I  ;  x  €  [0,4]  ,  t€  [0,T]  ,  n  =0,1,2,...  }<«>.  (20) 


In  particular  we  have 

|un(£n(t)  ,t)  |  <  k  <  co,  t(.  [0,T],  n  =  0,1,2,...  .  (21) 

Let  t^tjfi  [0,t]  be  arbitrary.  By  (11),  (7)  and  (21)  we 

have  . 

t1 

I Cn <t1>  "  5n(t2)  I  -  l|  «n(Cn(i) ,T)di|  <  K  |t1  -  t2|.  (22) 


Hence,  by  the  Arzela-Ascoli  theorem  the  choice  of  the  subsequen¬ 
ce  can  be  done  so  that 

£n  converges  uniformly  to  a  £6C([o,t])  .  (23) 


By  the  help  of  (22)  and  (23)  it  is  easy  to  show  that 

1  00 

Lipschitz  continuous  and  £  £  W  '  (0,T)  .  . 

1  (0)+  2  r  n 

Further,  by  the  embedding  H  (0 ,l)Q  C 


£  is 

and 
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the  boundedness  of  un  in  L°°  (O,  T;  H1  (O,  L) )  we  find 
I^Cn^.b)  -  un(?(t)  ,t)  I  < 


-  "U  (0J  +  1  l«n<«  ~  £ 

c  7([0  ,£]) 

<  const.  M^-^)HHl(o^|Cn(t)  -  C(t)|V2  < 

<  const.  Un(t)  -  C(t)  |  1/2 
what  together  with  (23)  yields 

nt«  *U  (5n(t)'fc)  "  u  <C(t),t)|  =o  uniformly  for  te[o,T] 

Besides,  for  any  re[1,<»)  the  operator  of  traces  maps 

H  ({0  <  x  <  t€  (0,T)  })  compactly  into 

Lr<(*  *  £(t>,  tc(O.T)))  ,  (see  [4]  ,  Theorem  6.2,.  ha. 

ve  proved  that 

U  U(C(.),.)  strongly  in  Lr(0,T)  ,  (24) 

^(?n(t),t)  -  u(C(t),t)  a.e.  in  (0,T)  .  (25) 

Limiting  process 

Now,  let  ♦SC^S)  ,  <p  (x,T)  =0  for  x  €  r0,fl 
Put  t  L  J  ' 

n  n  r 

*  <X,t)  =  £  (  j*  Cy,t)  v .  (y)  dy)  v .  (x)  . 

3=0  0  -1 

Then 

*  <t>  strongly  in  H1  (Si)  .  (26) 

l 

Multiply  (10)  1  by  |m y,t)  vk(y)  dy  ,  sum  up  over  k  from  0 

We  get'  integrate  D P,tJ  and  then  integrate  by  parts. 

T  l  ^  (t) 

[  I  (°2  “”*2  -  UW  dxdt  +  J  j  f' (un)  u^n  dxdt  + 

0  0 
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Tn  n  .  _n  .  _n 

-  I1  +  I2  +  I3  +  x4  • 

Clearly 

T  max{£ (t) , Cn(t) } 

l"  1  const. j  |  |u"(x,t)|  dxdt  -►  0,  (n  -*•«.)  . 

0  min{£  (t)  » Cn  (t)  } 

Further,  by  (20) ,  (16) ,  (26) 

T  £<t)  T  £(t) 

ij  i  (  J  |  f;(un)2(u")2dxdt)  1/2(|  |  (4>n-(f>)  2dxdt)  1/2  < 

0  0  0  0 


±  const.  |  |  <J>n  -<j>  |  ]  _  ■*  0  ,  (n  -*■  «>)  . 

I»  (fi) 

From  (19)  and  (20)  we  have  f'(un)  £'  (u)  a.e.  in  fi  and 

o  o 

|r  (un)  |  const,  in  Q  .  Hence  by  the  Lebesgue  theorem 
r(un)<t>  -*•  f'(u)<()  in  L2  (f2)  . 
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1 


r 


Besides  from  (17)  u^  -*•  u^  weakly  in  (fi)  •  Thus  I^  "*■  ® 

(n  -*•  oo  )  .  Finally,  by  the  Schwartz  inequality  and  the  Lebesaue 

theorem  I1?  ■+  0  (n  +  °°  )  as  well.  A  similar  reasoning  with 

4 

T  l 

f' (un)  u^n  dxdt  and  the  obvious  relation 

o  ln(t) 


lim 

n-*-oo 


l 

|  u^<t>ndx 
0 


l 

u*4>dx  yields  (8)  .  Since  it  is  easy  to  show 
O 


that  u (x,0)  =  uQ(x)  in  the  sense  of  traces  and  by  density  (8) 

holds  for  all  <p  as  in  the  definition,  the  couple  (u,C)  is  a 
weak  solution  of  (1)  -  (6)  . 


REMARKS 

1.  The  free  boundary  equation  (6)  corresponds  to  the  ori- 

t 

ginal  physical  problem  only  if  j  u(£(T),T)dT  belongs  to  [o,£] . 

0 

In  general  instead  of  (6)  a  variational  inequality 

(6')  (5(t)  -  u(5(t),t))(n  -  5(t))  >0,  >it[o,t]  , 

5  (t)  e  [o,£]  ,  t  €  [o,t] 

should  be  employed.  The  arising  problem  can  be  solved  as  well 
but  for  the  lack  of  space  we  cannot  present  it  here.  This  result 
will  be  published  in  [6]  . 

2.  Although  we  are  not  able  to  prove  the  uniqueness  of  the 
solution  to  (1)  -  (6),  it  seems  that  the  uniaueness  can  be  ob- 

2 

tained  for  more  regular  (strong)  solutions,  namely  for  ufcH  (0) , 

5  e  W1,0°(0 ,£)  .  Unfortunately,  we  are  not  able  to  show  the 

existence  of  a  strong  solution. 

3.  An  interesting  problem  is  how  to  show  the  existence 
of  the  solution  in  the  case  of  different  (but  still  constant) 

sound  speeds  c0'ci  sePara1:e  fluids.  In  that  case  the  second  i 

interface  condition  in  (3)  should  be  replaced  by  an  appropriate  ! 

interpretation  of  the  continuity  of  the  pressure  accross  f 

x  =  5  (t)  . 
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"TVD"  Schemes 
for 

Inhomogeneous  Conservation  Laws. 


Peter  K.  Sweby 

Department  of  Mathematics.  University  of  Reading, 
Whiteknights,  Reading,  England. 


Summary. 


Many  schemes  have  been  developed  for  the  numerical  solution  of  homogeneous 
conservation  laws  giving  high  resolution,  oscillation  free  results.  However  the  TVD 
criterion  used  in  these  schemes  is  inappropriate  for  inhomogeneous  problems.  Despite 
this,  there  have  been  various  attempts  to  apply  such  schemes  to  these  problems.  We 
review  here  one  such  empirical  technique  which  has  been  used  successfully,  although 
we  demonstrate  that  its  successful  behaviour  cannot  be  guaranteed.  We  then  utilise  a 
change  of  dependent  variable  to  reduce  the  inhomogeneous  problem  to  homogeneous 
form  and  thus  suggest  a  correct  way  to  apply  TVD  schemes  to  such  a  problem. 


1.  Introduction. 


In  recent  years  much  effort  has  been  devoted  to  the  design  of  numerical  schemes 
which  give  high  resolution,  oscillation  free,  solutions  to  systems  of  homogeneous 
conservation  laws, 


ttt+?(?)x-0'  (l-1) 

All  such  schemes  are  non-linear,  their  coefficients  being  data  dependent  (see  e.g. 
[1],[2],[3]),  and  all  use  as  a  criterion  to  monitor  oscillations  the  total  variation  (we 
consider  here  the  scalar  case) 


TV  (un)  =  E|  ujj  —  u^—1 1  (1.2) 

of  the  numerical  solution  at  time  nAt.  This  mimics  the  total  variation  of  the  analytic 
solution 


TV(u(-,t))=/|ux(.,t)|dx  (1.3) 

which  has  the  property  of  being  non— increasing  for  scalar  equations  of  the  form  (1.1). 
Schemes  are  designed  therefore  to  be  Total  Variation  Diminishing  (TVD!.  i.e. 

TV(un+l)  <TV(un)  (1.4) 

(Harten  (3]). 

Solutions  to  inhomogeneous  conservation  laws 
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(1.5) 


ut  +f(u)x  s  b’ 

however,  do  not  possess  this  totcil  variation  non— increasing  property,  indeed  the  right 
hand  side  of  (1.5)  often  represents  a  source  term  which  will  actively  increase  the 
variation  of  the  analytic  solution. 

The  problem  therefore  is  how  to  obtain  high  resolution  oscillation  free 
numerical  solutions  to  (1.5)  without  inhibiting  any  natural  growth  in  the  variation  of 
the  solution  due  to  the  inhomogeneity  of  the  problem. 

In  the  next  section  we  look  at  one  empirical  technique  which  performs  well  in 
many  situations,  but  whose  performance  we  show  cannot  be  guaranteed.  In  section  3 
we  utilize  a  transformation  of  dependent  variable  to  reduce  (1.5)  to  an  homogeneous 
equation  which  does  possess  the  TVD  property  and  in  section  4  we  suggest  how  this 
can  be  used  to  apply  TVD  schemes  to  inhomogeneous  equations.  In  the  anal  section  we 
make  concluding  remarks,  highlighting  the  need  to  develop  better  techniques  for  the 
treatment  of  the  source  terms  themselves. 

Throughout  the  paper  techniques  are  illustrated  by  the  use  of  Flux  Limiter 
schemes  [1]  coupled  with  Roe's  approximate  Riemann  solver  [4]  to  extend  them  to 
systems. 


2.  Roe's  Approach. 


In  [5)  Roe  proposed  an  empirical  technique  for  applying  high  resolution  TVD 
schemes  to  inhomogeneous  problems.  His  approach  employed  the  application  of  the 
TVD  scheme  to  a  modified  flux  derived  from  a  Lax— Wendroff  like  Taylor  expansion. 
An  outline  of  the  process  is  as  follows: 


1.  Calculate  u11’*’^  using  a  low  order  scheme  with  time  increment  £At. 

2.  Use  this  to  compute  bn_^  ,  the  source  term  evaluated  at  the  half  time 
step. 

3.  Define  a  modified  flux  (bn”*"^  —  f“  )  where  a  suitable  difference  is  used 
for  the  derivative. 

4.  Apply  the  TVD  scheme  to  the  modified  flux  to  obtain  un+^  from  un. 


This  technique  has  been  successfully  used  in  various  situations  (see  [5], [6]), 
although  Roe  himself  observed  some  slight  over/under  shoots  due  to  its  empirical 
nature.  We  now  explore  this  further. 


m 


Consider  the  following  test  problem,  to  which  an  analytic  solution  is  available 


p  ' 

(pu 

pu 

+  Ip+pu2 

e 

t  lu(e+p) 

H(— x)C 
a 


(2.1) 


where  p,  u,  p,  e.  h,  and  a  are  density,  velocity,  pressure,  energy,  enthalpy  and  sound 
speed  respectively  ,  H(  •)  is  the  Heavyside  step  function  and  C  is  a  constant.  The 
situation  therefore  is  the  Euler  equations  with  a  source  term  in  the  left  hand  half 
plane. 
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Results  of  the  problem  using  the  superbee  flux  limiter  are  shown  in  Figure  1, 
the  solid  lines  denoting  the  analytic  solution.  It  can  be  seen  that  the  numerical  solution 
is  free  from  oscillations  whilst  still  giving  good  resolution.  In  Figure  2  .however,  which 
displays  results  obtained  using  the ''safer"  minmod  limiter,  it  can  clearly  be  seen  that 
overshoots  are  occurring.  Indeed  if  we  use  this  approach  to  solve  the  linear  advection 
equation  with  a  constant  source  term,  as  in 

ut  +  ux=l,  (2.2) 

Figure  3  shows  the  oscillatory  behaviour  which  occurs. 


Figure  3.  +  ux  *  1  using  modified  flux  and  superbee. 


We  need  therefore  to  determine  a  criterion,  analogous  to  TVD,  for 
inhomogeneous  equations  which  will  allow  us  to  successfully  implement  existing  high 
resolution  schemes.  In  the  next  sections  we  use  a  transformation  of  dependent  variable 
to  investigate  such  a  possibility. 


3.  Reduction  to  Homogeneous  Form. 
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Consider  the  scalar  inhomogeneous  equation 

ut  +  f(u)x-b(x,t) 


(3.1) 


(3.2) 


which  can  equivalently  be  written  as 

ut  +  a(u)ux  =  b(x,t) 


a(u)=f'(u). 


Note  that  we  are  considering  here  functions  b(x,t)  for  algebraic  simplicity,  hi 
the  following  analysis  can  be  shown  to  hold  for  the  more  general  source  b(u,x,t). 


however 


The  characteristics  of  (3.2)  are  given  by 


along  which 


at  “a(“) 


a£-b(x,t). 


Since  u  is  not  constant  along  the  characteristics  they  are  no  longer  straight  lines  as  in 
the  homogeneous  case.  By  integrating  back  along  the  characteristics  we  can  write  the 
solution  u(x,t)  as 


ft  * 

u(x,t)  =  u(xo,0)  +  b(x,t;r)dr 

Jft 


where  xo  is  where  the  characteristic  crosses  the  x  axis  and  where 


b(x,t;r)  »  b^x  — J  ads  ,  r j  , 


the  integrations  being  along  the  characteristic. 
Now  define  a  new  variable  v  by 


ft  * 

r(x,t) -u(x,t)  -  b(x,t;  r)dr 
Jft 


and  substitute  into  (3.1).  We  have,  using  (3.7), 


3  r  A 

Ut”vt+W  L  b(x,t;r)d 
J0  * 


t 

b(x.t)  +  |  |^b(x.t;r)dr 
b(x,t)  -  a(u)J  ^b  dr 
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and  similarly 


and  so 


ux  =  vx+ij0  Mx-t;r)dr 
=  Vx+|/lb  dr 

+  a(u)ux  =  +  a(u)vx  +  b(*>t)  +  |a(u)— a(u)|J  djb  dj 


(3.10) 


from  which  we  deduce 


vt  +  a(u)vx=*0. 


(3.11) 


(3.12) 


If  we  label  the  integral  in  (3.8)  as  c(x,t) ,  and  so  v  =  u  —  c,  we  also  note  that 
the  above  analysis  gives  us 


ct  4  a(“)cx=  Kx.t) 


(3.13) 


c(x,0)  -  0  J 

i.e.  c(x,t)  is  a  "particular  integral"  of  (3.1). 

Notice  that  the  homogeneous  equation  (3.12),  which  will  have  the  same  initial 
data  as  (3.1),  does  possess  the  Total  Variation  non-increasing  property,  and  in  the 
next  section  we  will  see  how  we  can  use  this  to  indicate  how  to  correctly  apply 
TVD  schemes  to  inhomogeneous  problems. 


4.  Application  of  TVD  Schemes. 


_  We  now  use  the  homogeneous  form  obtained  in  the  previous  section  to  apply  a 
TVD  scheme  to  an  inhomogeneous  problem.  For  illustration  we  use  the  class  of  Flux 
Limiter  schemes,  which  may  be  written  in  the  homogeneous  case  as  a  first  order 
scheme  plus  a  limited  antidiffusive  term,  i.e. 

un+1  -  un  -  la(un)Aun  -  y(u“)  (4.1) 

where  A  =  At/ Ax  the  mesh  ratio,  Au11  is  an  upwind  difference  and  ./  encompasses 
the  limiter  terms. 

If  we  now  apply  such  a  scheme  to  (3.12)  we  have 

vn+1  *vn-Aa(un)Avn-  J"(vn)  (4.2) 

or,  putting  v  =  u  —  c, 
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n+1  n  ,  /  zi\  %  /  n  n\  .//,  n  n\  n+1  n  ,  . 

u  =  u  —  4a(u  )A(u  —  c  )  —  Jr(u  —  c  )  +  c  —  c  .  (4.3) 

We  can  also  solve  (3.13),  viz 

cn+1  =  c11  -  4a(un)Acn  +  Af(cn)  +  s/(bn)  (4.4) 

where  Jf  is  some  high  order  operator  and  df  is  the  treatment  of  the  source  term. 

If  we  now  combine  (4.3)  and  (4.4)  we  obtain 

un+1  =  u"  -  1 a(un)Aun  -  y(un  -  cn)  +  <#(cn)  +  ^(b")  (4.5) 

which  still  risks  contamination  through  the  Jt  term  —  however  if  we  reset  time  in 
(3.13)  at  each  timestep,  i.e.  take  cn  =  0  ,  we  obtain 

un+1  .  u"  -  4a(un)Aun  -  ^(un)  +  <^(bn) ,  (4.6) 


that  is  the  TVD  scheme  is  applied  only  to  the  flux  of  the  homogeneous  equation,  the 
source  term  being  treated  separately.  Figure  4  shows  results,  using  both  minmod  and 
superbee  limiters,  of  the  above  splitting  with  upwinded  second  order  treatment  of  the 
source  term.  Alternatively,  multistage  splittings  could  be  derived  form  (4.3)  and  (4.4) 

by  application  of  the  technique  recursively  to  (4.4)  and  setting  cn— 111  =  0- 


0.50  -0.2S  0.00  0.2S  0.50 


Figure  4a.  Superbee  applied  to  homogeneous  part  only.< 
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5.  Concluding  Remarks. 


We  have  devised  a  technique  for  applying  TVD  schemes  to  inhomogeneous 
problems  which  is  sufficient  to  prevent  spurious  oscillations  whilst  not  adversely 
affecting  any  natural  increase  in  variation.  However  there  is  still  a  large  question 
remaining  —  what  is  the  best  treatment  of  the  source  term  itself?  Figure  5  shows 
results  of  the  test  problem  using  a  pointwise  application  of  the  source  term  as  opposed 
to  the  upwinded  average  used  m  Figure  4.  For  this  example  the  pointwise  appears  to 
be  the  better  treatment  —  however  this  is  not  always  the  case,  see  [6], [8]. 
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Abstract 

We  discuss  recent  work  of  the  author  in  which  he  proves  that  solutions  to  systems  of  two 

strictly  hyperbolic  genuinely  nonlinear  conservation  laws  are  weakly  stable  in  the  global  L^-norm. 
We  contrast  this  with  the  theory  of  the  initial  value  problem  for  a  nonstrictly  hyperbolic  system  in 

which  weak  stability  in  L1  is  shown  to  fail.  This  is  understood  from  a  study  of  the  asymptotic  wave 
patterns  to  which  solutions  in  this  problem  decay  as  t  ->  +<s.  Since  solution  in  both  cases  have  been 

shown  to  be  stable  in  the  total  variation  and  sup  norms,  we  conclude  that  the  L1  estimate  is  the 
first  stability  result  in  a  norm  that  distinguishes  the  strictly  hyperbolic  from  a  nonstrictly 
hyperbolic  theory  of  the  initial  value  problem. 

In  this  talk  we  compare  the  theory  of  the  initial  value  problem  for  a  2x2  non-strictly 
hyperbolic  system  of  conservation  laws  to  the  corresponding  strictly  hyperbolic  theory.  In  terms  of 
the  total  variation  and  supnorms  the  theories  look  the  same.  Here  we  demonstrate  that  the  theories 

diverge  at  the  L^-norm.  In  particular,  recent  work  of  the  author  gives  a  proof  of  the  weak  stability 

in  the  global  L*-norm  for  systems  of  two  strictly  hyperbolic  equations.  In  contrast  to  this,  a  study 
of  the  asymptotic  wave  structures  in  a  nonstrictly  hyperbolic  system  leads  directly  to  the  conclusion 
that  no  such  stability  result  holds  in  a  special  nonstrictly  hyperbolic  problem.  We  first  discuss  the 

weak  stability  result  (see  "Weak  Stability  in  the  global  Ll-norm  for  systems  of  conservation  laws" 
by  Blake  Temple,  Davis  preprint),  and  then  we  discuss  the  asymptotic  wave  patterns  in  a  simple 

nonstrictly  hyperbolic  system  with  an  eye  toward  seeing  how  L1  stability  fails  (see  "The  structure 
of  asymptotic  states  in  a  singular  system  of  conservation  laws"  with  E.  Isaacson,  Davis  preprint.) 
We  consider  the  initial  value  problem 

ut  +  F(u)x  =  °,  u  =  (uj,u2),  u(x,0)  =  uQ(x)  F  =  (F1,F2).  (C) 

In  the  strictly  hyperbolic  case,  Glintm  demonstrated  in  his  fundamental  paper  of  1965 

(3)  that  solutions  of  (C)  generated  by  the  random  choice  method  are  stable  in  the 

supnorm  and  in  the  total  variation  norm.  Indeed,  it  is  stability  in  the  total  variation  that  gives 

compactness  of  the  approximate  solutions,  and  this  resulted  in  the  first  existence  theory  for  systems 

of  conservation  laws.  (We  remark  that  in  general  we  have  no  proof  of  uniqueness  or  continuous 

dependence  for  solutions  generated  by  this  method.)  We  state  Glimm's  result  precisely  [25]. 

Theorem  fGlimm  1965):  Assume  (C)  is  genuinely  nonlinear  and  strictly  hyperbolic  in  both 

characteristic  fields  in  a  neighborhood  of  a  state  u  t  R^.  Then  V  V  >  0  there  exists  <5  <<  1  such 
that  if 


TV  {Uq  (0)}  <  V  ,  I|Uq  (0)  -  u||sup  <  i  , 
then  there  exists  a  solution  to  (C)  satisfying 


•This  work  supported  by  the  NSF  under  the  grant  NSF-DMS-86-13450. 
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TV  {u  (-,t)}  <  C  V  , 

(TV) 

l(u  (*,t) -u|(sup  <  c 

(SUP) 

l|u  ( •  ,t)  -  u(  ■  ,s)||  !<CM  . 

(LIP) 

Here  C  denotes  a  generic  constant,  TV  denotes  tlie  total  variation  and  ))  ||  denotes  the  supnorm. 

Note  that  (LIP)  implies  that  the  data  is  taken  on  in  the  L1  sense. 

The  author  recently  proved  the  following  weak  stability  result  in  the  global  L*-norm  for 
solutions  generated  by  Glimtns  method  [24): 

||u(-,t)-u||  1<G(t,||i.0(.)-u(|  ,)  (L1) 

L  L 

where  G  is  an  explicitly  constructed  smooth  function  satisfying  G(t,£)  -*  0  as  (  0  for  every  fixed 
t  >  0.  Here  we  assume  that  uQ  (±®)  =  Q. 

We  now  contrast  this  with  a  corresponding  existence  theory  for  a  non-strictly  hyperbolic 
system  in  which  (TV),  (SUP)  and  (LIP)  have  been  shown  to  hold  (cf  [20)),  but  (L*)  fails  for  every 
smooth  function  G  satisfying  G(t,{)  ->  0  as  (  -*  0.  We  conclude  that  (L1)  gives  the  fitst  stability 

result  in  a  norm  that  distinguishes  the  two  theories.  That  (L*)  fails  in  the  next  example  follows 
directly  from  an  understanding  of  the  asymptotic  wave  structures  to  which  solutions  decay  as 
t  -•  +oo.  This  was  studied  in  joint  work  with  E.  Isaacson,  Dept,  of  Math.,  Univ.  of  Wyoming. 
Consider  the  2x2  system  of  polymer  equations: 

st  +  f(s,c)x  =  0,  u  =  (s,  cs),  (sc)t  +  {cf(s,c))x  =  0,  F  =  (f,  cf).  (P) 

In  general,  system  (P)  is  not  strictly  hyperbolic  when  f( •  ,c)  is  non-convex.  E  Isaacson  first  derived 
(P)  from  a  simple  two  component  flow  problem,  and  ho  solved  the  corresponding  nonconvex 
Riemann  problem  [4).  In  [8),  11.  Keyfitz  and  II.  Kranzer  earlier  solved  the  Riemann  problem  for  a 
system  formally  equivalent  to  ( P).  In  (20)  the  author  proved  a  global  existence  theorem  by 
Glimm's  method.  We  state  it  here  in  order  to  compare  it  with  the  Strictly  hyperbolic  case: 

Theorem  (Tel:  If  uQ( • )  is  initial  data  for  (P)  satisfying 

TV{u0(-)}<V<«,  l«0(-)-u||sup  <  6, 

then  there  exists  a  global  weak  solution  of  (P)  with  initial  data  Uq  satisfying 

TV  {u( •  ,t)}  <CV,  (TV) 

IM-.t) -a|)3Up  <  (SUP) 

||u(-,t)-u(-,s)||  j  <C|t-s|  .  (LIP) 

L 

Here  total  variation  is  measured  in  the  singular  coordinate  system  of  Riemann  invariants,  and  this 
leads  to  a  modified  convergence  proof,  but  formally,  the  results  look  the  same  as  in  the  strictly 
hyperbolic  case  of  Theorem  (Glimm).  In  joint  work  with  E.  Isaacson,  we  determine  the  asymptotic 
waves  that  these  solutions  decay  to  as  t  -•  +<»,  and  this  leads  directly  to  the  following  result  which 

implies  that  the  two  theories  diverge  on  the  level  of  tlie  LJ-norm  (cf.  (5|). 

For  the  solutions  u(x,t)  of  (P)  generated  by  Theorem  (Te)  and  satisfying  u0(*w)  =  u,  the  L*-norm 
at  time  t  cannot  be  controlled  by  the  L^-norm  at  time  t  =  0,  through  any  nonlinear  function;  i.e., 
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Theorem  (-»L*):  The  estimate  (Ll)  FAILS  in  general  for  every  smooth  G  satisfying  G(t,()  -*  0  as 
(  -*  0  for  each  fixed  t.  Specifically,  there  exists  a  sequence  of  solutions  u^fot)  of  (P),  0  <  a  <  1, 
such  that  Uq(±®)  =  u^, 

lim  ||Uq(-)-u,||  ,=0,  (-L1) 

<r->0  L 

but 

1  itn  ||uff(-,t)  -  u,jj  j*0  (-L1) 

<r-*0  l 

at  any  t  >  0. 

In  the  next  section  we  discuss  the  asymptotic  states  for  solutions  of  (P)  with  an  eye  toward 

seeing  (->L1).  We  comment  on  the  interesting  role  played  by  the  admissible  solutions  of  the 
Riemann  problem  in  this  nonstrictly  hyperbolic  problem.  In  section  3  we  return  to  the  strictly 

hyperbolic  case,  and  discuss  the  proof  of  (L*).  The  estimate  (L1)  is  a  consequence  of  the  author's 
decay  result  [22]  which  states  that 


l|u(  -  ,t)  -  0||sup  <  F 


H“oH  *  a«Li 


where  F(£)  is  an  explicitly  constructed  function  satisfying  F(()  -<  0  as  (  ->  -h»,  together  with  the  new 
estimate 


llu(-.t)  -  0||  !  <  l|u0()  -0||  ,+C<t  (E) 

L  L 

where  6  denotes  the  supnorm  of  the  initial  data  Uq(  • ).  The  details  of  the  proof  of  this  new  estimate 
(E)  together  with  a  further  discussion  can  be  found  iu  the  author's  paper  [24], 

§2  The  structure  of  asymptotic  wave  patterns  for  (P). 

We  view  (P)  as  modeling  the  polymer  flood  of  an  oil  reservoir  in  one  space  dimension  as  first 
developed  by  Isaacson  in  [4].  Dy  a  polymer  flood  we  mean  a  two  component  flow  of  immiscible 
fluids,  oil  and  a  mixture  consisting  of  water  together  with  polymer.  The  polymer  is  a  thickener 
which  moves  passively  with  the  water  and  which  is  assumed  to  affect  the  mutual  flow  of  the  two 
components  in  the  porou3  media.  Here,  s  s  saturation  of  the  aqueous  phase,  c  5  concentration  of 

polymer  in  water,  0<s<l,  0<c<I,  and  g(s,c)  =  is  the  particle  velocity  of  the  water.  In 

this  way  (PI)  represents  conservation  of  water  plus  polymer,  (P2)  represents  conservation  of 
polymer,  and  f(s,c)  gives  the  fraction  of  the  total  flow  associated  with  the  aqueous  component  at 
each  position  x  of  the  reservoir.  The  system  is  determined  once  the  constitutive  function  f(s,c)  is 
specified.  Properties  of  the  flow  are  determined  by  quantitative  properties  of  f,  and  we  assume  only 

that  f(  •  ,c)  is  S  -  shaped  for  each  fixed  c,  and  that  <  0.  (See  Fig.  1,  cf.  [4,20].)  These 

assumptions  can  be  justified  by  an  argument  based  on  Darcy's  Law  [4). 

In  this  section  we  describe  the  structure  of  the  noninteracting  waves  to  which  the  solutions 
constructed  in  [20]  decay  as  t  ->  +®.  We  then  discuss  the  relationship  between  the  admissible 
solution  of  a  given  Riemann  problem  (P), 


uoM  = 


(u^  for  x  <  0 
uR  for  x  >  0  , 


(RP) 


and  the  asymptotic  waves  to  which  a  given  solution  u(x,t)  of  (P)  satisfying 
u0  M  =  ul  -  uo  (+“)  =  UR 


(AS) 


decays  as  t  -*  +».  In  this  problem  the  admissible  solution  of  the  Riemann  problem  is  the  solution 
fshown  in  [4]  to  be  unique)  constructed  from  waves  which  satisfy  the  Lax  characteristic  criterion. 
Alternatively,  these  are  the  solutions  wltich  do  not  S|x>ntaneously  introduce  "extra"  polymer  into 
the  flow  over  and  above  that  accounted  for  in  the  states  u^  and  u^.  The  noninteracting  waves  to 


610 


which  a  general  solution  satisfying  (AS)  decays  as  t  -•  +®  represent  an  alternate  solution  of  the 
Riemann  problem  (P),  (RP)  whicn  in  general  is  inadmissible  by  the  Lax  characteristic  criterion. 
This  is  because  the  asymptotic  state  must  account  for  the  "extra"  polymer  contained  in  the  initial 
data  between  x  =  -®  and  x  =  +®.  The  conclusion  then  is  that  in  contrast  to  the  classical  strictly 
hyperbolic  theory,  the  asymptotic  states  do  not  depend  on  u^  =  Uq(-®)  and  u^  =  Uq(+®)  alone,  but 

on 


cmax  =  S“p<c0<x» 

as  well.  The  analysis  leads  to  the  result  that  the  solutions  are  not  well-posed  in  the  L^-norm  (i.e., 
(->L*)  holds)  even  though  the  admissible  solutions  of  the  Riemann  problem  depend  continuously  on 
u^  and  u^  in  L'j^,  and  despite  the  fact  that  the  solutions  are  Lipshitz  continuous  in  time  in  the 

L'-norm.  Moreover,  the  two  component  flow  interpretation  indicates  that  the  lack  of  well- 
posedness  in  one  dimension  may  be  related  to  fingering  instabilities  in  higher  dimensions.  It  also 
appears  that  well-posedness  is  retrieved  when  viscosity  is  not  neglected.  In  this  problem,  the 
admissible  solutions  of  the  Riemann  problem  play  an  interesting  and  special  role. 

We  first  review  the  solution  of  the  Riemann  problem  as  first  presented  by  Isaacson  [4j.  One 
can  easily  verify  that  the  eigenvalues  of  dF  (the  wave  speeds  for  system  (P))  are  given  by 


and  the  integral  curves  of  the  corresponding  eigenvectors  through  a  state  u  are  given  by 
R  (u)  =  {u:  c(u)  =  c(u)j  ,  R  (u)  =  {u:  g(u)  =  g(u)}  . 

Because  f(  •  ,c)  is  S  -  shaped,  it  is  clear  that  Ag  =  Ac  on  a  curve  in  state  space  labeled  T  for  the 
transition  curve  (see  Fig.  1,  2). 


/  \ 

/  ' 


For  this  system,  the  shock  and  rarefaction  curves  coincide,  and  the  elementary  waves  which 
satisfy  the  Lax  characteristic  criterion  consist  of  s-waves  and  c-waves.  Here,  s-waves  solve  the  non- 
convex  scalar  conservation  law  which  (P)  reduces  to  when  c  =  const.,  and  c-waves  are  contact 
discontinuities  at  g  =  const.  The  Lax  condition  for  the  c-waves  translates  into  the  condition  that 
c-waves  cannot  cross  the  Transition  curve.  The  solution  of  the  Riemann  problem  is  summarized  in 
the  following  theorems  (see  [4,8]). 
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The  existence  Theorem  (Te)  is  obtained  by  extracting  a  convergent  subsequence  from 
approximate  solutions  constructed  by  the  random  choice  method  using  the  solutions  of  the  Riemann 
problem  generated  in  Theorem  (Is).  The  proof  relies  on  a  positive  non-increasing  function  F(t) 
which  is  defined  on  the  approximate  solutions,  and  which  dominates  the  total  variation  of  the 
approximate  solutions  at  time  t  as  measured  in  the  singular  coordinate  system  of  ,.n  , 

invariants.  Because  the  total  variation  in  the  conserved  quantities  cannot  be  bounded,  a  modified 
convergence  proof  must  be  given  (see  [20]  for  details).  We  now  ask,  what  are  the  noninteracting 
elementary  waves  to  which  these  solutions  decay  as  t  -»  +»?  We  answer  this  by  means  of  the 

Let  u(x,t)  denote  a  solution  generated  by  Theorem  (Te).  For  a  given  u,  let  x(t)  satisfy 


=  S(3'c)  »  XW  x0  ’ 


so  that  x(t)  describes  a  particle  path  of  water  in  the  solution. 

CLAIM:  The  particle  paths  are  continuous  curves  defined  and  nonintersecting  for  all  t  >  0,  and  the 
value  of  c  is  constant  on  each  particle  path. 

We  do  not  give  a  complete  proof  of  the  CLAIM,  but  we  argue  for  it  as  follows.  Since  c-waves  move 
with  speed  g,  we  argue  first  that  the  particle  paths  do  not  cross  c-waves  in  the  weak  solutions. 

Since  the  particle  paths  are  nonintersecting  in  smooth  solutions  and  Lipshits -continuous  across  s- 
waves,  we  conclude  that  the  particle  paths  are  defined  and  nonintersecting  throughout  the  weak 
solutions.  Moreover,  for  smooth  solutions, 

MxJM  =  cxxl  +  ct  =  ct  +  gcx  =  0 


because  equations  (P2)  gives 


0  =  ct  s  +  c  s^  +  c  fx  +  f  cx 
=  s(ct  +  gcx)  +  c  (st  +  fx) 
=  3  (ct  +  g  cx) ; 
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and  since  c  is  constant  across  s-waves  and  we  have  argued  that  particle  paths  don't  cross  c-waves, 
we  conclude  that  c  is  constant  on  particle  paths  of  the  weak  solutions.  An  actual  proof  of  this  is 
made  difficult  by  the  fact  that  the  claim  is  false  for  approximate  solutions  of  the  random  choice 
method.  We  conclude  from  the  claim  that  the  total  variation  in  c  is  passively  transported  along 
particle  paths.  Thus  in  particular,  the  value 

C  =  sup  cJx) 
x 

satisfies 

E  =  sup  u(x,t) 
x 

for  every  t  >  0.  We  now  determine  the  asymptotic  waves  through  the  following  theorem: 

Theorem  (Is,  Te):  for  each  E,  u^  and  Ujj  in  our  domain,  there  exists  a  unique  set  of  noninteracting 

waves  taking  u^  to  u^,  and  taking  on  the  value  E  as  the  maximum  value  of  c  at  each  time.  In 

general,  these  waves  correspond  to  an  inadmissible  solution  of  the  Riemann  problem.  Moreover,  the 
positive  nonincreasing  function  F(t)  used  in  the  existence  theory  is  minimized  on  these  waves 

among  all  sequences  of  elementary  waves  taking  u^  to  u^  and  taking  on  E  as  the  maximum  value  of 
c.  These  waves  are  diagramed  in  Figures  5  —  9  according  to  whether  u^  ties  in  regions  A,  B  or  C 

determined  by  the  value  of  E  (see  Fig.  5). 

We  conclude  from  Theorem  (Is,  Te)  that  the  solutions  generated  in  Theorem  (Te)  decay  to 
the  noninteracting  waves  determined  by  uQ(^»)  =  u^,  u^(+®)  3  uR  and  5  =  Max  cQ(x).  A  proof 

here  would  be  complete  were  one  to  show  rigorously  that  F(t)  decreases  to  its  minimum  possible 
value  in  each  solution. 

In  order  to  contrast  the  situation  here  with  the  classical  strictly  hyperbolic  case,  consider  the 
example  of  the  asymptotic  state  corresponding  to  the  values  u^  =  and  E  =  c(u)  diagramed  in 
Figure  8,  and  corresponding  to  u^  in  Region  B.  This  is  the  region  for  which  the  structure  of 

asymptotic  states  differ  strikingly  from  the  structure  of  asymptotic  states  in  a  strictly  hyperbolic 
problem.  For  example,  assume  that  the  initial  data  is  given  by 

(UL  *<°, 

uQ(x)  =  <  u  0  <  x  <  <r , 

l  uL  x  >  o  . 

The  exact  solution,  which  corresponds  to  the  asymptotic  state  u0(-®)  =  uL  =  uQ(+®),  E  =  c(Q),  is 

drawn  in  Figure  10.  In  a  strictly  hyperbolic  problem  such  a  solution  would  decay  to  zero,  because 
the  admissible  solution  of  the  Riemann  problem  for  Ug(-w)  =  u^  =  Ug(-h»)  is  the  constant  solution 

u  5  UL  &  **■—14])-  F°r  (P).  however,  the  solution  decays  to  a  solution  containing  two  strong 

nonlinear  s— waves  separated  by  a  contact  discontinuity.  We  can  now  observe  Theorem  (-■L*)  by 
taking  the  limit  <r  -<  0.  Indeed,  when  <7  =  0,  the  solution  is  the  constant  state  u  s  u^,  but  for  <r  >  0 

the  solution  at  times  t  >  0  is  far  from  the  solution  u  s  uL  in  the  L^-norm.  This  occurs  despite  the 

LipshTtz  continuity  of  the  solutions  in  L1.  We  couclude  that  a  small  amount  of  polymer  at  x  =  0, 
t  =  0  drastically  alters  the  flow  in  this  model. 

The  admissible  solutions  of  the  Riemann  problem  play  a  different  role  in  the  theory  of  this 
non-strictly  hyperbolic  problem  than  they  play  in  the  classical  strictly  hyperbolic  theory  of  Lax. 

We  explore  this  difference  in  the  following  comments. 
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Fig.  7  The  asymptotic  states  for  uL«  A 


.  f 

Fig.  8  The  asymptotic  state  for  uL«  8 
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Comment? 


(1)  The  classical  strictly  hyperbolic  theory  of  conservation  laws  is  a  generalization  of  the  theory 
of  Euler's  equations  in  gas  dynamics.  One  can  take  the  point  of  view  that  the  Riemann  problem  is 
relevant  because  it  represents  the  local  asymptotic  state  in  a  general  flow.  Dy  the  scale  invariance 
of  the  equations,  the  flow  should  locally  look  like  an  asymptotic  state,  and  Glimm's  theorem  can  be 
viewed  as  a  justification  of  this  picture;  the  random  choice  method  replaces  the  solution  locally  by 
an  asymptotic  state.  For  system  (P),  the  asymptotic  solutions  are  pet  the  admissible  solution  of 
the  Riemann  problem,  but  in  fact  one  can  speed  up  the  convergence  of  the  random  choice  method 
by  replacing  the  solution  of  the  Riemann  problem  by  the  asymptotic  solution  in  each  cell.  Since  the 
limit  solution  in  this  case  conserves  c— values,  we  expect  this  to  generate  the  same  solution  as  that 
generated  in  Theorem  (P).  The  admissible  solutions  of  the  Riemann  problem  are  special  in  that  all 
asymptotic  wave  structures  are  concatenations  of  these.  Thus  the  admissible  solutions  can  be 
characterized  as  the  only  solutions  of  tire  Riemann  problem  which  give  convergence  to  the  polymer 
conserving  solution  by  the  random  choice  method,  but  which  require  only  the  values  of  and  u^ 

in  each  cell,  and  not  the  further  information  of  c. 

(2)  From  the  example  above,  it  appears  that  continuous  dependence  in  L*  is  recovered  when 
diffusion  is  not  neglected.  For  example,  if  t  uu  is  added  to  the  right  hand  side  of  (P),  then  we 

expect  the  spike  in  Fig.  10  to  diffuse  away  as  t  ->  +oo,  and  the  solution  to  decay  to  the  constant  state 
u  =  uL-  Moreover  the  rate  of  decay  would  increase  as  o  ->  0,  so  we  expect  continuous  dependence  in 

L*  as  <r-*  0. 

(3)  We  believe  that  the  weak  solutions  generated  by  Theorem  (Te)  are  limits  of  the  viscously 
perturbed  equations  as  t  -<  0.  If  this  is  indeed  the  case  (we  have  no  proof),  then  we  can  also 

characterize  the  admissible  solutions  of  the  Riemann  problem  as  follows:  Let  uf(x,t)  denote  a 
solution  of  the  initial  value  problem  for  the  viscous  equation 

ut  +  f(u)x  =  t,lxx' 

where  u  and  f  are  given  in  (P).  Let  and  denote  the  asymptotic  states  defined  by 

Q,  £  lim  lim  ue , 
t-t  ®  hO 

(*) 

Q,  £  lim  lim  uc  . 

<-* 0  t-»oo 

If  solutions  of  (P)  are  limits  of  solutions  of  (Pe)  as  r  -•  0,  then  Qj  is  the  actual  asymptotic  solution 

determined  by  Uq(— oo)  =  u^,  u0(+<n)  =  Uj|  and  c  =  Max  Cq(x).  However,  our  example  indicates 
that  the  limit  Qg  should  be  the  admissible  solution  of  the  Riemann  problem  [tij,  u^].  In  this  case, 
the  admissible  solutions  of  the  Riemann  problem  are  special  because  Qj  =  Q2  only  when  the 

asymptotic  state  is  the  admissible  solution  of  the  Riemann  problem.  Thus  the  admissible  solutions 
are  the  ones  for  which  it  is  valid  to  interchange  the  limits  in  (*).  (This  comment  was  suggested  to 
the  author  by  Philip  Collela  of  Lawrence  Livermore  Laboratories). 

(4)  In  the  polymer  flood  interpretation  of  (P)  it  is  clear  that  the  narrow  "spike"  in  the  example 
of  Figure  10  is  unstable  to  figuring  in  higher  dimension.  We  wonder  whether  a  lack  of  continuous 
dependence  corresponds  to  the  presence  of  higher  dimensional  instabilities  ih  some  general  setting. 

In  conclusion,  we  comment  that  system  (P)  probably  represents  the  simplest  setting  in 
which  one  finds  a  singular  hyperbolic  problem.  It  is  surprising  that  one  can  give  an  almost 
complete  analysis  of  the  initial  value  problem  in  this  case.  We  hope  that  this  study  of  the  Riemann 
problem  and  the  structure  of  asymptotic  slates  can  help  to  shed  light  on  the  role  of  admissibly 
criteria  and  the  non— uniqueness  of  Riemann  problem  solutions  in  more  complicated  problems  in 
which  strict  hyperbolicity  is  lost. 
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SUMUBT 


The  governing  equations  for  plane  waves  in  isotropic  elastic  solids 
are  a  6x6  system  of  hyperbolic  conservation  laws.  It  is  shown  that,  for 
the  Riemann  problem,  the  system  is  equivalent  to  a  prototype  2x2  system 
of  hyperbolic  conservation  laws.  We  then  discuss  simple  wave  curves, 
shock  curves,  umbilic  points  and  umbilic  lines  for  systems  which  possess 
a  potential.  This  is  the  case  for  hyperelastic  materials  which  possess  a 
complementary  strain  energy.  For  the  third-order  hyperelastic  materials 
it  is  shown  that  one  may  have  (1)  a  straight  umbilic  line,  or  (il)  an 
umbilic  curve  which  is  a  hyperbola,  parabola  or  ellipse.  The  case  (li) 
is  studied  in  detail  here. 


BmtoDocnoH 


In  a  fixed  rectangular  coordinate  system  x2,  x2,  x3,  consider  a 
plane  wave  propagating  in  the  Xj-direction.  Let  o.  vj,  t2  be,  respec¬ 
tively,  the  normal  and  two  shear  stresses  on  the  plane  Xj  «  constant. 
Likewise,  let  u,  Vj,  v2  be  the  particle  velocity  in  the  xj-,  x2~, 
x3-direction.  respectively.  The  equations  of  motion  and  the  continuity 
of  displacement  can  be  written  as  a  6x6  system  of  hyperbolic  conservation 
laws  [1.2] , 

2x  -  Wt  -  o  •  j 

U  -  (a. Tj.Tj.u.Vj.Vj)  .  (  (1) 

F(U)  -  (pu,pvj,pv2,8  .Yj.yj)  .  J 

In  the  above,  x  -  x1#  t  is  the  time,  p  is  the  mass  density  in  unde¬ 
formed  state,  *,  Yj,  y2  are*  respectively,  the  normal  strain  and  the 
two  shear  strains.  For  isotropic  elastic  materials,  a,  t2,  t2  are 
functions  of  Yj»  Y2  and 

t1/t2  *  ^2  * 

Hence  we  may  let 
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Tj  =  TOOS®  , 

rj  =  roos®  , 


r2  “  *sln®  , 
T2  “  rain®  , 


(2) 


in  which  t  and  y  are,  respectively,  the  total  shear  stress  and  shear 
strain.  If  we  regard  (r1,t2,e)  as  a  rectangular  coordinate  system  in  the 
stress  space,  (t,® would  be  a  cylindrical  coordinate  system. 


EQUmLER  TO  1  2x2  SYSTEM 


It  is  shown  in  [1,2]  that  the  characteristic  wave  speeds  of  (1)  are 
±c,,  1  =  1,2,3.  The  simple  waves  associated  with  c2  are  circular! v 

polarized  because  along  the  c2  wave  curve  a  and  x  are  constant 
while  ®  is  variable.  On  the  other  hand,  the  simple  wave  curves  associ¬ 
ated  with  Cj  and  c3  are  Plane  polarized.  Along  the  Cj  or  c3 
simple  wave  curve  9  is  a  constant.  (See  also  [3]).  The  system  is  lin¬ 
early  degenerate  with  respect  to  o2.  Therefore,  the  simple  wave 
associated  with  c2  is  in  fact  a  shock  wave.  Thus,  for  the  Rlemann 
problem,  it  is  sufficient  to  consider  wave  curves  associated  with  e3 
and  c3  only.  Without  loss  of  generality,  we  consider  wave  curves  on 
the  radial  plane  9  »  0. 

With  ®  *=  0  in  (2),  (1)  reduces  to  a  4x4  system 

2*  -  2<2>t  -  2  *  ) 

0  =  (e.t.u.v)  ,  j  (3) 

F(U)  =  (pu.pv.s ,y)  .  } 

*>»»  «*• 

We  consider  the  domain  of  a,  x  in  which  the  stress-strain  laws  are 
invertable.  We  then  consider  s,  y  to  be  given  functions  of  a  and  x. 
In  fact  «  is  an  even  function  of  x  while  y  is  an  odd  function  of  t 
[1].  For  the  Rlemann  problem  [4-7],  0  depends  on  one  parameter  X  = 

x/t  only  and  (3)j  reduces  to 

(I  +  XA)U*  -  0  ,  (4) 


A  - 

0 

■O 

1H 

_ 1 

*  2 " 

#<T  *T 

G 

1 

Ot 

y„  rT 

where  the  prime  denotes  differentiation  with  X,  the  subscripts  o  and 
x  denote  partial  differentiation  with  these  variables  and  {  is  an 
identity  matrix.  Equation  (4)  tells  us  that  X  -  c  is  the  characteris¬ 
tic  wave  speed  and  is  the  associated  right  eigenvector.  The  four 

equations  in  (4)  can  be  reduoed  to  two  by  eliminating  u’  and  v'  com¬ 
ponents  of  IT.  We  have 

<0  -  $I)s*  -  0  ,  (6) 
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s  =  (<r,t)  . 


<7> 


5  **  (pc*)-1 


If  X  =  x/t  is  the  shock  wave,  U  is  discontinuous  at  X  and  (3)3 
is  replaced  by 


[0]  +  V[F(0) ]  =  0 


in  which  [•]  denotes  the  discontinuity  aoross  the  shock  wave  and  V  is 
the  shockwave  speed.  Again,  elimination  of  the  [u],  [v]  components  of 
[0]  leads  to 


[p]  -  q[s]  =  0  , 

(8) 

p  =  (s,y)  , 

q  “  (pV  )  1  . 

(9) 

Equations  (6)  and  (8)  are 
hyperbolic  system  [8-11] 

identical  to  the 

Riemann  problem  for  the  2x2 

£t  +  £(£)x  =  0  , 

(10) 

U  =  s  =  (a, x)  , 

p  -  («.y)  . 

Therefore,  the  4x4  system  of  (3)  and  the  2x2  system  of  (10)  are  mathemat¬ 
ically  identical.  The  only  difference  is  that  if  c  and  V  are, 

respectively,  the  characteristic  wave  speed  and  the  shock  wave  speed  for 
(3),  the  corresponding  quantities  for  (10)  are  5  and  q. 

Before  we  close  this  section,  we  present  below  the  characteristic 
wave  speeds  c  of  (3)  which  is  related  to  $  through  (7)2: 

?1  “  \  {<«<,  +  Tt)  -  *  }  =  (poj)"1  ,  . 

«3  "  \  l<«.  +  Tt>  +  T}  -  (pc^)-1  .  (11) 

*  -  {<««,  -  Tt>2  ♦  4«,Taf1/2  •  ' 

Assuming  that  Cj  and  c3  are  real,  we  have 
l  c3  l  0  . 


619 


SYSTEMS  WITH  A  POTENTIAL  -  SIMPLE  HATES  AMD  SHOCK  HATES 


For  hyperelastic  materials,  there  exists  a  complementary  strain 
energy  V(a.x)  [12]  such  that  the  strains  s  and  y  are  obtained  by 
differentiating  W  with  respect  to  a  and  x,  i.e., 


«  =  wo  .  r  =  wT  . 

The  matrix  £  In  (5)2  now  becomes 


which  is  symmetric.  The  eigenvalues  of  Q,  are,  from  (6)  or  (11), 


(12) 


(13) 


«1  -  \  {<w«„  +wrr>  “  =  (P0i>_1  • 

53  +  Wtt>  +  =  (Pe3>_1  *  (14) 

*  =  -  W„)2  ♦  Mori 

Substituting  Q,  and  ?  of  (13)  and  (14)  into  (6),  the  differential 
equation  for  simple  wave  curves  Is  given  by  [13] 


da  <Vaa  -  Wtt>  5  *  2W« 

0*  =  2 ‘  -(W<t«  -  WTT>  *  * 


(15) 


in  which  the  upper  (or  lower)  sign  is  for  the  Cj  (or  c3)  simple  wave 
curve.  The  equation  for  shock  wave  is,  from  (8), 


W*1 

[a]  [t]  ’ 


(16) 


To  insure  that  Cj  and  C3  of  ( 14)  are  real ,  G  must  be  positive 
definite,  i.e., 

H<ra  >  0  •  VaJ rr  "  C  >  0  • 

He  notice  from  the  theory  of  differential  geometry  that  the  eigenvectors 
of  fi  are  lines  of  curvature  of  the  surface  z  =  W(o,t).  By  (6),  this 
means  that  the  simple  wave  curves  on  the  (c, x)  plane  are  lines  of  curva¬ 
ture  of  the  surface  z  «*  Via,x)  [8]. 


At  an  umbllic  point,  Cj  =  03  and,  by  (14),  we  have 


WOT  -®  * 


u  =  u 

"<IO  Tt 


When  (17)  hold,  the  eigenvalue  ?  of  g  is  5  «  =  WtT  and  the 

eigenvector  of  Q  ia  arbitrary.  Therefore,  at  an  umbilic  point,  the 
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the  simple  wave  curve  can  be  directed  towards  any  direction.  It  follows 
from  this  argument  that,  if  we  have  an  umbilie  line  on  which  (17)  hold. 


DMBILIC  LUES  FOB  THIHD-OBDEH  HYPERELASTIC  MATERIALS 


If  we  expand  W  in  powers  of  o  and  t  of  order  up  to  four, 
noticing  that  the  constant  terms  and  the  linear  terms  have  no  effects  on 
simple  wave  curves  and  that  W  is  even  in  r.  we  have 


„aad*bieil„4l  «  1  i  * 

w=  „  +  T  +-0  +  -  or  +  —  V  +  7T  62T  +  »  83°  T  •  (18> 


in  which  a,  d,  b,  e.  6,.  62,  63  are  constants.  The  stress-strain  laws 
are  then  obtained  from  (12)  and  we  see  that  a  and  d  are  the  elastic 
constants  for  linear  materials,  b  and  e  are  the  second  order  material 
constants  while  63,  62,  63  are  the  third  order  constants.  The  wave 
curves  for  the  second  order  materials,  i.e..  for  the  case  when  6j  =  62  = 
63  =  0  have  been  discussed  in  [1]  for  special  initial  and  boundary  con¬ 
ditions  and  in  [21  for  arbitrary  combinations  of  initial  and  boundary 
conditions.  There  is  one  umbilie  point  at  which  Cj  =  c3  and,  if  e  « 
0.  there  is  one  umbilie  line  [11.  For  the  third  order  materials  given 
by  (18),  the  existence  of  more  umbilie  points  and  umbilie  lines  are  dis¬ 
cussed  in  [2]  but  the  characteristics  of  the  umbilie  lines  and  the  wave 
curves  associated  with  the  umbilie  lines  are  not  studied. 

With  W  given  by  (18),  (17)  lead  to 

r(e  +  2&30)  =  0  , 

si  s  a 

a  +  bo  +  8jo  +  83V  *  d  +  eo  +  63a  +  62t 

For  the  umbilie  lines,  both  equations  must  be  satisfied  for  a  one  parame¬ 
ter  family  of  points.  Equation  (19)j  is  satisfied  if  (a)  r  =  0,  (b)  63 
£  0  and  or  =  -e/28j,  or  (c)  63  «  0  and  e  =  0.  Consideration  of  (19)2 
shows  that  only  (b)  and  (c)  lead  to  an  lanbilie  line.  They  are: 

(I)  83  =  62  £  0.  and.  letting  a*  -  -e/283, 

a  +  bo*  +  6jo*  =  d  +  eo*  +  830*  . 

We  have  an  umbilie  line  at  o  =  o, ,  x  arbitrary. 

(II)  63  =  0  and  e  -  0.  We  have  the  umbilie  line  given  by 

a  +  bo  +  8jo*  -  d  +  62t*  .  (20) 

Assuming  that  S2  ^  0,  this  is  a  parabola,  hyperbola,  or  ellipse  depend¬ 

ing  on  whether  8j62  is  zero,  positive,  or  negative,  respectively.  The 
case  (li)  appears  more  interesting  and  is  discussed  below. 
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We  see  that  the  normal  stress-strain  law  and  the  shear  stress-strain  law 
are  uncoupled.  Thus.  Instead  of  a  2x2  system  we  have  two  lxl  systems. 
The  simple  wave  curves  are  therefore  straight  lines  parallel  to  the 
o-axls  or  the  r-axls.  However,  the  wave  speed  associated  with  or  Is  not 
always  c. ,  the  fast  wave  speed.  Likewise  the  wave  speed  associated 
with  r  is  not  always  c3,  the  slow  wave  speed. 

We  first  examine  the  stress-strain  law  for  shear  given  by  (22)  which 
is  shown  In  Fig.  1.  For  62  <  0,  xQ  is  the  point  at  which  the  wave 
speed  becomes  infinity.  For  ItI  >  tq  the  wave  speed  becomes  imaginary 
and  hence  the  range  of  validity  for  <  0  is  limited  to  ItI  <  tq. 

We  next  examine  the  stress-strain  law  for  the  normal  stress  given  by 
(21).  We  see  that  If  we  change  the  sign  of  b.  a  and  e,  (21)  remains 
the  same.  Therefore  we  consider 

b  >  0 


1  3 

Fig.  1  Stress-strain  curves  for  shear:  y  “  <*T+'3^2't 


only  because  the  case  for  b  <  0  can  be  obtained  from  that  for  b  >  0 

by  reversing  the  sign  of  a  and  e.  There  are  four  different  stress- 

strain  curves  depending  on  the  value  of  6,.  In  Fig.  2,  cf  is  the 
reflection  pointy.  <x”  the  limits  beyond  which  the  wave  speed  becomes 
imaginary  and  <£  are  the  points  at  which  the  wave  speed  for  normal 
stress  equal  to  the  wave  speed  for  shear  stress  (Fig.  1)  at  zero  shear 
stress.  These  quantities  are  given  by 

“  “b/26j  i 

t  <  *  ,  .I1/2 

<*0  =  Of  ±  jef  -  (a/Sj)}  , 

c*  =  Of  ±  +  (d-a)/5j} 

For  the  lxl  system,  regardless  of  the  stress-strain  law  of  Fig.  1  or 

Fig.  2,  the  solution  to  the  Riemann  problem  in  which  the  initial  and 

boundary  conditions  are  constant  can  be  represented  by  one  of  the  four 
possible  wave  patterns  shown  in  Fig.  3.  In  the  figure,  C  stands  for 
the  simple  wave  and  V  for  the  shock  wave.  Combination  of  normal  and 
shear  stress  together  as  a  2x2  system  means  simply  the  superposition  of 
the  two  solutions.  Since  we  have  two  possible  stress-strain  laws  for 
shear  stress  and  four  for  normal  stress,  the  combination  leads  to  eight 
different  cases  for  the  simple  wave  curves  and  umbllic  lines  as  shown  in 
Fig.  4.  The  solid  (or  dashed)  lines  are  for  c1  (or  eg)  simple  wave 
curves  with  the  arrow  indicating  the  direction  of  decreasing  wave  speed. 
We  see  that  the  simple  wave  curves  for  a  are  not  all  Cj  simple  waves 
and  the  simple  wave  curves  for  x  are  not  all  c3  simple  waves.  The 
dotted  lines  are  the  line  of  inflection  while  the  umbllic  lines  are  rep¬ 
resented  by  an  alternate  long  line/dashed  line  combination.  The  value 
t,  in  Cases  I~  and  III+  represents  the  height  of  the  elliptic  umbllic 
line  while  that  in  Case  IV-  represents  the  distance  from  the  o-axis  to 
the  hyperbolic  umbllic  line.  It  is  given  by 


Fig.  3  Wave  patterns  for  the  Riemann  problem  with 
stress-strain  law  given  by  Fig.  1  or  Fig.  2. 
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It  should  be  pointed  out  that  there  are  degenerate  oases  which  have 
quite  different  geometry  from  that  shown  in  Fig.  4.  For  instance,  for 
6j  ■  0  and  6j  >  b*/4a,  which  is  the  degenerate  case  between  Case  I* 
and  Case  I~  (and  will  be  denoted  by  Case  Ivl“),  the  umbilic  line  degen¬ 
erates  into  two  vertical  lines.  The  same  is  true  for  Case  III+/III- 
while  for  Case  II+/II_  we  have  one  vertical  umbilic  line.  There  is  a 
parabolic  umbilic  line  for  6,  =  0.  For  Case  III-/IV-,  however,  the 
umbilic  line  degenerates  into  two  straight  lines  which  are  the  asymptotes 
of  the  hyperbolic  umbilic  line. 


Although  the  simple  wave  curves  and  shock  curves  for  a  and  r  are 
all  straight  lines,  the  wave  curve  for  the  Rlemann  problem  which  connect 
any  two  points  in  the  (e.r)  plane  is  not  as  simple  as  one  might  expect. 
The  complicated  part  is  to  determine  at  what  point  one  switches  from, 
say,  the  horizontal  line  to  a  vertical  line.  He  also  have  the  umbilic 
line  to  take  into  account.  To  show  the  complicacy  involved,  we  use  Case 
I*  for  an  illustration.  We  assume  that  the  initial  condition  is  pre¬ 
scribed  at  the  point  B  which  is  located  to  the  left  of  the  left  umbilic 
line.  Fig.  4.  The  boundary  condition  can  be  any  point  in  the  (o,t) 
plane.  Depending  on  where  the  boundary  condition  is  located,  there  are 
14  different  wave  curves  as  shown  in  Fig.  5.  The  associated  wave  pat¬ 
terns  in  the  (x,t)  plane  are  also  shown  in  Fig.  5.  As  in  Fig.  3,  C  and 
V  stand  for.  respectively,  the  simple  waves  and  shock  waves.  The  sub¬ 
script  a  and  x  Identify  whether  the  wave  is  normal  stress  wave  or 
shear  wave.  The  subscript  *  implies  that  the  wave  has  both  normal  and 
shear  stress  and  hence  the  associated  wave  curve  is  an  umbilic  line.  In 
the  (o.v)  plane,  QPE  and  SRF  are  the  umbilic  lines.  The  curve  PT  is  the 
loous  of  points  at  which  the  shear  wave  speed  is  identical  to  the  normal 
shock  wave  speed.  The  curve  RN  is  the  locus  of  points  at  which  the  wave 
speed  of  the  normal  stress  is  identical  to  the  shear  shock  wave  speed. 
The  curve  TM  is  the  locus  of  points  at  which  the  shear  and  normal  shock 
wave  speeds  are  Identical.  Finally,  the  point  L  is  the  point  at  which 
the  shock  wave  speed  for  the  shook  from  point  B  to  L  is  identical  to 
the  normal  wave  speed  for  the  normal  stress  at  L.  One  can  show  that 


«f  "  «b  “  2(oL  "  fff)  * 

where  <rf  is  the  stress  at  the  inflection  point. 

If  point  B  is  at  a  different  place,  the  wave  ourves  will  have  a 
different  geometry.  One  oould  also  consider  wave  curves  for  other  oases. 
What  is  interesting  is  that  the  wave  patterns  are,  if  one  considers  the 
uncoupled  lxl  systems,  simple  and  are  given  in  Fig.  3  but  beoome  compli¬ 
cated  if  one  considers  the  2x2  system.  Also,  the  shook  wave  for  the  lxl 
systems  shown  in  Fig.  3  is  the  Lax  shock  [4],  meaning  that 

o+  i  V  i  o~  . 
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where  c+  and  c~  are,  respectively,  the  wave  speed  in  front  of  and 
behind  the  shock  wave.  But  for  the  2x2  system  one  finds  non-Lax  shocks 
which  do  not  satisfy  Lax  stability  conditions.  For  example,  the  shock  in 
wave  pattern  10  in  Fig.  5  has  the  relations 

°3  <  °1  =  v  “  °3  <  cl  • 

The  shock  has  the  double  roles  of  being  a  V,  as  well  as  a  V3  shock. 
In  the  Riemann  problem  considered  in  (2]  we  nave  the  situation  in  which 
the  shock  is  stable  under  the  lxl  system  but  when  imbedded  in  the  2x2 
system,  the  shock  wave  speed  V  has  the  relation 

C3  ,  c3  (  V  K  C|  ,  Cj  . 

The  shock  wave  violates  Lax  stability  conditions  for  both  Vj  and  V3 
shocks.  We  have  thus  the  paradox  that  the  shock  is  stable  under  a  txl 
system  but  unstable  when  it  is  imbedded  in  a  2x2  system. 
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ABSTRACT 

Two  hybrid  methods  applicable  to  the  unsteady  Euler  equations  in 
one  or  more  space  dimensions  are  presented.  Each  method  consists  of  a 
smooth  solver  for  smooth  parts  of  the  flow  and  the  Random  Choice  Method 
for  discontinuities.  The  solution  of  the  Riemann  problem  (approximate 
or  exact)  gives  sufficient  information  for  switching  between  the  smooth 
solver  and  RCM.  In  1-D  the  hybrid  methods  give  very  accurate  results 
throughout  the  flow  field.  Discontinuities  are  of  zero  width.  In  the 
multidimensional  case  shock  waves  are  compromised,  but  contact  discontin¬ 
uities  are  still  of  zero  width. 


1.  INTRODUCTION 

We  are  concerned  with  numerical  methods  for  solving  the  unsteady 
Euler  equations  in  one  or  more  space  dimensions.  Emphasis  is  placed  on 
accuracy  for  both  the  smooth  part  of  the  flow  and  the  discontinuities 
(e.g.  contact  discontinuities,  shock  waves) . 

Traditional  finite  difference  methods  (La.-;-Wendroff )  are  accurate 
for  smooth  flows  but  discontinuities  are  smeared  over  several  computing 
zones;  they  also  give  rise  to  over/under-shoots  followed  by  spurious 
oscillations  that  can  lead  to  stability  problems. 

Modern  finite  difference  techniques  (e.g.  high  resolution  methods) 
such  as  Roe's  Method  [1]  are  accurate  in  the  smooth  parts  of  the  flow 
and  discontinuities  are  more  accurately  represented  than  by  traditional 
methods.  Shocks  are  typically  smeared  over  3/4  zones  and  contacts  over 
6/7  zones.  Contact  discontinuities  are  more  difficult  to  deal  with  when 
utilising  these  methods.  Shock  waves,  unlike  contacts,  have  a  natural 
compression  mechanism  (converging  characteristics)  that  helps  their  sharp 
numerical  resolution.  In  some  fields  of  application,  such  as  reactive 
flow,  the  accurate  representation  of  contact  discontinuities  is  as  impor¬ 
tant,  if  not  more,  than  that  of  shock  waves;  for  they  carry  discontinuities 
in  temperature  and  energy. 

The  Random  Choice  Method  (RCM)  is  capable  of  producing  discontinui¬ 
ties  with  infinite  resolution  (zero  width) .  This  statement  is  true  for 
the  unsteady  Euler  equations  in  one  space  dimension,  for  the  steady  two- 
dimensional  Euler  equations  (steady  supersonic  flow)  and  some  other  special 
unsteady  multi- dimensional  problems.  RCM  however,  is  inaccurate  in  smooth 
parts  of  the  flow;  randomness  is  a  feature  of  the  method  (for  details 
about  RCM  see  Refs.  2-7) .  Randomness  is  not  an  important  issue  in  homo¬ 
geneous  problems  (no  ' source'  terms)  but  can  be  intolerable  if  problems 
of  technological  interest  are  to  be  solved. 

In  this  report  we  present  two  hybrid  methods  for  the  unsteady  Euler 
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equations  in  one  or  more  space  dimensions.  The  idea  is  to  identify  the 
discontinuities  (e.g.  shocks,  contacts)  at  every  time  step  and  deal  with 
them  via  the  Random  Choice  Method  and  utilise  another  method  for  the  rest 
of  the  flow  field.  The  resulting  solution  is  accurate  in  smooth  regions 
(unlike  RCM)  and  discontinuities  are  of  zero  width  (unlike  all  difference 
methods)  . 

These  hybrid  methods  are  an  attempt  at  combining  the  best  features 
of  available  methods. 

In  Ref. 8  we  presented  a  hybrid  method  consisting  of  SORF  (Second 
Order  Random  Flux)  and  RCM  and  illustrated  applications  to  1-D  problems. 

In  this  report  we  extend  the  SORF/RCM  hybrid  method  to  2-D  problems  and 
use  updated  monotonicity  procedures  for  SORF  as  well  as  switching  mechan¬ 
isms.  We  also  present  another  hybrid  consisting  of  Roe's  Method  and  RCM. 
ROE/RCM  is  applied  to  1-D  and  2-D  problems.  There  is  a  clear  distinction 
between  1-D  and  multidimensional  problems.  Not  all  1-D  features  of  the 
hybrid  methods  extend  to  the  multidimensional  case.  In  particular,  shock 
waves  must  be  compromised,  i.e.  solved  by  SORF  or  ROE.  This  is  in  part 
due  to  space  operator  splitting,  which  is  the  procedure  considered  here 
to  solve  multidimensional  problems  (see  Ref .9) . 

The  rest  of  this  report  is  organised  as  follows:  §2  contains  the 
Euler  equations  and  discusses  the  associated  1-D  Riemann  problem;  in 
§3  we  briefly  review  the  component  methods  to  be  used  in  the  construction 
of  the  hybrid  methods;  in  §4  we  describe  the  SORF/RCM  and  ROE/RCM  hybrid 
methods  for  1-D  problems;  in  §5  we  present  extensions  of  the  hybrid  methods 
to  two  or  more  space  dimensions;  in  §6  we  draw  some  conclusions  and  point 
out  aspects  of  possible  further  development. 


2.  EULER  EQUATIONS 

We  are  interested  in  hyperbolic  conservation  laws 

U  +  F  (U)  ,  +  G  (U)  =  0  (1) 

t  jc  y 

where  U  =  U(t,x,y)  with  t  denoting  time  and  x  and  y  denoting  space.  ll,F 
and  G  are  vectors;  subscripts  denote  partial  differentiation.  For  the 
Euler  equations  the  vectors  U,F  and  G  are 


“  p 
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“pv 
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,  F  = 
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where  p  is  density  V  =  (u,v)  is  velocity,  p  is  pressure  and  E  is  total 
energy  given  by 

E  =  ip  (u2  +  vs )  +  pe  (3) 

with  e  denoting  the  specific  internal  energy.  For  closure,  an  equation 
of  state  is  used.  Here  we  take  the  ideal  gas  case  with 

p  =  (y  -  1 )  pe  (4) 
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where  y  is  the  ratio  of  specific  heats. 

The  non-linear  system  of  partial  differential  equations  (1)  -  (4) 
can  be  solved  analytically  or  in  closed  form  only  for  very  special  circum¬ 
stances.  An  interesting  special  case  is  the  Riemann  problem,  that  is 
system  (1)  in  1-D  with  piece-wise  constant  date  for  initial  condition. 

The  corresponding  1-D  initial  value  problem  can  be  solved  exactly,  but 
not  in  closed  form,  not  even  for  the  simple  equation  of  state  (4) . 

The  1-D  Riemann  problem  is  an  important  subproblem  that  can  be  util¬ 
ised  locally  for  finding  global  solutions  to  the  general  multidimensional 
initial  value  problem  for  system  (1)  -  (4).  The  solution  for  the  1-D 
unsteady  Euler  equations  can  be  represented  as  in  Fig.l.  There  sire  three 
waves.  The  left  and  right  waves  can  be  either  shocjc  or  rarefaction  waves 
and  the  middle  wave  is  always  a  contact  discontinuity.  Hence  there  are 
four  possible  wave  patterns.  Cavitation  is  not  considered. 


Fig.l:  Solution  of  the  Riemann  problem  for  the  1-D 
unsteady  Euler  equations 


Modern  numerical  methods  for  systems  of  type  (1)  use  the  solution 
of  the  1-D  Riemann  problem.  Thus  an  important  aspect  is  the  efficiency 
with  which  the  solution  is  found.  Finite-difference  type  methods  use 
approximations  to  the  exact  solution.  The  Random  Choice  Method  uses  the 
exact  solution.  An  efficient  exact  Riemann  solver  can  be  found  in  Ref. 7 


3.  REVIEW  OF  METHODS  USEO 

The  basic  techniques  used  in  this  paper  are:  The  Random  Choice 
Method  (RCM) ,  the  Second  Order  Random  Flux  (SORF)  and  the  Flux  Difference 
Splitting  Method  due  to  Roe  (ROE) . 


3. 1  The  Random  Choice  Method  (RCM) 


This  method  is  based  on  an  existence  proof  by  Glimm  12)  and  was 
first  successfully  implemented  by  Chorin  [31.  The  method  has  been  further 
developed  (e.g.  Refs. 4-7)  to  provide  an  efficient  computational  technique 
which  is  directly  applicable  to  the  unsteady  1-D  Euler  equations. 
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RCM  approximates  general  data  by  piece-wise  constant  functions  so 
that  for  a  sufficiently  small  time  the  global  initial  value  problem  can 
be  replaced  by  a  set  of  Riemann  problems  RP(i,i+l).  Fig. 2  illustrates 
the  two  Riemann  problems  affecting  cell  i. 


n+1 


n 

Fig. 2:  Riemann  problems  RP(i-l,i)  and  RP(i,i+l)  affecting  cell  i 


The  solution  at  the  grid  point  i  at  time  level  n+1  is  obtained  via 
Un+1=U.(Q.)  (5) 

l  l  i 

where 

Q.  =(::.+©  Ax,t  +  At)  (6) 

i  inn 

with  CO, 1)  a  member  of  a  pseudo-random  sequence.  In  (5)  It  denotes 
the  solution  of  the  Riemann  problems  RP(i-l,i)  and  RP(iri+l)  inside 
cell  1  of  length  Ax,  at  time  level  n+1.  Q±  is  a  "random"  position  inside 
cell  i.  This  is  the  non-staggered  grid  version  of  RCM.  More  details 
about  RCM  can  be  found  in  Refs. 2-7. 

The  Random  Choice  Method  uses  the  exact  solution  of  the  Riemann 
problem.  Here  we  use  the  Riemann  solver  presented  in  Ref. 7.  As  for  the 
sequence  {0n}  we  use  the  van  der  Corput  sequence  VDC(kj,k2)  as  done  by 
Colella  [4], 

The  most  important  feature  of  RCM  is  that  discontinuities  are  of 
zero-width  (infinite  resolution) .  A  disadvantage  of  the  method  is  the 
randomness  present  in  the  smooth  parts  of  the  flow. 


1 . 2  The  Second  Order  Random  Flux  Method  (SORF) 

The  basic  form  of  this  method  was  presented  by  the  author  in  Ref. 10. 
The  method  uses 


un  _  22  (Fn+* 

Ui  Ax  :  t-i 


to  update  the  solution.  The  intercell  flux  f\+j  is  evaluated  at  the  random- 

choice  solution  of  the  Riemann  problem  RP(i,i+l)  where  the  sampling  length 
Ax  is  centred  at  the  intercell  boundary.  In  Ref. 8  the  method  was  shown 
to  be  2nd  order  accurate,  for  the  linear  advection  equation. 


The  method  produces  overshoots  and  spurious  oscillations  near  dis¬ 
continuities.  To  remove  these  overshoots  one  can  sample  the  fluxes  over 
a  restricted  sampling  interval  of  length  TAx.  The  original  scheme  [10] 
has  T=1 ;  T=0  gives  the  Godunov's  scheme.  This  is  similar  in  spirit  to 
the  monotonicity  procedures  employed  in  2nd  order  Godunov-type  schemes 
and  flux  limiters  [11-12].  An  interesting  analogy  with  flux  limiters 
is  given  by  the  relation 


T 


v 

1  -  (l-v)B 


(8) 


where  T  is  the  restricted  sampling  length  (normalised)  and  B  is  a  flux 
limiter.  Equation  (8)  is  valid  for  the  linear  advection  equation 


u  +  au  =0 
t  x 


(9) 


and  v  =  ATa/Ax  is  the  Courant  number  (a  is  constant) . 

Generalisation  of  (8)  to  2x2  linear  systems  is  direct  but  for  non¬ 
linear  systems  the  situation  is  not  yet  clear  to  us,  although  use  of  (8) 
with  some  empiricism  gives  quite  satisfactory  results. 

SORF  as  described,  is  applicable  to  the  unsteady  2-D  (or  3-D)  Euler 
equations  via  operator  splitting  in  space,  i.e.  the  2-D  initial  value 
problem  (1)  is  replaced  by  a  sequence  of  1-D  problems.  The  simplest  form 
proceeds  as  follows. 

(i)  Solve  Ut  +  Fx  =  0  (x-sweep)  with  data  Un  for  a  time  step  of 

size  AT.  Denote  the  solution  by  Un::. 

nx 

(ii)  Solve  U +  Gy  —  0  with  data  U  for  a  time  step  of  size  AT 
again.  The  resulting  solution  is  the  solution  Un+1  to  (1) 
with  data  (Jn. 


This  procedure  works  quite  well  for  methods  that  compromise  dis¬ 
continuities,  but  fails  for  methods  that  give  zero-width  discontinuities 
(e.g.  RCM) .  Ref .9  is  useful  in  this  respect.  For  3-D  one  proceeds  in 
an  analogous  fashion. 


3 . 3  Roe1 s  Method 

This  method  approximates  the  Jacobian  Matrices  A  and  B  corresponding 
to  the  flux  functions  F  and  G  in  equation  (1)  by  A  and  B,  which  are  cons¬ 
tructed  to  safisfy  some  desirable  properties.  One  property  is 

AAu  =  AF  (10) 

where  Au  =  Ch+j  -  U  and  Af  =  -  F  .  Projection  of  Af  onto  the  eigen¬ 

vectors  of  A  gives 
4 

Af  =  I  a.X.e,  .  (ID 

j=l  333 


The  corresponding  1st  order  upwind  scheme  for  equation  (7)  is 
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3  3  3 

(12) 

i 

i 

if 

A. 

3 

<  0 

i+l 

if 

A. 

>  0  . 

In  equation  (11)  Aj  are  eigenvalues  of  A  (wave  speeds),  ej  are  the  associ¬ 
ated  right  eigenvectors  and  are  the  wave  strengths.  For  the  x-sweep 
these  are 

Ai  =  u  -  a  ,  A2  =  u  ,  A3  =  u  ,  A4  =  u+  a  (13) 


,  e4  = 


u  +  a 
v 

H  +  ua 


cti  =  -jp-  (Ap  -  paAu) 

a2  =  Ap  -  Ap/I2  (15 

013  =  pAv 

a4  =  2gr  <Ap  +  paAu) 

where  q2  =  u2  +  v2  and  a,  p  are  the  Roe  average  values.  For  details  on 
the  1-D  basic  scheme  consult  Ref.l. 

To  the  1st  order  scheme  (12)  higher  order  corrections  can  be  added, 
preserving  monotonicity.  This  involves  the  use  of  flux  limiters  [1  and  11). 

4.  HYBRID  METHODS  IN  ONE  DIMENSION 

The  intention  is  to  combine  the  methods  described  in  sections  3.2 
and  3.3  with  RCM  to  produce  zero-width  discontinuities  and  accurate  repre¬ 
sentation  of  the  smooth  parts  of  the  flow.  RCM  is  used  only  at  ’large’ 
discontinuities  (may  be  once  or  twice  per  time  step) .  in  one  space  dimen¬ 
sion  we  identify  shock  waves  and  contact  discontinuities  from  the  solutions 
of  the  sequence  of  Riemann  problems  RP(i,i+l)  at  every  time  step  n.  If 
cell  i  is  transversed  by  a  discontinuity  (see  Fig. 2)  then  the  solution 
at  time  level  n+1  is  found  frcm  equation  (5).  Elsewhere  one  uses  another 
method  (SORF  or  ROE) . 

4.1  The  ROERCM  Hybrid  Method 

This  method  results  by  combining  Roe’s  method  (14.3)  and  RCM  (§4.1) 
in  the  manner  just  described.  In  order  to  assess  the  performance  of  the 
methods  we  consider  a  shock  tube  problem  with  data 

p.  =  1.0,  u„  =  0,  p„  =  1.0,  p  =  0.125,  u  =  0,  p  =  0.1,  y  =  1-4  • 


In  all  computed  results  shown  we  took  a  Courant  number  coefficient 
C  =  0.4,  and  100  grid  points  on  a  tube  of  length  1.0.  The  initial  dis¬ 
continuity  is  at  xQ  =  0.5. 
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Fig. 3  shows  the  computed  solutions  and  the  exact  solution  using 
Roe's  method  alone  after  140  time  steps.  By  current  standards  this  is 
an  accurate  solution  to  this  problem.  The  shock  is  resolved  within  3/4 
zones  (see  velocity  plot) .  The  contact  discontinuity  is  resolved  within 
7/8  zones  (see  energy  plot) . 

Fig. 4  shows  the  computed  result  using  the  ROERCM  Hybrid  Method. 
Notice  that  the  shock  wave  and  contact  discontinuity  are  absolutely  sharp, 
as  we  expected. 


4.2  The  SORFRCM  Hybrid  Method 


This  hybrid  method  was  presented  in  Ref. 8  for  1-D  problems.  The 
present  version  contains  some  improvements.  Fig. 5  shows  results  for  prob¬ 
lem  (16)  with  data  at  t  =  0.  Compare  with  Fig. 4. 

5.  HYBRID  METHODS  IN  TWO  SPACE  DIMENSIONS 

in  order  to  test  the  performance  of  the  hybrid  methods  against  an 
exact  result  we  used  the  shock  tube  problem  (16)  with  the  initial  discont¬ 
inuity  placed  at  an  angle  a  to  the  computing  x-y  grid.  Then,  along  the 
normal  direction  of  propagation  of  the  resulting  waves  the  problem  is 
one-dimensional  and  thus  the  exact  solution  can  be  used  again. 

An  important  remark  here  is  that  since  ROM  fails  in  2-D  via  operator 
splitting  we  do  not  expect  to  preserve  all  the  good  features  of  the  hybrids 
that  hold  in  1-D  problems.  To  illustrate  this  we  show  a  computed  solution 
using  RCM  alone  for  data  at  an  angle  a  =  45°.  The  results  are  shown  in 
Fig. 6.  They  are  unacceptable.  The  oscillations  are  caused  by  the  shock  wave. 

The  hybrids  in  2-D  will  therefore  compromise  shock  waves.  They 
will  be  treated  by  either  ROE  or  SORF.  Contact  discontinuities  however, 
will  be  absolutely  sharp  as  in  1-D  problems. 

Fig. 7  shows  the  solution  obtained  by  ROERCM  for  the  mesh  100x100 
after  180  time  steps.  Notice  that  start  up  errors  give  inaccuracies  near 
the  tail  of  the  rarefaction  and  just  in  front  of  the  contact  discontinuity 
(see  internal  energy  plot).  Fig. 8  shows  corresponding  results  obtained 
by  the  SORFRCM  method. 

6.  CONCLUSIONS  AND  FURTHER  DEVELOPMENTS 

Two  hybrid  methods  which  are  directly  applicable  to  1-D  Gas  Dynamics 
have  been  presented.  Results  are  accurate  in  smooth  parts  and  discontin¬ 
uities  are  of  zero  width.  Two  or  three  dimensional  extensions  are  imple¬ 
mented  via  space  operator  splitting.  Shock  waves  must  be  compromised, 
but  contact  discontinuities  are  of  zero  width  as  in  1-D  problems. 

Further  developments  are  possible  for  the  SORFRCM  hybrid.  One  aspect 
is  monotonicity  for  SORF.  Another  is  use  of  approximate  Riemann  solvers 
for  SORF  to  increase  computational  efficiency.  Some  preliminary  tests 
show  that  a  two  rarefaction  approximation  is  sufficiently  good.  Further 
experience  from  applications  to  problems  of  scientific  and  engineering 
interest  would  also  be  valuable. 
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FIG.  7:  COMPUTED  ANO  EXACT  SOLUTIONS 
IN  NORMAL  DIRECTION.  ROE/RCM  USED. 


FIG.  8:  COMPUTED  AND  EXACT  SOLUTIONS 
IN  NORMAL  DIRECTION.  SORF/RCM  USED. 
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Summary 

Some  features  of  numerical  algorithms  for  supersonic  flow  computation  around 
wings  are  considered.  It  is  supposed  that  wings  have  various  planforms  without 
cranked  edges.  Three  main  cases  of  the  flow  around  wings  are  considered  depending 
on  the  bow  shock  wave  location.  The  flow  domain  around  wings  is  divided 
into  subdomains.  In  each  subdomain  there  is  a  local  coordinate  system,  a  local 
computational  mesh  and  separate  algorithms.  All  algorithms  are  based  on  the 
inviscid  gas  model.  Principal  features  of  the  algorithms  and  ways  of  their  combination 
for  the  whole  wing  in  various  cases  are  described.  Some  computational  examples  are 
presented. 


I 


Wings  of  lifting  vehicles  have  various  planforms.  Let  us  consider  profiled  wings 
without  cranked  edges.  Three  main  cases  can  be  isolated  according  to  the  nature  of 
supersonic  flow  around  them: 

a)  wings  with  a  shock  wave  attached  to  the  leading  edge  (supersonic  leading  edge) 

(Fig-  1) 

b)  wings  with  a  shock  wave  attached  to  the  apex  but  detached  from  the  leading 
edge  (subsonic  leading  edge)  (Fig.  2) 

c)  wings  with  a  shock  wave  completely  detached  from  the  leading  edge  (Fig.  3) 

Case  a)  appears,  as  a  rule,  on  sharp-edged  trapezoidal  wings.  The  tip  edge  of 
those  wings  is  usually  parallel  to  the  axis  OX.  The  flow  on  the  upper  side  of  the  wing 
can  be  that  of  compression  or  expansion  depending  on  the  freestream  Machnumber, 
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angle  of  attack,  the  sweep  angle  and  the  opening  angle  of  the  airfoil  nose.  There  is 
always  compression  flow  below  the  wing. 

In  case  b)  the  wing  has  a  rectilinear  or  curvilinear  leading  edge  and  a  sharp¬ 
nosed  profile.  The  tip  edge,  as  in  the  previous  case  can  be  parallel  to  axis  OX. 
Detachment  of  the  bow  shock  wave  from  the  leading  edge  is  determined  by  freestream 
Machnumber  and  the  sweep  angle. 

In  case  c)  the  wing  may  have  any  planform  with  a  curvilinear  or  rectilinear 
leading  edge.  The  wings  airfoil  has  a  blunt  or  a  sharp  nose  <md  the  opening  angle  of 
the  sharp  nose  is  overcritical. 

Computational  meshes  must  be  introduced  for  the  finite-difference  method  of 
the  flow  computation.  The  construction  of  the  mesh  based  on  the  universal  coordinate 
system  for  all  cases  leads  to  unjustified  difficulties.  It  is  expedient  to  divide  the 
flow  domain  around  the  wing  into  subdomains  according  to  geometrical  parts  of 
the  wing  such  as:  fore  part,  tip-side  part,  central  part.  Local  coordinate  systems 
and  local  computational  meshes  are  introduced  in  all  subdomains  isolated  by  some 
characteristic  surfaces;  it  is  more  convenient  to  compute  the  flow  around  seperate 
parts  of  the  wing. 

In  all  subdomains  the  surfaces  of  the  wing  and  the  shock  wave  become 
coordinate  surfaces  and  therefore  the  physical  domains  of  the  solution  with 
complicated  geometry  are  mapped  on  simple  rectilinear  computational  subdomains. 
For  each  subdomain  there  are  separate  problems  and  corresponding  algorithms  based 
on  the  flow  features.  The  general  algorithm  consists  of  these  particular  algorithms 
and  depends  on  the  computational  case.  The  solution  of  the  whole  problem  must  be 
continuous. 

Case  c)  is  the  most  complicated.  Let  us  first  consider  case  c)  as  it  is  also  the 
most  common.  Three  subdomains  can  be  isolated  here.  At  first  the  Cartesian  co¬ 
ordinate  system  is  used  with  axis  OX  directed  along  the  central  chord  of  the  wing 
(Fig.  3).  A  local  curvilinear  coordinate  system  is  introduced  in  each  subdomain. 
Some  parameters  for  a  convenient  description  of  the  wing  geometry,  including  aero¬ 
dynamical  deformation,  can  be  introduced  into  the  coordinate  transformation.  The 
subdomains  are  separated  by  . space  type  surfaces.  Characteristic  cones  emanating 
from  the  surfaces  of  this  type  will  touch  them  only  with  their  apexes.  From  this  con¬ 
sideration  the  conclusion  is  drawn  that  on  the  space  type  surfaces  there  are  no  bo¬ 
undary  conditions. 

The  first  subdomain  corresponds  to  the  front  part  of  the  wing  (Fig.  3).  It  is 
restricted  above  and  below  by  wing  and  shock  wave  surfaces  and  downstream 
and  from  the  tip-side  by  the  space  type  surfaces  TT  and  Q  . 
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The  second  subdomain  corresponds  to  the  wingtip  section.  It  is  also  restricted 
by  wing  and  shock  wave  surfaces  and  on  the  sides  of  the  upper  and  lower  parts  of 
the  wing  by  space  type  surfaces  Q  and  P  . 

The  third  subdomain  consists  of  two  parts  —  upper  and  lower.  It  covers  the 
central  part  of  the  wing  down  the  flow  behind  surface  TT  up  to  the  trailing  edge. 

The  same  subdivision  is  preserved  for  case  a).  In  case  b)  there  is  the  second 
subdomain  only,  which  is  restricted  on  the  side  by  a  symmetry  plane. 


II 


The  solution  of  the  whole  problem  is  based  on  the  inviscid  gas  model.  For  case  c) 
this  solution  combines  a  pseudo-unsteady  approach  for  the  elliptic-hyperbolical 
problem  in  the  first  subdomain  and  a  steady-state  approach  for  the  hyperbolical 
problems  in  the  second  and  third  subdomain.  Gasdynamic  functions  on  surfaces  TT 
and  Q  are  obtained  by  the  solution  of  the  first  subdomain  problem.  The  functions 
on  surfaces  Q  are  initial  in  the  second  subdomain  and  the  functions  on  surface  TT  in 
the  third  subdomain. 

Unsteady  gasdynamic  equations  are  utilized  in  the  first  subdomain.  A  curvili¬ 
near  coordinate  system  is  introduced  by  transformation: 

<  =  r;  x  =  x(t,(,i 7, C)  5  y  =  V -,z  = 

Wing  surface  G  =  G(t,tjX)  and  shock  wave  surface  F  =  become  then 

coordinate  surfaces.  In  new  coordinates  these  equations  are  f  =  0  and  £  —  1, 
respectively.  The  calculation  domain  is  now  enclosed  in  a  rectangle: 

0  <  £  <  1 ;  -tt/2  <  r)  <  tt/2  ;  0  <  C  <  1. 

Surfaces  TT  above  and  below  the  wing  have  the  equations  rj  =  ±7t/2.  Plane  XOF 
and  surface  Q  have  equations  (  =  0  and  (  =  1,  respectively.  The  wing  surface  is 
approximated  by  local  cubic  splines  in  a  time-dependent  steady-state  process.  The 
final  computational  mesh  is  also  generated  in  this  process. 

There  is  a  steady  flow  in  the  second  and  third  subdomain.  The  coordinate 
transformation  is  simpler  here.  In  the  second  subdomain  variables  are  now  enclosed 
in  rectangle: 

0<r<l;  0  <  £  <  1 ;  -tt/2  <  r,  <  tt/2, 
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where  r  is  one  space  coordinate.  Surface  Q  has  the  equation  r  =  0  and  surface  P 
the  equations  rj  =  ±ir/2. 

In  the  third  subdomain  the  variables  alteration  is: 

0  <  t  <  1 ;  0  <  £  <  1 ;  0  <  <  <  1. 

Surface  TT  has  equation  r  =  0  here,  plane  XOY  has  equation  (  =  0  and  surface  P 
has  equation  (  =  1. 

Computation  in  the  second  and  third  subdomain  is  carried  out  along  axis  Or 
simultaneously.  On  surface  P  which  separates  these  subdomains  the  functions  axe 
smoothly  completed  from  the  inside  of  the  second  subdomain.  In  all  subdomains 
numerical  algorithms  with  implicit  second-order  finite-differences  schemes  are 
used  [1]. 


Ill 


Let  us  consider  features  of  the  first  subdomain  algorithm  for  case  a).  In  this 
case  the  shock  wave  is  attached  to  the  leading  edge  when  the  velocity  component 
normal  to  the  leading  edge  is  greater  than  sound  velocity  and  the  stun  of  the  angle  of 
attack  and  semi-angle  of  the  airfoil  nose  opening  is  smaller  then  the  critical  deflection 
angle.  In  this  case  the  mutual  influence  of  the  flow  fields  above  and  below  the  wing 
is  absent.  The  flow  domains  are  restricted  by  the  shock  wave  or  the  characteristic 
surface  above.  This  surface  appears  when  the  angle  of  attack  is  greater  than  the 
semi-angle  of  the  airfoil  nose  opening. 

There  are  two  variants  in  the  problem  formulation.  The  first  variant  is  for 
weakly  swept  wings  (x  <  30°).  Here  gasdynamic  functions  in  the  first  subdomain 
on  the  leading  edge  are  calculated  asssuming  that  the  flow  around  each  element  of 
the  leading  edge  is  the  same  as  the  flow  around  a  sliding  wedge.  For  calculation 
the  freestream  vector  is  decomposed  into  two  components:  normal  and  tangent  to 
the  leading  edge.  In  compression  region  with  the  shock  waves  the  functions  are 
computed  using  relations  for  the  flow  around  a  wedge.  In  expansion  region  within  a 
characteristic  surface  the  functions  are  computed  using  Prandtl-Meyer  relations.  The 
functions  on  the  leading  edge  represent  initial  data  on  surface  TT  for  computations 
in  the  second  and  third  subdomain. 

In  the  second  variant  —  for  highly  swept  wings,  it  is  convenient  to  use  the 
algorithm  of  the  third  subdomain  only.  Here  axis  Or  coincides  with  axis  OX  and 
the  initial  data  are  on  surface  x  =  xq  near  the  apex  of  the  wing.  The  presence  of 


643 


the  self-similar  flow  around  the  conical  surface  near  the  apex  of  the  wing  makes  it 
possible  to  apply  the  self-similar  stationing  principle  along  coordinate  Or  for  the 
flow  computation  on  surface  x  =  xo  ■ 

In  this  case  (a)  the  problem  of  the  supersonic  flow  around  the  wingtip  side 
takes  a  special  place  (Fig.  4).  The  solution  of  this  problem  represents  initial  data  on 
surface  Qi  for  the  flow-field  calculation  of  the  downstream  tip-side  of  the  wing  which 
is  done  by  the  algorithm  of  the  third  subdomain.  The  formulation  of  this  problem  is 
based  on  the  assumption  that  the  surface  of  the  wingtip  side  is  conical  and  the  flow 
around  it  is  self-similar.  The  flow  under  consideration  and  also  the  solution  domain 
are  separated  from  the  freestream  by  the  conical  surface  of  a  bow  shock  wave  F,  with 
the  apex  in  point  0  and  by  characteristic  surfaces  Lu,  Li  emanating  from  the  same 
point.  The  self-similar  flow  makes  it  possible  to  apply  the  self-similar  stationing 
principle  with  the  algorithm  of  the  second  domain  to  the  solution  of  that  problem. 

The  flow  around  the  tip-side  of  the  wing  is  very  complicated.  The  tip- 
edge  vortices  with  large  gradients  of  gasdynamic  functions  are  generated  here. 
This  requires  a  careful  choice  of  the  computational  grid  and  of  local  clustering  of 
computational  points. 


IV 


The  algorithm  of  the  second  subdomain  is  used  in  case  b).  Axis  Or  coincides 
here  with  axis  OX  and  the  initial  data  on  surface  x  =  x0  are  obtained  in  the  same 
way  as  in  the  second  variant  of  case  a).  For  highly  swept  wings  there  are  vortices  on 
the  leading  edge  such  as  on  the  tip-edge  of  the  previous  case. 


V 


Computation  examples 

According  to  the  complete  set  of  algorithms  some  examples  were  computed 
[1-3].  In  Fig.  5  the  wing  of  the  elliptical  planform  with  aspect  ratio  A  =  2.56  and 
thickness  ratio  of  the  blunted  nose  airfoil  c  =  0.3  are  shown.  The  boundaries  of  all 
subdomains  are  drawn  as  heavy  lines.  The  bow  shock  wave  forms  corresponding  to 
airfoils  are  shown  here  for  M &  =  2  and  a  =  5°. 

The  pressure  distribution  at  M ,»  =  2  ;  3.5,  a  =  5°  along  the  two  cross-sections 
of  the  same  wing  on  the  lower  (solid  lines)  and  on  the  upper  (dashed  lines)  surfaces 
are  shown  in  Fig.  6. 
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The  pressure  distribution  on  the  lower  (solid  lines)  and  upper  (dashed  lines) 
surfaces  of  the  delta  wing  with  a  detached  shock  wave  is  shown  in  Fig.  7.  There  is  a 
sweep  angle  x  =  70°.  On  plane  XOY  the  symmetrical  airfoil  is  generated  by  arcs  of 
a  circle.  The  thickness  ratio  of  the  airfoil  is  c  =  0.038.  The  cross-sections  of  the  wing 
are  ellipses.  The  freestream  parameters  are  Mx  =  1.5,  a  =  3°.  The  algorithm  of  the 
second  subdomain  is  used.  The  stream-surfaces  cross-section  cut  by  plane  x  =  0.7 
(the  length  of  the  central  chord  is  x  =  1)  for  the  same  wing  is  shown  in  Fig.  8.  On  the 
upper  surface  a  vortex-structure  with  tangential  discontinuty  is  likely  to  develop.  In 
Fig.  9  diagrams  are  given  of  aerodynamical  loading  A p  for  a  delta  wing  with  sharp 
leading  edges  and  an  attached  shock  wave.  The  biconvex  airfoil  is  generated  by  arcs 
of  a  circle  with  thickness  ratio  c  =  0.05  in  the  upper  and  c  =  0.02  in  the  lower  parts. 
The  sweep  angle  is  \  =  60°  and  the  freestream  parameters  are  Moo  —  4,  a  =  5°. 
The  algorithm  of  the  third  subdomain  is  used. 

The  pressure  distribution  p/poo  in  plane  Qi  for  the  nose  tip-side  of  the 
rectangular  wing  is  given  in  Fig  10.  The  nose  of  the  wing  in  this  case  is  represented 
by  a  wedge  and  the  wingtip  surface  is  an  elliptical  semi-cone  surface.  The  opening 
angle  of  the  wedge  is  fl  =  20°.  The  pressure  distribution  on  the  lower  surface  is  a 
solid  line  and  on  the  upper  surface  is  a  dashed  line.  The  freestream  parameters  are 
Moo  =  2,  a  =  5°.  The  clustering  of  the  computational  points  in  the  tip  region  allows 
to  approximate  large  gradients  of  functions. 
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SUMMARY 

The  eigenvalues  and  eigenvectors  are  analytically  derived  for  general 
real  gas  dynanic  equations  in  three-dimensional  generalized  curvilinear 
coordinates.  In  our  diagonalizing  formulation,  the  total  mass  conservation 
equation  is  taken  into  account,  and  arbitrary  nonequi librium  effects,  such 
as  chemical  reactions  or  vibrational  nonequilibrium,  can  be  treated  in  the 
same  fashion.  Making  use  of  this  diagonal izat ion,  we  construct  a  fully 
implicit  and  high  resolution  scheme  for  chemically  reacting  real  gases. 
Numerical  results  of  two-dimensional  shock-induced  combustion  problem  show 
the  efficiency  and  high  resolution  of  our  scheme. 


t.  INTRODUCTION 

Efficient  and  accurate  simulation  of  chemically  reacting  flows  in 
hypersonic  region  is  intensively  required  because  of  the  recently  proposed 
aerospace  development  plans,  such  as  Aeroassisted  Orbital  Transfer  Vehicle 
(AOTV),  or  recently  proposed  new  space  transportation  vehicles.  In  order  to 
estimate  heating  rate  to  an  AOTV  correctly,  it  is  necessary  to  calculate 
vibrationally  nonequilibrium  and  chemically  reacting  flows,  accompanied 
with  extremely  strong  shock  wave.  The  development  of  Supersonic  Combustion 
Ram  Jet,  a  main  propulsion  system  for  a  Space  Plane,  will  also  require  a 
great  deal  of  computational  effort  with  chemically  reacting  flows. 

The  difficulty  in  calculating  hypersonic  reacting  flow  is  mainly  due  to 
the  following  two  reasons.  One  is  the  stiffness  of  system  of  equations. 
Chemically  reacting  flows  can  contain  very  different  characteristic  time 
scales,  that  of  fluid  or  chemical  reactions,  even  at  the  same  time  and  sane 
point.  Such  a  disparity  of  time  scales  is  referred  to  as  stiffness,  which 
causes  numerical  instability  in  time  integration  of  the  equations.  Now  the 
only  effective  means  to  avoid  a  numerical  instability  from  the  stiffness  is 
an  implicit  treatment  of  chemical  Bource  terns[l].  In  the  past  few  years, 
several  researchers! 1,2, 3]  have  calculated  various  nonequi librium  flows, 
using  this  approach,  with  great  success.  But  the  implicit  treatment  of 
chemical  source  terms  is  equivalent  to  advancing  each  state  quantity  at  its 
own  characteristic  rate.  So  it  seems  to  us  that  unsteady  simulation  of 
chemically  reacting  flows  is  essentially  difficult  and  remains  to  be  a 
future  subject. 

The  second  difficulty  is  the  treatment  of  strong  shock  wave,  which  is  a 
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coaaon  problem  with  a  perfect  gas.  Recently,  several  modern  shock  capturing 
methods  are  devised  for  a  perfect  gas,  based  on  exact  or  approximate 
Riemann  solver  [4,5,6].  These  first  order  upwinding  schemes  can  be 
converted  to  the  higher-order  schemes  under  the  restriction  of  Harten’s  TVD 
sufficiency  conditional, 8, 9] .  Various  calculations  for  a  perfect  gas  show 
the  excellent  accuracy,  high  resolution  and  robustness  of  the  higher  order 
TVD  schemes[8,9] .  Many  approximate  Riesann  solvers  make  use  of  the 
eigenvalues  and  eigenvectors  of  the  gas-dynamic  matrices.  So,  when 
applying  such  higher-resolution  schemes  to  real  gases,  those  of  real  gas- 
dynamic  matrices,  for  themselves,  are  needed.  Eberhardt  and  Brown  [10]  have 
analytically  obtained  the  eigenvalues  and  eigenvectors  of  the  fully  coupled 
system  in  Cartesian  coordinate,  including  species  conservation  equations  in 
addition  to  the  gas  dynamic  equations.  They  have  calculated  reacting  flows 
using  a  first-order  TVD  scheme.  Very  recently,  Yee  and  Shinn  [11,12]  have 
extended  their  formulation  to  general  curvilinear  coordinates,  and  have 
solved  shock  ignition  problem  by  the  use  of  symmetric  TVD  schemes.  However 
both  of  their  basic  equations  do  not  include  total  mass  conservation  equa¬ 
tion.  Thus,  the  total  mass  is  not  conserved,  especially  when  chemical 
source  terms  are  treated  implicitly.  Park[13]  suggests  that  the  equations 
of  the  total  mass  and  the  all  the  species  continuity  shoe  be  solved 
together  for  flows  in  which  dominant  species  do  not  exist. 

In  this  paper,  we  present  a  new  diagonalizing  formulation  of  general 
real  gas-dynamic  matrices,  which  has  the  following  favorable  properties  : 

(1)  Total  mass  conservation  equation  is  included. 

(2)  Chemical  reaction  and  vibrational  nonequilibrium  can  be  treated  in  the 
same  fashion. 

(3)  Matrix  multiplications  are  so  simple  that  the  increase  in  number  of 
additional  nonequilibrium  equations  does  not  violently  increase  the 
operational  counts. 

(4)  This  is  a  natural  extension  of  Warming,  Beam  and  Hyett’s  perfect’  gas- 
dynamic  matrices  diagonalization(14] ,  which  is  a  special  case  of  our 
formulation. 

Our  d i agonal iz at ion  makes  it  possible  for  general  nonequilibrium  flows 
to  construct  finite  difference  schemes  based  on  characteristic  relations, 
or  to  simplify  the  inversion  work  of  block-tridiagonal  systems  that  arise 
in  an  implicit  factored  scheme.  Numerical  results  of  two-dimensional  shock- 
induced  combustion  problem  show  the  efficiency  and  high  resolution  of  the 
scheme  based  on  our  diagonalization. 

Z.  GOVERNING  EQUATIONS  OF  GENERAL  REAL  GAS 

There  are  two  main  differences  between  the  governing  equations  of  a 
perfect  gas  and  that  of  general  real  gas.  A  general  real  gas  needs  the  ad¬ 
ditional  equations  which  represent  nonequilibrium  effects,  such  as  chemical 
reaction  or  vibrational  relaxation.  Any  of  these  equations  is  written  in 
the  weak  conservation  form  : 

dp  fj  ^ftuk  . 

d  t  d  xfc 

where  ft  is  a  physical  property  per  unit  mass,  and  si  is  its  corresponding 
source  term.  If  this  equation  represents  the  effect  of  chemical  reaction, 
the  property  fi  is  the  mass  fraction  Yi  of  species  i,  and  si  is  the  species 
production  term.  On  the  other  hand,  if  this  equation  represents  vibrational 
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nonequilibriua  effects,  the  property  fi  and  si  are  vibrational  energy  per 
unit  Bass  evibi  and  the  vibrational  relaxation  term,  respectively.  The 
second  difference  is  that  the  internal  energy  contains  additional  terms  for 
the  case  of  general  real  gas.  For  a  perfect  gas,  the  internal,  oulj 
translational  and  rotational,  energy  is  proportional  to  the  translational 
temperature  T.  On  the  other  hand,  the  general  real  gas  contains  additional 
equilibrium  and  nonequilibriua  vibrational  energy  and  heat  of  formation. 
The  resulting  internal  energy  of  a  general  real  gas  is  given  as  : 

e  =  pZevib  +  p2Yt  [  /  Cp^dT  +  AHFj]  -  P.  •  •  •  (2) 

where  AHFj  is  the  heat  of  foraation  for  species  i  and  Cpi  is  a  specific 
heat  at  constant  pressure.  Without  radiation  or  lasing,  there  is  no  need  to 
introduce  the  source  term  in  this  energy  conservation  equation,  since  the 
flow  itself  does  not  exchange  energy  with  anything  else,  even  when  cheaical 
reaction  or  vibrational  relaxation  takes  place.  However  there  are  no  simple 
relations  between  internal  energy  and  translational  temperature,  nor 
between  internal  energy  and  pressure  P.  Therefore,  for  real  gases,  the 
pressure  P  is  a  complex  function  of  density,  internal  energy  and  ft  ; 

P  =  P  (p,  e,  f  v  •  •  ■  f  n).  •  •  •  (3) 

Taking  account  of  these  differences  between  perfect  and  real  gases,  the 
three-dimensional  Euler  equations  for  general  real  gas  ,  with  n  additional 
nonequilibrium  equations,  are  given  in  the  form  : 

is-  +  !L  +  A!  +  =  s  ...  (4) 

at  ax  ay  Jz 

where 


E=  fp  u 

puu+P 
p  vu 
P  wu 
(E+P) u 


F=  r*v 


g=  r*>  * 


p  vv  +  P 
pwv 

(E+P) v 

Pf  jV 


p  vw 
pww  +  P 
(E+P) w 


The  above  equations  are  transformed  into  generalized  curvilinear 
coordinate  system  in  the  form  : 

ii  t  ii  .  li  t  42. .  s 

a  t  d  £  d  e  0  t 


q  =  q/J 


G=  ({  tq  +  CxE  +  CyF  +  tjG) /J 


E-  Utq  +  «xE  +  eyF  +  «2G)/J  £  =  S/J 

F  =  (>;tq  +  >7xE  +  7yF  +  i7jG)  /J  . 


As  the  above  system  of  equations  includes  the  total  mass  continuity 
equation,  we  can  conserve  the  total  mass,  which  would  violently  suffer  from 
numerical  errors  if  the  global  continuity  equation  was  calculated  as  the 
sum  of  all  the  species  continuity  equations! 10 ] . 
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3.  DIAGONALIZATION  OF  GENERAL  REAL  GAS  MATRICES 

Every  modern  shock  capturing  method  makes  use  of  the  hyperbolic 
properties  of  the  Euler  equations.  This  hyperbolicity  comes  from  the  real 
eigenvalues  and  the  corresponding  eigenvectors  of  the  flux  Jacobian 
matrices(gas-dynaoic  matrices).  The  flux  Jacobian  matrices  P  of  the  general 
real  gas  are  given  in  the  form  : 

P  =  ktI  +  kxA  +  kyB  +  kzC  •  •  •  (6) 

where 

A,jiL  „,i>L  c.i£. 

a  q  a  q  a  q 

and  k  =  £,  v  or  £  for  P  =  A,  B  or  C,  respectively. 

The  eigenvalues  and  eigenvectors  of  the  gas-dynamic  matrices  P  are 
obtained  by  diagonalization  of  P  ; 

PhTAT'1  •  •  •  (7  ) 

where  A  is  the  diagonal  matrix  of  eigenvalues  of  P.  T  and  T_1  are  matrices 
representing  its  right  eigenvectors  and  left  eigenvectors)  respectively. 
The  form  of  the  diagonalization  is  somewhat  arbitrary.  Here  we  choose  the 
diagonalizing  formulation  so  as  to  be  identical  to  that  of  reference  [14] 
in  the  case  of  a  perfect  gas.  In  this  diagonalizing  procedure,  we  assume  no 
special  relation  among  pressure,  density,  internal  energy  and  fi.  This 
means  that,  in  our  formulation,  an  arbitrary  equation  of  state  for  a  gas 
can  be  treated,  and  any  additional  equation  representing  nonequilibrium 
effects  can  be  included. 

In  the  Appendix,  we  present  the  form  of  matrix  T,  A,  T*1.  These  matrices 
may  look  complex.  However,  in  practical  computation,  only  a  multiplication 
of  a  vector  and  the  matrix  T  or  T*1  is  needed.  These  results  are  written  in 
a  simple  form[15],  and  the  increase  in  number  of  additional  nonequilibrium 
equations  does  not  violently  increase  the  operational  counts. 


4.  NUMERICAL  SCHEME 

Euler  implicit  scheme  is  generally  given  as 

[Implicit  Operator]  aq  =  At  ( -  AE  -  AF  -  AG  +  S) 

qn+1  =  qn  +  Aq  .  •  •  •  (8) 

where  AE  b  e 1/2 —  E i-1/2  *  etc.  The  form  of  a  numerical  flux  and  an  implicit 
operator  characterizes  its  scheme.  In  this  paper,  Harten-Yee’s  implicit 
TVD  scheme,  with  a  modified  treatment  of  metrics[9],  is  used. 

The  implicit  operator  is  approximately  factorized  to  the  multiplication 
of  point  and  alternative  direction  implicit  operators  as  follows; 

[Implicit  Operator] = 

[I-hH]  [I+hJ^A  +  hD^]  O  [I  +  hd^A  +  hD^]  P  [I  +  h^A  +  hE^]  Tt‘# 

-1-1  •  •  •  (9) 

Here,  h=at,0  =  T^  T7,P  =  T 'v  T{.  an{j  {{  is  a.  Jacobian  matrix  of  chemical  source 
terms[l].  The  implicit  operators  for  convective  termB  are  diagonalized  so 
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that  it  becomes  the  same  as  that  of  the  diagonalized  Beam-War* ing  scheme 
[16]  except  for  the  numerical  viscosity, 

Dj=V  [di  ag  {-niax  (5»(Ajtl(/2)}  ]  A  ,  etc. 


Here,  v(z)  is  an  absolute  function  modified  to  satisfy  entropy  condition. 
The  numerical  flux,  for  example  Eitl^  i  is  given  as 

=  l  I  ®i  +  £i+l  +  <T£  0) 


E: 


in/2 


i+1/2 


] 


(10) 


where  the  element  of  4>  denoted  by  is 

*i+i/2  =  j  *(A'+i/2)(g*  +  g‘+i>  “  CA'  +  r1)  «')i+1/2l  . 

The  adjustment  quantities,  for  high  accuracy,  g  and  y 


are  given  as 


e!  = 


=  minmod  [“*+1/2  *  a*-i/2^ 


r  i+l/2=  ;tf,(Ain/2> 


(«i+rg")/ain/2  “i+1/2*  0 


“  i+l/2=  0  • 

“i+1/2  is  defined  on  the  basis  of  T i+i/2  ^  q  i+l~  q  i^>  which  is  T i+l/2  ^  q  i+1- q  i^  ^ 
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in  Harten-Yee’s  original  TVD  scheme.  Here,  an  attention  should  be 
paid  to  the  evaluation  of  the  average-state  at  i+1/2.  For  a  perfect  gas, 
Roe  has  wisely  devised  an  average  state  which  satisfies  the  "property  U". 
However,  this  condition  cannot  be  uniquely  satisfied  for  the  general  real 
gas.  In  this  paper,  we  use  a  simple  average,  or  a  Roe’s  average  which 
would  recover  "Property  U"  for  a  perfect  gas.  Construction  of  a  more  accu¬ 
rate  and  efficient  Riemann  solver,  for  the  general  real  gas,  will  require 
further  research.  The  above  formulations  have  been  presented  in  three- 
dimensional  form  and  two-dimensional  form  is  easily  obtained  as  a  subset. 


S.  SAMPLE  CALCULATIONS  AND  DISCUSSIONS 

We  calculate  two-dimensional  shock-induced  combustion  problem ( Fig. 1 ) . 
A  high  temperature  supersonic  mixture  gas  of  Nz ,  Hz ,  Oz  is  ignited  by  the 
oblique  shock  waves,  which  are  caused  by  the  wedges  located  at  the  center 
and  on  the  walls  through  the  duct.  The  inlet  conditions  are  P=latm, 
T=1050K,  and  M=4.  We  employ  Westbrook’s  Hz-Oz  chemical  reaction  model[17], 
which  takes  accounts  of  17  reactions  and  9  species( table  1).  Here,  We  solve 
Navier-Stokes  equations,  using  120  x  40  grid  system  of  the  half  computa¬ 
tional  domain.  Figures  2-4  show  the  contours  of  temperature,  mass  fraction 
of  H2O  and  OH,  respectively. 

A  steady  state  is  obtained  after  the  first  2000  time  steps,  which  takes 
about  190  sec  with  FACOM  VP-200.  The  same  calculation  using  a  perfect  gas 
takes  about  110  sec.  This  indicates  the  efficiency  of  our  scheme.  However, 
for  the  reacting  flow,  we  cannot  use  a  CFL  number  larger  than  the  order  of 
one.  This  is  probably  due  to  the  strong  nonlinearity  of  chemical  .ource 
terms.  We  think  that  a  more  careful  treatment  of  source  terms  is  needed. 


6.  CONCLUSION 

The  eigenvalues  and  eigenvectors  are  analytically  derived  for  general 
real  gas  dynamic  equations  including  total  mass  continuity  equation  in 


generalized  curvilinear  coordinates.  We  construct  fully  implicit  upwind 
schemes  for  the  general  real  gas  using  our  diagonalizing  formulation. 
Sample  calculations  show  the  efficiency  and  high  resolution  of  our  scheme 
for  chemically  reacting  compressible  flows. 
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Table  1  Westbrook’s  Chemical  Reactions! 17 ] 


Flg.l  Shock-Induced  Combustion  Problem  Fig. 3  Contours  of  H2O  Mass  Fraction 
and  Inflow  Conditions  (Maximum  Yh2o=0.213) 


Fig. 2  Temperature  Contours  Fig. 4  Contours  of  OH  Mass  Fraction 

(Maximum  Temperature=3402K)  (Maximum  Yos=0.038) 
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APPENDIX 


. . ,_K, 


1.  Common  Notations 
E  =  e  +  p  q2/2 
b  =  e  +  P 

<">  ^  )^kx2+ky2+k22 

6  =  kxu  +  ky  v  +  kzw 

q2  =  u2+ v2+w2 
c2  =  ab  +  pg 


d  p 

g  =  1  bP 

i  JP 

d  e 

P ,  f  j 

S  P  b  P 

tv  e  * 

U  ;  — 

1  P  bt  j 

These  notations  are  for  three-dimension.  When  kz  and  w  are  set  to  be 
zero,  you  get  those  of  two-dimension. 


2.  Three-Dimensional  Matrices 

2.1  Eigenvalue  Matrix 

A  =  diag(U,  U.  U,  U  +  C,  U-C,  U,  U,  •  •  •,  U) 
where 

U  =  kt+kxu  +  kyv  +  kzw  C  =  V  kx2+ky2+kz2  •  c 

2.2  Relation  Between  T  1  and  T  of  the  Form  \ 


m, 

m2 

m3 

-m./fZ 

—  m2 

m, 

m4 

m  %/rr 

~m/rr 

-m, 

-m4 

m, 

m  ,/.f~Z 

m  i/rr 

( 1  +m,)  /2 

(l-m,)/2 

-m  ,/-TZ 

mj/'/'S" 

-rnt/rr 

(  1  -m,)  /2 

( 1  +m, )  /2 
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Left  Eigenvector  Matrix 


where  m,  s  kx'lx+kyly,  irh  =  kxly-kylx 
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Left  Eigenvector  Matrix 


STABILITY  OF  SEMI-DISCRETE  APPROXIMATIONS  FOR 
HYPERBOLIC  INITIAL-BOUNDARY- VALUE  PROBLEMS: 

STATIONARY  MODES 

Robert  F.  Warming  and  Richard  M.  Beam 

NASA  Ames  Research  Center 

Moffett  Field,  CA  94035,  USA 

SUMMARY 

Spatially  discrete  difference  approximations  of  hyperbolic  initial-boundary-value  problems 
(IBVPs)  require  numerical  boundary  conditions  in  addition  to  the  analytical  boundary  con¬ 
ditions  specified  for  the  differential  equations.  Improper  treatment  of  a  numerical  bound¬ 
ary  condition  can  cause  instability  of  the  discrete  1BVP  even  though  the  approximation  is 
stable  for  the  pure  initial-value  or  Cauchy  problem.  In  the  discrete  IBVP  stability  litera¬ 
ture  there  exists  a  small  class  of  discrete  approximations  which  are  called  borderline  cases. 
For  nondissipative  approximations,  borderline  cases  are  unstable  according  to  the  theory 
of  the  Gustafsson,  Kreiss,  and  Sundstrom  (GKS)  but  they  may  be  Lax-Richtmyer  stable 
or  unstable  in  the  L2  norm  on  a  finite  domain.  We  show  that  borderline  approximations 
can  be  characterized  by  the  presence  of  a  stationary  mode  for  the  finite  domain  problem. 

A  stationary  mode  has  the  property  that  it  does  not  decay  with  time  and  a  nontrivial 
stationary  mode  leads  to  algebraic  growth  of  the  solution  norm  with  mesh  refinement.  We 
give  an  analytical  condition  which  makes  it  easy  to  detect  a  stationary  mode  and  we  in¬ 
vestigate  several  examples  of  numerical  boundary  conditions  corresponding  to  borderline 
cases. 

I.  INTRODUCTION 

In  this  paper  we  consider  the  stability  of  spatially  discrete  approximations  to  hyperbolic 
IBVPs.  For  simplicity  we  consider  the  stability  of  approximations  to  the  IBVP  for  the  model 
hyperbolic  equation 

du  du 

0Sl£i'  ,>0  <M> 

where  c  is  a  real  constant.  One  must  specify  initial  data  at  t  =  0,  and  the  IBVP  is  well-posed  if 
an  analytical  boundary  condition  is  prescribed  at  *  =  L 

u (L,t)  =  g(t)  tor  c  >  0.  (1.2) 

A  semi-discrete  approximation  of  (1.1)  is  obtained  by  dividing  the  spatial  interval  into  J 
subintervals  of  length  Ax  where  dAx  =  L,  x  =  x3  =  j  Ax  and  approximating  the  spatial 
derivative  ux  by  a  difference  quotient.  As  a  prototype  approximation  we  replace  ux  by  a  second- 
order-accurate  central-difference  quotient  to  obtain  a  system  of  ordinary  differential  equations 
(ODEs) 

where  u3  =  u,(t)  denotes  the  approximation  to  u(x,t).  The  right  boundary  (x  =  L)  is  advanced 
by  using  the  analytical  boundary  condition  (1.2).  For  the  stability  analysis  we  assume  that  the 
boundary  condition  is  homogeneous,  i.e.,  g(t)  =  0,  and  for  the  semi-discrete  problem  we  write 
uj  —  0. 

A  complication  in  completing  the  approximation  is  the  fact  that  more  boundary  conditions 
are  required  for  the  semi-discrete  approximation  than  are  specified  for  the  partial  differentia) 
equation.  If  we  apply  (1.3)  at  the  left  boundary  (j  -  0),  then  the  difference  stencil  protrudes  one 
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point  to  the  left  of  the  boundary.  It  is  clear  that  that  a  numerical  boundary  condition  is  required. 
For  example,  at  the  left  boundary  (j  —  0)  we  can  change  from  a  centered  approximation  to  a 
one-sided  approximation  of  uz: 


^  =  ^[-Q!U2  +  (1  +  2q)u!  -  (1  +  a)u0]  (1-4) 

where  q  is  a  parameter.  Any  procedure,  e.g.,  (1.4),  used  to  provide  a  numerical  boundary 
condition  is  called  a  numerical  boundary  scheme  (NBS).  In  the  stability  analysis  of  this  paper  it 
is  convenient  to  express  the  NBS  as  a  space  extrapolation  formula.  The  NBS  (1.4)  is  equivalent 
to 

q(E)u- 1=0,  where  q(E)  =  (E  -  l)2(2a£  -  1)  (1.5) 

and  the  shift  operator  E  is  defined  by 


Eu,  =  u,+1. 


(1.6) 


The  system  of  ODEs  (1.3)  together  with  the  analytical  boundary  condition  uj  =  0  and  the 
NBS  (1.4)  can  be  written  in  vector-matrix  form  as 


du(t) 

dt 


=  Au(l) 


(1.7) 


where  u  is  a  ./-component  vector  and  A  is  a  J  x  J  matrix.  The  essential  element  in  the  stability 
of  the  semi-discrete  approximation  (1.7)  is  the  behavior  of  the  solution  at  a  fixed  time  as  the 
spatial  mesh  is  refined.  Consequently,  one  must  consider  an  infinite  sequence  of  ODE  systems 
of  dimension  J  where  J  — •  oo  as  Ax  — *  0. 

For  the  semi-discrete  approximation  (1.3)  with  periodic  boundary  conditions  the  matrix  A  = 
Ap  is  a  skew-symmetric  circulant  matrix.  Consequently  the  eigenvalues  of  Ap  are  pure  imaginary 
and  the  semi-discrete  approximation  is  said  to  be  nondissipattvc.  The  analysis  of  stationary 
modes  for  dissipative  approximations  will  be  given  in  a  subsequent  paper. 

Stability  of  a  semi-discrete  approximation  with  homogeneous  boundary  data  means  that  there 
exists  an  estimate  of  the  solution  in  terms  of  the  initial  data.  For  example,  the  semi-discrete 
approximation  represented  by  the  sequence  of  ODE’s  (1.7)  is  Lax-Richtmyer  stable  if  there  exists 
a  constant  K  >  0  such  that  for  any  initial  condition  u(0) 


MOII  <  * Ho)|| 


(1.8) 


for  all  J  >  0,  J  Ax  =  L  and  for  all  t,  0  <  t  <  T  with  T  fixed.  In  this  paper  the  symbol  ||  •  || 
denotes  the  discrete  Lj  norm  defined  by 


IW0II*  = 


(1.9) 


Two  methods  for  carrying  out  a  stability  analysis  are  the  energy  method  and  the  normal  mode 
analysis.  The  normal  mode  analysis  is  an  eigenvalue  analysis.  If  we  look  for  a  solution  of  (1.7) 
of  the  form  u(i)  =  e'*^,  then  we  obtain  A$  =  sj  But  this  is  just  the  eigenvalue-eigenvector 
problem  for  the  matrix  A  where  ^  is  the  eigenvector  and  s  is  the  eigenvalue.  The  practical 
problem  of  implementing  stability  tests  on  the  eigenvalues  is  that  the  normal  mode  analysis  for 
a  discrete  hyperbolic  IBVP  on  a  finite  domain  is,  in  general,  analytically  intractable. 

The  intractability  can  easily  be  demonstrated  by  the  normal  mode  analysis  of  the  ODE  system 
(1.7).  The  components  4>j  of  the  eigenvector  ^  and  the  normalized  eigenvalue  s  =  (A x/c)s  are 
given  by 

<t>j  —  o[kj  -  (  — #c*)",(  —  l/rc)J|,  2 s  =  k  -  -  (1.10a,b) 
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**!*•  -J“- 


where  a  is  an  arbitrary  nonzero  constant  and  it  is  a  root  of  the  characteristic  equation 

9(<c)  -  (-k2)',  +  1?(-1/(c)  =  0.  (1.10c) 

The  polynomial  q(i c)  depends  solely  on  the  NBS,  i.e.,  ?(k)  is  the  polynomial  associated  with  the 
NBS  written  as  an  extrapolation  formula.  For  example,  the  polynomial  q(i c)  for  the  NBS  (1.5) 
is 

q(it)  =  (it  -  l)J(2aK  -  1).  (1.11) 

Since  J  Ax  =  L,  the  degree  of  (1.10c)  increases  as  the  spatial  mesh  increment  Ax  decreases.  In 
general,  one  cannot  solve  for  the  roots  of  (1.10c)  which  accounts  for  the  analytic  intractability 
of  the  normal  mode  analysis  on  a  finite-domain. 

Although  the  Lax-Richtmyer  condition  (1.8)  is  a  conventional  stability  definition,  there  is  no 
known  algebraic  test  to  check  the  stability  condition  for  discrete  hyperbolic  IBVPs  on  a  finite 
domain.  A  more  complicated  stability  definition  is  used  in  the  theory  developed  by  Gustafsson, 
Kreiss,  and  Sundstrom  (GKS)  [1).  Strikwerda  [4]  has  extended  the  GKS  theory  to  semi-discrete 
approximations.  The  advantage  of  the  GKS  theory  accrues  from  the  fact  that  a  finite-domain 
problem  with  two  boundaries  is  divided  into  a  Cauchy  problem  and  two  quarter-plane  problems 
each  of  which  can  be  analyzed  separately  by  a  normal  mode  analysis.  The  analogues  of  (1.10) 
for  the  right-quarter  plane  problem  are 

4>j  —  ait*,  2s  =  ic  —  —  (1.12a,b) 

where  it  is  a  root  of 

?(<c)  =  0.  (1.12c) 

This  is  the  same  polynomial  q(it)  that  appears  in  (1.10c).  The  roots  of  (1.12c)  are  easily  found 
since  q(i c)  is  of  low  degree.  Algebraic  tests  based  on  the  roots  of  q(it)  and  the  corresponding 
eigenvalues  a  provide  necessary  and  sufficient  conditions  for  GKS  stability. 

The  connection  between  the  normal  mode  analysis  for  the  finite-domain  problem  and  the 
normal  mode  analysis  for  the  quarter-plane  problem  is  rather  obscure.  In  a  recent  paper  [6]  we 
derived  asymptotic  estimates  of  the  eigenvalues  for  the  finite-domain  problem.  These  estimates 
were  used  to  relate  the  normal  mode  analysis  of  the  finite-domain  problem  and  the  GKS  quarter- 
plane  analysis.  In  order  to  derive  the  asymptotic  estimates  for  the  roots  of  (1.10c),  we  assumed 
that  particular  roots  can  be  identified  for  each  J  and  we  write  it  =  it(J).  Furthermore,  there  is 
no  loss  of  generality  in  assuming  that  |ic(J)|  <  1.  We  showed  that  the  roots  of  the  characteristic 
equation  (1.10c)  can  be  divided  into  three  distinct  classes  according  to  the  asymptotic  behavior 
of  |<c(J)|J  in  the  limit  J  — *  oo.  For  |»c(J)|  <  1  there  are  only  two  possibilites: 

(/)  :  lim  Ik(J)Ij  —  0,  (//)  :  lim  I'cp)!'7  —  constant  >  0.  (1.13) 

J  —OO  J  —  OO 

For  roots  in  class  (/),  it  is  clear  that  (1.10c)  reduces  to  the  quarter-plane  equation  (1.12c)  as 
J  — *  oo.  Consequently,  a  root  in  class  (/)  becomes  a  root  of  the  quarter-plane  polynomial 
(1.12c)  in  the  limit  J  — •  oo.  The  eigenvalues  corresponding  to  the  it's  of  class  (II)  are  benign  in 
the  stability  analysis  in  the  sense  that  they  satisfy  the  inequality  S?(e)  <  const/  J  (see  |6j). 

2.  STATIONARY  MODES 

In  addition  to  (I)  and  (II),  there  is  a  third  class  of  roots 

(///)  :  \k(J)\  =  1.  (2.1) 

If  k  is  in  class  (III)  and  is  independent  of  J,  then  it  remains  fixed  on  the  unit  circle  for  all 
J.  For  this  to  happen  it  is  obvious  from  (1.10c)  that  the  polynomials  q(it)  and  q(-  1/k)  must 
have  a  common  factor.  This  common  factor  leads  to  identical  roots  for  both  the  quarter  plane 
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polynomial  ?(k)  and  the  finite-domain  characteristic  equation  { 1 . 1  Oc ) .  These  roots  are  fixed 
(independent  of  J)  on  the  unit  circle  and  from  (1.10b)  one  obtains  S?(s)  =  0  with  5(s)  =  fixed. 
Consequently,  there  is  a  stationary  mode,  i.e.,  a  mode  with  k  and  s  independent  of  J . 

If  there  is  a  stationary  mode  for  the  finite  domain  problem,  the  GKS  perturbation  test  will 
always  indicate  the  presence  of  a  GKS  generalized  eigenvalue  and  consequently  the  semi-discrete 
approximation  is  GKS  unstable.  The  existence  of  a  GKS  generalized  eigenvalue  is  easily  proved. 
Since  |k|  =  1  and  both  k  and  -\/k  are  roots  of  q(n)  =  0,  we  need  two  perturbation  tests,  i.e., 

«;  =  (!-  *;  =  -(1  -  (2.2) 

where  k'  and  kJ  denote  the  perturbations  of  k  and  -1/k  inside  the  unit  circle.  But  from  (1.10b) 
it  follows  that  Sf[s(/c;)j  =  -Sjs(/cj)]  ^  0  and  consequently  there  is  a  generalized  eigenvalue 
SJ(s’)  >  0  corresponding  to  either  /c  or  -1/ic. 

The  importance  of  a  stationary  mode  is  the  following.  Gustafsson  et  al.  ]2]  have  proved 
that  if  the  Cauchy  stability  requirement  of  the  GKS  theory  is  replaced  by  a  more  stringent 
energy  estimate,  then  GKS  stability  implies  Lax-Richtmyer  stability  in  the  L2  norm.  There  is 
a  small  number  of  known  examples  showing  that  Lax-Richtmyer  stability  in  the  L2  norm  does 
not  imply  GKS  stability.  These  examples  all  involve  what  are  called  borderline  cases.  We  show 
that  borderline  cases  have  a  stationary  mode  for  the  finite-domain  problem.  The  GKS  quarter 
plane  analysis  cannot  detect  whether  or  not  a  particular  mode  is  stationary  for  the  finite  domain 
problem.  However,  from  our  analysis,  stationary  modes  are  easy  to  detect  since  they  occur  if 
and  only  if  <j(/c)  and  </(- 1  /k)  have  a  common  factor. 

From  the  point  of  view  of  an  eigenvalue  analysis,  a  semi-discrete  approximation  with  a  sta¬ 
tionary  mode  must  be  treated  separately  since  any  instability  derives  not  from  an  eigenvalue 
with  a  positive  real  part  but  from  the  algebraic  growth  (as  J  — >  oo)  of  the  norm  of  the  solution. 

3.  EXAMPLES  OF  STATIONARY  MODES 

In  this  section  we  examine  several  examples  of  stationary  modes  arising  from  various  NBSs  for 
semi-discrete  approximations.  We  analyze  the  first  example  in  detail  but  give  only  a  summary  of 
the  stationary  mode  analysis  for  the  subsequent  examples.  All  of  the  examples  are  GKS  unstable. 
Examples  1  and  2  are  Lax-Richtmyer  unstable  but  examples  3  and  4  are  Lax-Richtmyer  stable. 
In  each  of  the  examples  we  follow  the  convention  of  having  the  boundary  condition  of  interest 
on  the  left  boundary,  i.e.,  the  GKS  analysis  is  done  for  a  right  quarter-plane  problem. 

EXAMPLE  1  Our  first  example  of  a  semi-discrete  approximation  with  a  stationary  mode  is 
NBS  (1.4)  or  equivalently  (1.5)  for  a  =  -1/2.  The  polynomial  (1.11)  becomes 


?(*)  =  -(**  -!)(*-  1)>  ?(-!/*)=  “(**  “  !)(*+  I)**  (31) 

The  polynomials  q(is)  and  <j(-  1/k)  have  the  common  factor  (ks  -  1)  and  consequently  there  is 
a  stationary  mode.  The  characteristic  equation  (1.10c)  has  the  roots 

k  =  ±1  (3.2) 

independent  of  J  and,  from  (1.10b),  s  =  0.  According  to  a  GKS  stability  analysis,  a  =  -1/2 
is  the  borderline  case  between  stability  (a  >  -1/2)  and  instability  (a  <  -1/2).  For  a  =  -1/2 
there  is  a  stationary  mode  and  consequently  this  borderline  case  is  GKS  unstable. 

The  NBS  (1.4)  with  a  =  -1/2  is 

£  =  •»>-  <*•*> 

As  an  aid  to  interpreting  the  solution  of  a  semi-discrete  approximation  with  (3.3)  as  the  NBS, 
it  is  useful  to  consider  zeroth-order  extrapolation 


as  an  NBS.  Differentiation  of  (3.4)  with  respect  to  time  yields 


dug  _  dui 
~dt  ~  ~dt 


(3.5) 


By  replacing  du\/dl  in  the  above  equation  by  the  interior  approximation  (1.3)  evaluated  at 
j  =  1,  one  obtains  the  NBS  (3.3).  If  we  integrate  (3.5)  from  0  to  t  then 


uo (<)  -  tii  (t)  =  uo(0)  -  uj(0)  =  constant.  (3.6) 

Hence  the  NBS  (3.3)  is  equivalent  to  zeroth-order  space  extrapolation  if  the  initial  data  is  reset 
at  the  outflow  boundary  so  that 

u0(0)  -  ui(0)  =  0.  (3.7) 

A  semi-discrete  approximation  with  zeroth-order  extrapolation  (3.4)  as  the  NBS  is  both  GKS 
stable  and  Lax-Richtmyer  stable.  However,  differentiation  of  the  NBS  (3.4)  yields  an  approx¬ 
imation  which  is  both  GKS  unstable  and  Lax-Richmyer  unstable.  Next  we  show  that  the 
Lax-Richtmyer  instability  is  due  to  the  presence  of  a  stationary  mode. 

The  stationary  eigenvector  corresponding  to  the  stationary  roots  (3.2)  is  found  by  substitution 
of  either  k  =  1  or  -1  into  (1.10a)  to  obtain 


=  afl  -  (-l)d-t-^),  j  ss  0,1,,-*  - ,  J  —  1 


where  a  is  an  arbitrary  nonzero  constant.  The  Z,2  norm  of  the  eigenvector  (3.8)  is 


Uh 


\a\y/2l, 

\aW2L(J  +  l)/J, 


J  even 
Jodd 


(3.8) 


(3.9) 


where  we  have  used  J  Ax  —  L. 

The  matrix  A  corresponding  to  the  ODE  system  (1.3)  with  (3.3)  as  the  NBS  and  uj  =  0  as 
the  analytical  boundary  condition  is  A  =  (c/A x)A  where 


-10  1 

-10  1  O 


O  -10  1 

-  1  0 


(3.10) 


Since  the  first  two  rows  are  equal  it  is  obvious  that  the  matrix  A  has  an  eigenvalue  s  =  0.  The 
eigenvector  (3.8)  is  the  right  eigenvector  ^  of  the  matrix  (3.10)  corresponding  to  s  =  0.  The  left 
eigenvector  (  corresponding  to  s  =  0  is  easily  found  by  inspection  of  the  matrix  (3.10)  to  be 

eT  =  i-i.i,  o,-..,o!.  (3.H) 

If  we  choose  a  —  1/2  in  (3.8),  then  the  inner  product  of  (  and  ^  is 


where  the  plus  sign  is  used  if  J  is  even  and  the  minus  sign  if  J  is  odd. 
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(3.12) 


jp*r * « v"~  .-^3? 


The  matrix  (3.10)  has  a  complete  set  of  eigenvectors  and  consequently  the  general  solution  of 
the  ODE  system  (1.7)  can  be  written  as 


u(t)  =  ]T  &«*"*(*)  (3.13) 

1=0 

where  +(t)  denotes  the  eigenvector  corresponding  to  the  eigenvalue  s*.  We  denote  the  stationary 
eigenvector  (3.8)  by  ^(0)  and  rewrite  (3.13)  as 

J- 1 

«(0  =  M(0)  +  (3.14) 

t=i 

The  sum  on  the  right  hand  side  of  (3.14)  consists  of  the  eigenvalues  and  eigenvectors  for  zeroth- 
order  space  extrapolation  (3.4)  as  the  NBS. 

For  given  initial  data,  the  coefficient  0o  associated  with  the  stationary  eigenvector  ^(0)  is 
determined  by  taking  the  inner  product  of  the  left  eigenvector  {  given  by  (3.11)  with  u(0)  given 
by  (3.14): 

£TU(0)  =  [-tio(O)  +  ui(0)!  =  ±,9o  (3.15) 

where  the  plus  sign  corresponds  to  J  even  and  the  minus  sign  to  J  odd.  In  obtaining  (3.15) 
we  have  made  use  of  the  fact  that  the  right  and  left  eigenvectors  of  a  matrix  are  orthogonal. 

Formula  (3.15)  for  the  coefficient  0O  is  consistent  with  our  earlier  assertion  that  the  NBS  (3.3)  is 

equivalent  to  zeroth-order  space  extrapolation  if  the  initial  data  is  reset  at  the  outfow  boundary 
so  that  u0(0)  -  ut(0)  =  0. 

One  can  show  analytically  that  8t(s<)  <  0  for  all  the  modes  except  the  stationary  mode,  and 
consequently  the  asymptotic  solution  (t  — *  oo)  is  from  (3.14) 


u(t)  a  0o*(O), 


The  Lj  norm  of  (3.16)  for  J  even  is 


HOII*  «  |0o|IWO)||z  »  | Alt 


|ti0(o)  -  u,(o)U 


where  we  have  used  (3.9)  with  a  =  1/2  and  (3.15). 

The  Lax-Richtmyer  instability  resulting  from  the  NBS  (3.3)  arises  from  the  presence  of  the 
stationary  mode.  We  illustrate  this  on  the  finite  domain  0  <  i  <  L  by  choosing  the  initial  data 


f  1  for  j  =  0 
u,(0)  =  < 

|  0  for  j  >  0 


where  J  Ax  =  L.  The  Lj  norm  of  this  initial  data  is 


||u(0)||,  =  Ax1'1  =  yj. 


For  the  initial  data  (3.18)  with  J  even  the  Lj  norm  of  the  asymptotic  solution  (3.17)  is 


mohs  *  y|. 


From  (3.20)  and  (3.19)  it  follows 


INOIIj  55  ^~Mo)ll2.  t-oo. 


Consequently  the  Li  norm  of  the  solution  is  not  uniformly  bounded  on  0  <  t  <  T  (with  T  large) 
for  the  initial  data  (3.18)  and  the  semi-discrete  approximation  is  Lax-Richtmyer  unstable. 

If  the  initial  data  is  smooth,  then  the  semi-discrete  approximation  converges  although  the 
global  order  of  accuracy  drops  to  first  order.  If  we  assume  that  the  initial  data  is  smooth,  then 


u0(0)  -  uj(0)  =  /(0)  -  /(Ax)  =  -Ax^/^0)  +  0(AxJ). 
In  this  case  (3.17)  becomes 


||u(t)||2  « 


3/(0) 


dx 


n/|a*  = 


O(Ax),  t  — *  oo. 


(3.22) 


(3.23) 


EXAMPLE  2a  In  this  section  the  model  hyperbolic  equation  is 
3u  3u 

-Ft=~eTx'  c>0’  l> °-  (3-24) 

i.e.,  the  analytical  BC  is  specified  at  the  left  boundary,  x  =  0.  The  spatial  derivative  u*  is 
approximated  by  a  centered  approximation  and  the  PDE  (3.24)  is  replaced  by  the  system  of 
ODEs 

~  2Ax^Uj~1  ~  Uj+1)’  7  =  1)2,  -  •• ,  J  -  1.  (3.25) 

The  homogeneous  analytical  boundary  condition  is 


«o  =  0. 


(3.26) 


The  NBS  is 


duj 

nr 


—  («i-.  -  uj). 


(3.27) 


The  semi-discrete  approximation  (3.25)  with  boundary  conditions  (3.26)  and  (3.27)  is  both 
Lax-Richtmyer  and  GKS  stable.  In  example  1  we  showed  that  differentiation  with  respect  to 
time  of  a  stable  NBS,  i.e.,  zeroth-order  extrapolation,  resulted  in  an  unstable  semi-discrete 
approximation.  In  this  section  we  show  that  differentiation  of  the  analytical  boundary  condition 
(3.26)  with  respect  to  time,  i.e., 


(3.28) 


leads  to  an  unstable  approximation.  The  source  of  the  instability  is  the  introduction  of  a 
stationary  mode.  It  should  be  noted  that  this  example  differs  from  the  other  examples  in  this 
paper  since  the  stationary  mode  is  introduced  by  an  improper  modification  of  the  analytical 
boundary  condition,  i.e.,  replacement  of  (3.26)  by  (3.28),  rather  than  an  improper  choice  of  the 
NBS. 

It  is  easy  to  show  by  evaluating  (3.25)  at  j  =  0  that  (3.28)  is  equivalent  to  the  extrapolation 
formula 

h(£)u_ i  =  0,  where  h(E)  =  1  -  E2.  (3.29) 

Since  h(ic)  =  I  -  icJ  it  follows  directly  that 


h(-l/it)  =  -h(it)/K2 


(3.30) 


as  one  can  easily  verify.  Therefore,  h(ic)  and  h(-  1/k)  have  a  common  factor,  namely  h(x)  itself, 
and  consequently  there  is  a  stationary  mode.  The  roots  of  h(/c)  =  0  are  k  =  ±1.  The  stationary 
mode  has  the  eigenvalue  s  —  0  and  the  corresponding  eigenvector  is 


ado 

OOO 


4>j  =  o, 


j  -  0, 1,2,”  •  ,J 


(331) 


i.e.,  a  vector  with  constant  elements. 

Since  all  the  modes  except  the  stationary  mode  are  damped  for  large  time  t,  the  asymptotic 
solution  is 

u(t)  »  fio4(°)  t  —  oo  (3.32) 

where  &>  =  uo(0)  and  the  elements  of  4(0)  are  given  by  (3.31).  For  the  initial  data  (3.18)  the 
asymptotic  solution  is 

||u(t)||i  SS  Vl  =  ■/7||u(0)||j  t  -*  oo.  (3.33) 

Consequently  the  norm  of  the  solution  is  not  uniformly  bounded  for  0  <  t  <  T  (with  T  large) 
for  the  initial  data  (3.18)  and  the  semi-discrete  approximation  is  Lax-Richtmyer  unstable. 

EXAMPLE  2b  We  return  to  the  model  equation  (1.1)  with  the  NBS  on  the  left  boundary, 
i  s  0.  If  we  choose  the  overspecified  Dirichlet  condition 

uo  =0  (3.34) 

as  the  NBS,  the  resulting  semi-discrete  approximation  is  both  Lax-Richtmyer  and  GKS  stable. 
However  if  we  differentiate  (3.34)  with  respect  to  time 


the  resulting  approximation  is  both  Lax-Richtmyer  unstable  and  GKS  unstable. 
The  NBS  (3.35)  is  equivalent  to  the  extrapolation  formula 


q(E) u_i=0,  where  q(E)  =  1  -  (3.36) 

The  polynomial  ?(*)  =  1  -  K*,  and  therefore, 

?(-!/*)  =  -?(")  A2-  (3.37) 

Consequently,  there  is  a  stationary  mode.  For  this  example  and  the  following  examples,  3  and 
4,  all  of  the  roots  of  the  characteristic  equation  are  in  class  (III),  i.e.,  |/c(y)|  =  1  and  all  the 
eigenvalues  are  pure  imaginary.  Consequently,  the  normal  modes  for  the  finite  domain  problem 
can  be  found  analytically.  For  J  even  the  stationary  mode  has  a  repeated  eigenvalue  s  =  0.  For 
sufficiently  large  time  the  asymptotic  solution  is 


L'  1  °dd 

(0,  j  —  even 


For  the  initial  data  (3.18),  the  norm  of  the  asymptotic  solution  is 

IMOII*  *  ^“l!u(°)llJ>  (3  39 

The  Lax-Richtmyer  instability  arises  from  the  factor  \fl  and  not  from  the  linear  growth  in  t. 
EXAMPLE  3  Consider  the  inconsistent  NBS 

u_i  =  ~ui  (3.40 


which  can  be  written  as 


?(£')u_,=0,  where  <j(E)  =  1  +  E2 . 


(3.41) 


This  NBS  was  used  by  Trefethen  [5]  for  the  leap  frog  scheme  as  an  example  of  a  fully  discrete 
approximation  to  (1.1)  that  is  Lax-Richtmyer  stable  and  GKS  unstable.  As  outlined  below  the 
same  stability  results  are  obtained  when  the  NBS  (3.40)  is  used  for  the  semi-discrete  approxi¬ 
mation  (1.3). 

Since  q(n)  =  1  +  ic2,  one  has 

?(-!/*)  =  ?(*)/**  (3.42) 

and  consequently,  there  is  a  stationary  mode.  From  (1.10c)  one  obtains 

«(*)|1  +  (-k2)J)  =  0-  (3.43) 

The  roots  of  the  equation  (3.43)  are  determined  from 

q(it)  =  1  +  *2  =  0,  and  1  +  (- k?)j  =  0.  (3.44a, b) 

For  the  stationary  mode  the  roots  of  q(n)  =  0  are  k  =  ±i  and  the  corresponding  eigenvalues  are 
s  =  ±i.  However  from  (1.10b)  the  roots  k  =  ±i  both  lead  to  trivial  stationary  eigenvectors  for 
the  finite  domain  problem. 

For  this  example  the  eigensolutions  of  the  finite  domain  problem  can  be  found  analytically. 
The  remaining  roots  of  the  characteristic  equation  can  be  determined  from  (3.44b)  by  using  the 
roots  of  unity  formula.  The  corresponding  eigenvalues  are  pure  imaginary.  In  particular,  for  J 
odd  the  eigenvalues  are 


St  =  isin^^r^,  (J  odd).  (3.45) 

Here  we  have  the  rather  amazing  result  that  for  J  odd,  the  eigenvalues  are  analytically  identical 
to  those  of  the  circulant  matrix  associated  with  the  spatially  periodic  problem.  The  eigenvectors 
are,  of  course,  different. 

One  can  show  by  the  energy  method  that  the  semi-discrete  approximation  is  Lax-Richtmyer 
stable.  In  particular 

IMOII*  <  V2||u(0)[|2.  (3.46) 

On  the  other  hand  the  approximation  is  GKS  unstable  because  there  is  a  stationary  mode. 

We  briefly  outline  the  GKS  perturbation  analysis.  For  k  =  i,  the  eigenvalue  is  a  =  i  where 

obviously  K(s)  =  0  and  hence  we  must  check  to  see  if  there  is  a  GKS  generalized  eigensolution. 
Let  k~  denote  a  perturbation  of  k  =  t  which  is  inside  the  unit  circle,  i.e., 

k  =  e',(l  -  e),  9  =  |  +  e,  f  >  0.  (3.47) 


By  inserting  (3.47)  into  (1.10b),  we  find 


SR(s')  =  e2  +  0(e3). 


(3.48) 


Since  the  perturbation  of  SR(s)  is  positive  there  is  a  GKS  generalized  eigenvalue  and  semi-discrete 
approximation  is  GKS  unstable.  The  fact  that  an  e  perturbation  of  /c  yields  an  t2  perturbation 
in  9t(s)  indicates  a  weaker  type  of  GKS  instability  than  for  a  conventional  GKS  generalized 
eigenvalue  where  the  perturbation  in  k  and  S i(S)  are  of  the  same  order. 

EXAMPLE  4  Our  last  example  is  due  to  Gustafsson|3j.  The  wave  equation,  utt  =  uxx,  written 
as  a  first-order  system  is 


<9w  _  r.^w 

dt  dx  ’ 


(3.49) 


668 


The  initial  condition  is  w(z,0)  =  f(x)  and  the  boundary  conditions  are 


"■se 


(3.50) 

(3.51) 

(3.52a,  b) 


The  NBSs  are 

dv o  __  uj  -  uo  dvj  _  uj  -  uj-i 

dt  Az  ’  dt  Az 


(3.53a, b) 


Gustafsson  [3]  used  this  semi-discrete  approximation  as  an  example  of  a  problem  that  is 
Lax-Richtmyer  stable  for  homogeneous  boundary  data  but  unstable  for  highly  oscillatory  non¬ 
zero  boundary  data.  We  demonstrate  that  the  approximation  is  GKS  unstable  because  of  the 
presence  of  a  a  stationary  mode. 

One  can  show  that  the  NBSs  (3.53a, b)  are  equivalent  to  the  extrapolation  formulas 


h(E)u-i  =  0,  p(E)uj+ 1  =  0 


(3.54a, b) 


where 


h(E)  =  !  +  £*, 

p(E)  =  1  +  E 

(3.55a,b) 

In  deriving  (3.54)  we 

have  used  (3.52).  The  polynomials  /i(/c)  and  p(ic)  are 

A(k)  =  1  + 

p(k)  =  1  +  l/icJ 

(3.56a, b) 

and,  therefore, 

A(-l/*c)  =  A(/c)/kj, 

p(-\/k)  =  p(k)k1. 

(3.57a, b) 

Futhermore, 

/i(-ic)  =  A(k), 

p(<c)  =  h(  1/k). 

(3.58a, b) 

As  a  consequence  of  (3.57)  and  (3.58)  there  is  a  stationary  mode  for  the  finite  domain  problem. 

There  is  a  close  connection  between  this  example  and  previous  example.  In  fact,  the  example 
of  this  section  can  be  written  as  two  uncoupled  semi-discrete  problems  of  the  form  given  by 
example  3.  The  NBS  (3.41)  is  inconsistent  but  the  analogous  NBSs  (3.54)  only  appear  to  be 
inconsistent,  i.e.,  they  are  actually  consistent. 

As  in  the  example  of  the  previous  section  the  eigensolutions  of  the  finite  domain  problem  can 
be  determined  analytically.  We  look  for  a  solution  of  (3.51)  of  the  form 

Wy  =  e**Wy.  (3.59) 

The  components  Wy  of  the  eigenvector  w  for  the  finite  domain  problem  are  given  by 

Wj  =  ax;^+  +  6(-l/#c)3^+  +  e{-K)}4-  +  d(  1/k)’4_  (3.60) 


where 


(3,61a.b) 


669 


The  constants  a,b,c,d  are  determined  by  inserting  (3.60)  into  the  boundary  conditions  (3.52) 
and  (3.54).  One  obtains  a  homogeneous  linear  system  and  a  nontrivial  solution  exists  if  and 
only  if 

h(n)  =  0,  K1J  =  1.  (3.62a, b) 

The  polynomial  p(i c)  does  not  appear  here  because  of  identity  (3.58b). 

We  first  consider  h(i c)  =  0  where  H(k)  is  defined  by  (3.56a).  The  roots  are  k  =  ±i  and  for 
J  even  these  roots  also  satisfy  (3.62b).  For  J  odd  one  can  show  that  the  roots  k  —  ±i  lead  to 
trivial  functions.  From  (3.62b)  k  is  a  root  of  unity  and  hence 


K  =  eiKl/J,  1=  1,2,---,2J. 

(3.63) 

The  associated  eigenvalues  are 

st  =  i  sin(y),  t  —  1,2, •••,2./ 

(3.64) 

where  a  =  sAx.  For  J  odd,  the  eigenvalues  (3.64)  are  identical  to  the  eigenvalues  of  the  circulant 
matrix  associated  with  the  IVP.  Furthermore  there  are  no  eigenvalues  s  =  ±t.  But  for  J  even 
there  are  are  two  distinct  eigenvalues  s  =  ±i. 

One  can  prove  by  the  energy  method  that  the  semi-discrete  approximation  of  this  section  is 
Lax-Richtmyer  stable.  But  the  approximation  is  GKS  unstable  because  there  is  a  stationary 
mode.  The  GKS  perturbation  analysis  is  identical  to  the  analysis  at  the  end  of  example  3,  i.e., 
an  e  perturbation  in  k  yields  an  €J  perturbation  in  9?(s). 

4.  CONCLUSIONS 

Stationary  modes  for  semi-discrete  approximations  are  easy  to  detect  because  q(it)  and  ?(- 1  /k) 
have  a  common  factor.  For  simple  approximations  the  k  roots  in  class  (III)  defined  by  (2.1) 
can  be  determined  analytically  and  consequently  so  can  the  normal  modes  for  the  finite  domain 
problem.  This  includes,  of  course,  stationary  modes  for  nondissipative  approximations  where 
|k|  =  1  independent  of  J. 

If  there  is  a  stationary  mode  for  a  nondissipative  approximation  on  a  finite  domain  problem, 
then  the  GKS  perturbation  test  will  always  indicate  the  presence  of  GKS  generalized  eigenvalue. 
If  in  the  GKS  perturbation  test  the  perturbation  in  *  is  the  same  order  as  the  perturbation  in 
3i(s),  then  the  approximation  is  Lax-Richtmyer  unstable  in  the  L?  norm.  On  the  other  hand  if 
the  the  perturbation  of  ic  results  in  a  higher  order  perturbation  in  S?(i),  then  there  is  a  trivial 
stationary  mode  and  the  approximation  is  Lax-Richtmyer  stable. 

If  a  semi-discrete  approximation  with  a  stationary  mode  is  Lax-Richtmyer  unstable,  then  the 
solution  exhibits  algebraic  growth  as  the  mesh  is  refined.  This  is  a  weak  type  of  instability 
and  the  approximation  can  be  thought  of  as  only  marginally  unstable  since  the  approximation 
converges  in  the  Z-2  norm  for  smooth  initial  and  boundary  data  on  a  finite  domain. 
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SUMMARY 


An  analysis  of  the  truncation  error  for  finite  difference  schemes  frequently  shows  an 
apparent  loss  of  accuracy  when  a  nonuniform  grid  is  used.  Some  schemes  exhibit  the 
phenomenon  of  supraconvergence,  that  is,  there  is  no  loss  of  accuracy  in  the  global  error. 
We  show  that  this  is  the  case  for  smooth  solutions  of  the  color  equation  for  an  upstream 
conservative  scheme,  for  two  versions  of  the  Lax-Wendroff  scheme,  and  for  a  variant  of  the 
von  Neumann-Richtmyer  scheme  for  gas  dynamics,  if  the  latter  three  are  stable. 


t.  INTRODUCTION 


Finite  difference  equations  seem  to  work  best  on  uniform  grids,  but  even  in  one  dimen¬ 
sion  one  might  be  forced  into  using  an  irregular  grid.  A  typical  example  of  this  situation 
occurs  when  materials  with  very  disparate  densities  occur  side-by-side;  for  example,  at  an 
air  water  interface.  If  Lagrangian  coordinates  are  used,  with  mass  taking  the  place  of  length, 
then  equal  mass  cells  would  require  roughly  1000  times  as  many  cells  in  the  water  as  in  the 
air.  One  could  change  the  grid  size  gradually  but  rapidly  near  the  interface  so  that  there  is  a 
grid  gradient  rather  than  a  severe  jump.  This  helps  but  does  not  remove  the  error.  Giles  and 
Thompkins  [1]  analyze  the  wave  propagation  properties  of  a  grid  gradient.  Noh  [4]  shows 
the  bad  things  that  can  happen  with  an  exponentially  varying  grid  when  an  infinite  strength 
shock  is  sent  through  it.  In  any  event,  there  is  definitely  a  point  to  considering  difference 
equations  on  totally  nonuniform  grids. 

It  is  very  clear  that  the  local  truncation  error  of  most  difference  schemes  suffers  if  the 
grid  is  nonuniform.  These  local  errors  for  many  difference  schemes  have  been  examined  by 
Turkel  [6],  and  by  Pike  [5].  The  point  of  our  presentation  here  is  that  the  global  error  is 
sometimes  better  behaved  than  the  local  error  would  indicate,  a  property  that  has  been 
carul  supraconvergence.  This  is  well-known  for  finite  element  methods,  but  is  somewhat 
of  a  sir  prise  for  finite  difference  methods.  This  phenomenon  was  observed  by  Manteuffel 
and  White  [3]  for  a  cell-centered  scheme  for  u"  -f  which  is  inconsistent  on  an  arbitrary 
grid  but  maintains  global  second  order  accuracy.  This  was  extended  by  Kreiss  et  al  [2]  to 
higher  order  equations  and  other  difference  methods,  not  all  of  which  have  this  so-called 
supraconvergence  property,  Numerov’s  method,  for  example,  fails  to  maintain  its  fourth 
order  accuracy  on  some  grids. 

We  show  that  supraconvergence  obtains  for  smooth  solutions  of  the  color  equation  for 
an  upstream  conservative  scheme,  for  an  edge-centered  version  of  the  Lax-Wendroff 
scheme  (with  mild  mesh  restrictions),  for  a  cell-centered  Lax-Wendroff  scheme,  and  for  a 
variant  of  the  von  Neumann-Richtmer  scheme  for  gas  dynamics,  provided  that  the  latter 
three  are  stable. 
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2.  AN  UPSTREAM  CONSERVATIVE  SCHEME 


In  [5]  Pike  gives  an  example  of  a  conservative  scheme  which  is  inconsistent  on  a 
nonuniform  grid  yet  which  compares  favorably  with  a  first-order  method.  For  the  differen¬ 
tial  equation 

=0 

the  difference  equation  is 

urx-u*  u?  -  uu 

LU  =  ~ - —  +  -  —  =0, 

At 

where  U"  is  the  grid  function  at  the  cell  edge  (xt ,t"),  and  hi-ia-x ;  -jq.j, 

h;i\n  +  h:_  in 

hj  = - — - .  This  conserves  Ut . 

The  trancation  error  is 

Lu  = - — - - u x  i+0(hAt ) 

2hi 

and  therefore,  in  general,  the  scheme  is  inconsistent.  In  fact,  it  is  first-order  accurate  if 
u(x,t)  is  smooth.  To  see  this,  note  that 

frj-l/2  ~  hi+ll2  u  K-l/2ux,i-l  ~  hi+U2ux.i  t 

2fcj  x,t  2  ht 

Defining  the  corrected  error 

~  ~  Uj  + 

we  see  that 


Le  =0(h,to) 

since  ux  i  is  a  smooth  function  of  t.  This  scheme  is  monotone  and  stable  if  Ar/h;  S  1,  in 
which  case  both  e  and  u  -  U  are  0(h). 


3.  LAX-WENDROFF 


3.1.  An  Edge-Centered  Version 

Pike  also  considered  an  edge-centered  version  of  the  Lax-Wendroff  scheme.  With  the 
same  notation  as  above  the  difference  equation  is 

LU  urx  -  Uj  f  Uui  -  Uj-1  Ai  t/,>i  -  Uj  Uj  ~  U?-\  Q 
At  2  ht  2hi  hMl2  K-ia 

The  truncation  error  is 

^  =  \<hx.i  (hMi2  -  hi- 1/2)  +  o  ( h2At 2). 

Note  that  for  the  low  order  part  of  the  truncation  error  we  can  write 
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/ 


(W  -  A,-  1/a)  +  O  (A2,  A/2)  =  lilB-ltl*  +  o  (h2). 


2h : 


where 


^i+l/2=  y“«,i+l/2Aiii/2- 


Now  consider  the  following  difference  equation: 


fy+i  ~  1  ^  Ar 

2hi  2  A, 


s»+i  —  5«  S.-S.-i 


A, 


+1/2 


hi~m 


2'i+V2  ~  ^*1-1/2 

2A,- 


(1) 


We  are  going  to  show  that  under  mild  mesh  restrictions  this  difference  equation  has  a  solu¬ 
tion  8  which  is  smooth  in  t  and  is  O  (A2).  From  this  it  follows  that 

L(u  -U  -8)  =  0(A2, At2). 

The  rest  hinges  on  the  stability  of  the  difference  equation  LU  =  r .  If  it  is  stable  with  the 
same  grid  restriction  in  some  norm  (hen  the  global  error  in  that  norm  will  be 
second  order. 

Note  that  a  solution  of  the  following  is  clearly  a  solution  of  eq.  (1): 

Sf+i  +  8;  -  Vj+1^(51+1  -  8,-)  =  Tum, 

At 


where  vi+V2  = 


hi 


-.  Marching  to  the  left  from  some  N,  taking  5W  =  0,  we  see  that 


+1/2 


8.-  =  £  (-1)' 

1=1  + 1 


,1-1 


j-j  1  ~  v*+l/2 


[*=i+l  1  +V*+l/2 
Thus,  8  will  indeed  be  0  (A2)  if  there  exists  p  such  that 


'1-1/2 


1  +  V,_ 


1/2 


*  1  ~  v*+l/2 

*i1  + 


■  vJk+l/2 


5pJf_r  ,  0<P<1, 


for  s  -r  sufficiently  large. 
Let 


Amin  =  n*in  K 


We  require  the 

Main  Mesh  Condition :  Assume  there  exists  9, 0  <  0  <  1 ,  such  that 

0  <  0  <  ^  1. 

"min 

For  example,  if  the  cell  lengths  are  alternately  h  and  A2,  forO  <h  <  1 ,  and  if 


then  since  half  the  cells  have  length  h2, 


jj  1  ~  v*+ 1/2 


k=r  1  +  v*+ 1/2 


_1_ 
2 


=  p'“ 


'.p=Vi 


In  general,  it  is  sufficient  (but  not  necessary)  that  the  fraction  of  intervals  which  have  a 
bounded  ratio  with  the  smallest  interval  remain  bounded  from  below  as  the  mesh  is  refined 
Of  course,  this  only  permits  a  correction  which  cancels  the  bad  part  of  the  truncation  error. 
The  actual  global  error  depends  on  the  stability  of  the  scheme. 
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Wc  still  have  to  show  that  the  divided  time  difference  of  the  correction  8  is  O  (A2). 
This  is  so,  since 

7/+1/2  -  77+1/2  1  ,  2  uxx,l+ 1((  +  At)-  Uxi+rft) 

- Ar - =  2ki+l12  At 

and  we  are  assuming  that  u(x,t)  is  sufficiently  smooth. 


3.2.  A  Cell-Centered  Version 

We  consider  the  particular  solution  u(x,t)  =  (x  - 1 )2.  For  a  cell-centered  Lax- 
Wendroff  the  full  error  equation  is 


„*+i  _ 

eM/2 


ei+m  +  ei+ 1  ei _ At  * j 

At  hi+\n  Ihi+m  [ 


+3/2  ~  ei+lr2  ei+\l2~ei- 


" 

'  ei-ll2 
— 

■i 


~  (hi +3/2  ~  hi- 1/2) 


Ar  hj  +3/4  -  2/i, 
4  1  A, 


^i+l/2  +  hi-l/2 

-  . 

V+l/2 


•  _  fy+3/2ei+l/2  +  fy+l/2ei+3/2 

<+1  ^i+3/2  +  *i+l/2 


^i+1/2  "  ei+l/2  ^  ^i+1/2  •  Since 


hj+mh^-ia  +  hj +1/2^1 +3/2 

hi +312  +  ^i+1/2 


=  hi+3iihMi2 


U1  1,2 

”1+3/2  ~  "1+1/2 

hi  +3/2  +  hi +1/2 


-  hi  +3/2  -  Tlj +1/2 


Ld  =0  . 

In  general,  a  similar  analysis  shows  that  for  sufficiently  smooth  solutions  there  is  a 
correction  which  removes  the  low-order  truncation  terms. 


4.  VON  NEUMANN-RICHTMYER 


We  consider  the  classic  von  Neumann-Richtmyer  method  without  viscosity.  The  gas- 
dynamic  equations  in  Lagrangian  form  are 

v, -ux  =0, 

u,  +px  -0, 

e,  +p\,  =0, 

P  =  P  (v,e). 
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The  velocities  u  are  set  at  the  cell  comers,  and  the  volumes  and  energies  v  and  e  are  set  at 
the  cell  centers  see  Fig.  1.1.  Thus,  the  difference  equations  are 

VVv?  -V/Vm  ur+l-up  n 

- — - 7 - =0,  (2a) 

Af"  «<+ 1/2 

up -(/■-'  .  p  (vp-$  A'stf )  „ 

4,-w" + - m - =0’  0b) 

w?n +1/2  i7/»—l/2 

&i+ 1/2  ~^i+V2 

- — -  (2c) 

A tn 

^tn-mp  (Vn+il/2  Jtn+M  )  +  ^ n+l/2p  (y^l*  )  V«+l/2  -  V£jJ£  A 


A i+l/2~xi  ~xi- 1»  Ai  =  y  (*»+l/2  +  hi-\ri)> 


A rB+1/2  =  t"+1  -  r" ,  At"  =  -i-(Ar"+1/2  +  Atn~m). 

Now  we  need  to  look  at  the  detailed  truncation  error  to  see  if  the  appropriate  corrections  can 
be  made. 

In  eqs.  (2a)  and  (2c)  it  is  the  uncentered  time  difference  that  contributes  to  the  low 
order  truncation  error.  Specifically,  the  form  is 

+±  (Atn+lf2)2  -  (Af”~1/2)?  t  2 
Ar"  8y“  Ar" 

where  the  functions  on  the  right  are  evaluated  at  t".  The  second  term  on  the  right  can  be 
rewritten  as 


Fig.  1.1.  Staggered  grid. 


i(A ,*+1/2)2/»+1/2  _  1 (/Stn~la)2f  S~m 

o  o 


+  O  (A2). 


Thus  there  is  a  second-order  correction/  to /  which  satisfies 

Tn+M  Tn-1/2 

L - - «/,+0( a2). 


Jn+in  =y  (,»+ 1/2)  _  -l(Af'I+1/2)2/a  (rn+I/2). 

8 

It  follows  immediately  that,  replacing  /  by  v,  the  truncation  error  for  eq.  (2a)  is  O  (A2)  for  v, 
that  is, 

— n+1/2  —  n-1/2  «  _  n 

vi+l/2  vi+l/2  _  “i+1  “i  _  ~ 

A/"  *i+l/2 

Since  the  average  p  used  in  eq.  (2c)  is  already  second-order  accurate  it  follows  in  the  same 
way  that  eq.  (2c)  is  also  second-order  for  e  and  v. 

There  remains  the  momentum  equation  (2b)  to  deal  with.  We  first  note  that  for  any 
smooth  second-order  perturbations  a  and  p 

p  (v+  +  <*,. ,  e+  +  p+)  -  p  (v_  +  e_  +  p_)  =p  (v+,  e+)  -p  (v_,  eJ)  + 

fk«+  -  «_)  + 1^0+  -  P_)  +  ht  O  (A2), 

where  a+  =  a,+1/2,  etc.  The  low  order  part  of  the  truncation  error  of  the  off  centered  dp/dx 
in  eq.  (2b)  is 

1  (*i+ 1/2)2  ~  (hj-in)2 

SPxx  hi 

In  order  to  cancel  it  we  can  take  the  corrections  to  be 

r  n- \a 

ai+iJ? *  —rthi+ia)2  -r-  fPa 

8  Pv  +Pi  Ji+l/2 


P Kfi?*"(hi+m)2  — 2Pxx 

8  (Pv  +Pe  Ji+l/2 

where  we  must  assume  that  p  2  +  pe2  is  bounded  away  from  zero. 
For  the  corrected  exact  solution  given  by 

v  =  v  +  a, 
i  3  e  +  p, 
and 


the  local  truncation  error  is  0(A2).  Since  these  differ  from  the  exact  solution  itself  by 
O  (A2),  stability  would  imply  second-order  accuracy. 
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SUMMARY 


The  paper  shows  that  the  choice  of  dependent  variables  in  conservation  laws  with 
source  terms  may  strongly  influence  the  quality  of  numerical  solutions  using 
operator-splitting.  A  further  result  is  that  the  splitting  may  violate  the  second 
principle  of  thermodynamics .  For  quasi  one-dimensional  flows,  closed  form  solu¬ 
tions  were  derived  for  a  family  of  variable  cross-sectional  functions.  A  numerical 
test  problem  is  formulated  including  this  analytical  solution.  Combinations  of  the 
operator-splitting  with  Godunov's  Method  and  with  the  Random  Choice  Method 
are  discussed  by  means  of  this  example.  Reasonable  results  were  obtained  by  both 
methods  but  special  attention  must  be  paid  to  the  entropy. 


INTRODUCTION 


The  quasi  one-dimensional  flow  of  a  non-viscous  and  non  heat  conducting  gas  is 
described  by  a  hyperbolic  system  of  conservation  laws  with  a  source  term.  Among 
the  different  methods  of  integrating  a  system  of  homogeneous  conservation  laws 
Godunov's  Method  and  the  Random  Choice  Method  are  well  established.  These 
methods  can  be  used  to  integrate  a  non-homogeneous  system  applying  Sod's  split¬ 
ting  technique  [4].  Because  of  it's  conceptlonal  simplicity  this  technique  is  In 
common  use.  Moreover,  new  developments  exist  to  integrate  conservation  laws 
with  source  terms  [  1-3]. 


THE  OPERATOR-SPLITTING 


A  hyperbolic  system  of  conservation  laws  with  a  source  term  is  given  by 

U.t*  E<U>.r  =  QlU.*-)  •  (1  ) 


078 


r 


where  f  Is  the  flux,  Q  Is  the  source  term,  a «•  Rk  and  r  -  0,  t  -  0.  The  integration 
of  equation  ( 1  )  over  the  domain  G  =  [  rm_jj  ,  ]  *  [  tn  ,  t„*i  ]  in  space  and 

time  leads  to 

,rm*H'  .rm*'t  ,*n*l 

J  U  <«--W  *  *  J  U(r.tn>dr*J  E(«<rm^,t))  dt 

rm-V  rm*'i  *n 

,.tn*l  .... 

'  J  E(»(rm-Vt))dt  “  Qdrdt  (2  > 

G 

Evaluating  the  integrals  by  the  approximations 


1 

«m.n=5FJ  U  < r- 1„ )  ^ 

rm-'i 


n-M 


1  i*  ‘ 

W  3tJ  V')*' 


%n.n  "  sht  SS  a** 

G 


=  r  ,  -  r  , 

m+Jfr  tn-% 


At  =  t  “  t 

n+1  n 


one  obtains  the  discrete  formulation  of  {  2  )  : 

^m.n  ^  (SnwJj.n  -m-Jj.n  )  *  n  ^  Ar 


(  3  ) 


We  introduce  the  abbreviation  (u  1#  ••=  {  y  mn  1  N  . The  solution  operator 
H  :  (  y  ln-»  (  U  1  is  defined  by  (  3  )  with  Q  m  n=  Q  .The  concept  of  operator¬ 
splitting  is  to  approximate  {  1  )  by  the  two  simpler  equations 


u.t*  Q  (  4  1 

and 

«.t  =  Q(  B.  r)  (  5  ) 


to  be  solved  separately.  The  differential  equation  (  5  )  is  usually  integrated  by 
explicit  Euler  integration.  The  corresponding  solution  operator  S  has  the  form 


S<*,u  *  u  + 

m.n  *  m,n 


rm) 


=  U 


or 


=  1 


(  6  ) 


In  order  to  approximate  the  solution  of  (  1  )  three  different  combinations  of  the 
operators  H  and  S  will  be  considered  : 


S'  H  (u)  variant  1 

n 

H  { a) n  variant  2 

(S'rH  -  Id  Ha)  variant  3  . 
n 
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Therein,  variant  3  can  be  derived  by  choosing  a  special  approximation  of  the  inte¬ 
gral  of  Q  (  y,  r )  over  the  domain  G,  setting  Qm.n  =  Q  (  U*.  r*)  with  r*=  rm  . 

u*=  u _ .  Id  is  the  identity.  Introduction  of  r*=  r_  ,  u*  =  u_  -  X  ( g  ^  -  g  ,  \ 

-  -m.n  J  n»  ■  am.n  \  2  m+'i  ,n  S  m-'i  ,n I 

into  Q  ( u  ,  r  )  leads  to  variant  1. 


THE  OPERATOR-SPLITTING  FOR  THE  GASDYNAMIC  EQUATIONS 
FOR  QUASI  ONE-DIMENSIONAL  FLOWS 


THE  INFLUENCE  OF  THE  FORMULATION 

The  gasdynamic  equations  for  quasi  one-dimensional  flows  (cross  section  A(r)) 
of  gases  with  constant  specific  heats  can  be  described  in  the  form  (1).  But  the 
set  of  unknown  functions  is  not  unique,  since  different  dependent  variables  can 
be  chosen.  Here,  two  different  formulations  will  be  considered  : 


conservative  variable  y  flux  f 


source  term  Q 


(p“.) 

($) 


with  p  density,  v  velocity,  m=  pv.  e  specific  total  energy,  p  pressure.  In  order  to 
compare  the  influence  of  the  different  formulations  we  evaluate  the  operators 
H  and  S  for  a  trivial  solution  (  p=const..  p^const..  vsO  ).  Version  (  *  )  gives 


flux  : 


flux  difference  :  g  ,  -  g  ,  =  0  .  source  term  :  0. 


This  means  that  H  =  Id  and  S  =  Id  for  trivial  Initial  conditions,  and  all  three  variants 
of  operator-  splitting  reproduce  the  trivial  solution.  Version  (  **  )  gives  under 
the  same  conditions 


flux  difference: 


source  term  : 


where  A  A  '•=  A  ( r^u, )  -  A  ( rm_i5 ).  Hence,  it  follows  H  *  Id  and  S  *  Id  .  The 
solution  operator  H  for  example  keeps  p  and  e  unchanged  while  the  momentum, 
the  pressure  and  the  velocity  field  are  changed.  To  obtain  the  trivial  solution  for 
the  full  time  step  the  disturbances  of  the  steps  H  and  S  must  balance  each  other. 
Normally,  this  is  satisfied  only  by  variant  3  and  Ar=AA/Ar. 


ENTROPY  AND  INTEGRATION  OF  THE  SOURCE  TERM 

Simple  considerations  for  an  ideal  gas  with  the  entropy  s  and 
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V?-  A 

where  and  x  are  the  gas  constant  and  the  ratio  of  specific  heats,  show  that 
the  operator  S  may  diminish  the  entropy,  e.  g.  S  step  for  version  (  **  )  yields 


/  PA  \ 

(  PA  \ 

( ?A.\ 

(  0  \ 

1  m  A  1 

=  Si  m  A 

=  j  m  A 

♦  At  A  p  J 

\p  eA/j 

\eeA/0 

\PeA/< 

)  1 0  i 

Density  and  total  energy  are  not  changed  but 
,  Ar 

mi=  m0  +“t  -£p0  *  m0. 

Whenever  Ar  and  vQ  are  of  the  same  sign  then  I  nijl  >  I  m0!  and.  because  of 

<  1  tn. «  * 

Pi*  (x-l><e,-£-J)  *  P0. 

it  is  easy  to  see  that  st  <  s0 . 

THE  HOMOGENEOUS  HOMENTROPIC  COMPRESSION  OR  EXPANSION 


THEOREM  :  In  a  tube  with  variable  cross  section.  A(r)  >  0  for  r  >  0.  A10)  <  ®. 
Ac  Cz.  a  non-trivial  solution  of  the  conservation  laws  with  constant  entropy  and 
thermodynamic  variables  only  depending  on  time  is  to  be  found  in  the  domain 
(r.t)  i  IR,  <  tO.T]  with  the  initial  conditions  v(ro.0)  =  vo  and  the  boundary 
condition  v  ( 0,  t )  =  0.  Then,  such  a  solution  exists  only  for  cross-sectional  functions 


Air)  =  v  r  ”  .  •(  >  0 .  ■;  _  0  and  for  ~  t 

ro 


-  1 


and  can  be  given  in  the  form 

pm  =  pioMi.^tr11*”' 

ro 


v  ( r,  t ) 


vo _ r 

r° 


Proof  :  The  gasdynamic  equations  for  isentropic  flow  reduce  to 

^■(pAl  ♦  ~(pvA)  =  0  .  '  (7  ) 

ilpvAl  ♦  jpr(  (pv2  +  P)  A)  =tfP'  (8) 

Assumed  a  solution  pit)  exists,  then  from  equation  1  7  )  it  follows 

Air)  gfif-  A(  r )  01 1 )  =  -  pit)  :j— --L*  .  (9) 


681 


682 


Remark  1  :  In  the  solution  family  the  special  cases  of  plane  (  v  =  0  ).  cylindrical 
(  \j  *  1  ).  and  spherical  (  v-2  )  homogeneous  compression  or  expansion  are 
contained. 


Remark  2  :  By  integration  of  equation  (  9  )  it  can  be  shown  that  v^(r.t)  does  not 
really  depend  on  : 


Vr  t,  =  -?ftl  7<Tr)J\lx)dx  = 
0 


ro 


Remark  3  :  The  particle  paths,  which  can  be  given  by  the  integration  of  the 

HR 

differential  equation  jjr  -  v  (R,t)  .  are  all  straight  lines  through  the  point 

(r*0.  t  *  -  —■  ).  It  is  obvious  that  for  vQ<  0  the  particle  paths  converge 
(  compression°case  )  and  for  v0>  0  they  diverge  (  expansion  case  ). 


Remark  4  :  The  C±  ( -  characteristics  can  be  found  by  integration  of 
v(C.t)  ±  a(  t)  . 


where  a  is  the  velocity  of  sound.  Assume  vQ  *  0  :  then,  with  5»!>(v*l)(x-l) 
the  C  j  -  characteristic  through  the  point  (  r  =  rQ  .  t  =  0)  is  given  by 


If  _  *9  <  1 .  the  characteristic  line  reaches  the  centre  r  *  0  at  the  time 
vo  ao 


A  NUMERICAL  TEST  CASE 


A  piston,  compressing  with  constant  velocity  vQ  a  spherical  volume  for  time  t «  0. 
is  suddenly  stopped  at  t  =  0  at  the  position  r  =  rQ.  The  initial  values  and  boundary 
conditions  for  this  problem  are 

p  ( r.  0  )  =  p0  .  p  ( r.  0 )  =  pQ  .  A  ( r  1  =  r 

v  ( r,  0 )  =  r  ■—  .  vo=  ‘  \  '  r 0-  r0]  • 

v  ( r0.  t )  ■  v  ( 0.  t )  *  0  .  t  >  0  . 

The  stopping  of  the  piston  produces  a  rarefaction  wave.  The  head  of  this  wave 
is  given  by  the  above  mentioned  C_t  -  characteristic  (  IS  )  at  the  interface  connec¬ 
ting  the  domains  of  rarefaction  and  homogeneous  compression  (Figure  1). 


683 


Godunov’s  Method,  applied  to  the  formulation  (  * ).  gives  good  results  in  all  of 
the  three  variants  of  splitting  (  Figure  2  ).  Within  the  zone  of  homogeneous 
compression  the  results  agree  very  well  with  the  analytical  solution.  For  the 
formulation  (  **  )  only  the  splitting  H+S-ld  gives  comparable  results,  whereas 
the  other  variants  give  worse  results  for  this  formulation  as  could  be  expected 
from  the  above  made  considerations.  Looking  at  the  entropy,  which  is  of  special 
interest  in  the  analysis  of  this  paper,  we  notice  a  diminishing  of  entropy  during 
the  reflection  of  the  rarefaction  wave  at  the  centre  (Figure  2c  ).  Another  non¬ 
physical  effect  is  the  production  of  entropy  by  the  centered  rarefaction  wave 
starting  from  the  stopped  piston.  There,  the  increase  of  entropy  is  of  the  same 
order  of  magnitude  as  the  jump  of  entropy  across  the  shock,  which  has  developed 
at  the  tail  of  the  rarefaction  wave.  The  same  effect  is  observed  in  plane  flows. 
Therefore,  it  is  not  caused  by  the  splitting  but  by  the  averaging  process  involved 
in  Godunov's  Method.  From  a  physical  point  of  view  this  is  similar  to  a  mixing 
process  which  increases  entropy.  Hence,  in  zones  of  isentropic  flow  with  strong 
gradients  entropy  can  numerically  grow. 

The  test  problem  was  also  solved  by  the  Random  Choice  Method  using  the  first 
variant  of  splitting.  The  computation  was  repeated  several  times  with  different 
random  numbers.  The  expected  values  are  called  the  result  of  the  method.  The 
level  of  pressure  agrees  very  well  to  the  results  by  Godunov's  Method  but  it's 
distribution  is  rough  (  Figure  2  ).  During  the  reflection  of  the  rarefaction  wave 
at  the  centre  numerical  oscillations  occur.  The  entropy  is  diminished  beneath  the 
centre  whereas  the  centered  wave  at  the  piston  produces  no  entropy  numerically 
because  of  the  absence  of  averaging  processes. 


CONCLUSIONS 


Sod's  method  represents  a  splitting  up  of  the  integration  of  conservation  laws 
with  a  source  term  into  the  integration  of  a  homogeneous  conservation  law  and 
the  time  integration  of  the  source  term.  Different  forms  of  combination  can  be 
chosen.  Furthermore,  different  formulations  of  the  conservation  laws  lead  to 
different  splittings.  Both  influences  the  quality  of  the  numerical  results.  As  a 
minimum  requirement  on  the  method,  trivial  solutions  should  be  reproduced. 

For  the  case  of  quasi  one-dimensional  gas  flows  with  variable  cross-sectional 
areas  two  formulations  were  compared,  one  with  density,  momentum  and  total 
energy  as  dependent  variables  and  the  other  with  the  same  variables  multiplied 
by  the  cross-sectional  function.  The  first  formulation  satisfies  the  above 
mentioned  minimum  requirement  with  all  of  the  three  variants  of  splitting, 
whereas  only  one  combination  satisfies  the  condition  for  the  second  formulation. 
Further,  it  was  shown  that  the  splitting  influences  the  entropy  numerically. 

An  analytical  solution  for  the  gasdynamic  equations  with  area  variation,  where 
the  thermodynamic  state  depends  only  on  time,  exists  for  special  cross-sectional 
functions.  It  was  found  that  for  these  solutions  all  particle  paths  are  running 
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through  one  point.  Those  solutions  exist  for  plane,  cylindrical  or  spherical  quasi 
one-dimensional  flows. 

Godunov's  Method  and  the  Random  Choice  Method  with  operator-splitting  were 
tested  with  an  example,  where  in  a  subdomain  such  an  analytical  solution  is  given. 
The  Random  Choice  Method  shows  small  numerical  oscillations  near  the  centre 
whereas  the  results  of  Godunov's  Method  agree  very  well  with  the  analytical 
solution  if  an  appropriate  combination  of  formulation  and  splitting  is  used.  It  was 
confirmed  that  entropy  can  be  reduced  numerically  by  operator-splitting  whereas 
in  Godunov's  Method  an  increase  of  entropy  may  arise  from  the  averaging. 
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Fig.  1  The  homogeneous  compression  with  a  suddenly  stopped  piston:  wave 
Held  qualitatively 
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GLOBAL  EXISTENCE  OF  SOLUTIONS  OF  NONCHARACTERISTIC  MIXED 
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SUMMARY 

The  aim  of  this  paper  is  to  show  the  existence  and 
uniqueness  of  classical , global  in  time  solutions  for  a  mixed 
problem  for  a  quasilinear  symmetric  hyperbolic  system  of  the 
first  order  with  dissipation. The  proof  is  divided  into  three 
parts. At  first  assuming  that  coefficients  of  the  linearized 

system  are  in  Hl-spaces  (1>j+1)  an  a  priori  independent  on 

time  estimate  in  Hl spaces  too  is  obtained .  Next  the  existence 
for  the  linearized  system  is  shown. Finally  by  a  method  of 
successive  approximations  the  existence  of  global  in 
time, classical  solutions  to  nonlinear  equations  for 
sufficiently  small  data  is  proved. 


t.  INTRODUCTION 

In  this  paper  we  prove  the  existence  and  uniqueness  of 
global  in  time  solutions  for  a  mixed  problem  for  a  quasilinear 
symmetric  hyperbolic  system  with  dissipation  in  nT=Ox[0,T]: 

r» 

LusE(t,x,u)ut+E  A.tt.x.uju^  +B(t, x, u)u=F(t , x)  in  Ot, 

M(t,x’  jUlul^sgft.x’ )  ondOT,(l) 

ull=0=u0(x)  in  O, 

where  te[0,T],x=(x . ,x  )eOdRn1x’e0O,u=(u  ,  .  .  .  ,u  )eGdRm, 

l  n  l  ffi 

E(t,x,u),Ai(t,x,u),i=l, . . . ,n,B(t,x,u)  are  real  mxm  matrices. The 

state  space  G  arises  because  physical  quantities  such  as  the 

density  or  temperature  should  always  be  positive. Assume  that 

u  «G  ccG . 
o  o 

For  t«[0,T] ,xeO,ueG  the  following  properties  are  assumed: 
1. Matrices  E, A.i=l , . . . ,n, are  symmetric, E  and  B  are  uniformly 
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positively  definite, so 

Euu>aou2,Bu-u2/?0u2,  (2) 

where  aQ,/?o are  positive  constants  and  dot  denotes  the  scalar 
product  in  fRm. 

2. Let  A  =A-fl, where  a  is  the  unit  outward  vector  normal  to  the 


boundary  an  and  A=(A 
has  eigenvalues 
eigenvectors  in  R 


i 

and 


,An).The  matrix  A^  is  symmetric, so  it 
complete  ortonormal  system  of 


-A  y  =X  Y  ,  1 . m. 

n  A*  H  P  . 


(3) 


Assume  that  in  a  neighbourhood  of  the  boundary  the  eigenvalues 
are  disjoined  from  zero, so  there  exists  a  constant  cQ  such  that 

min  |\  |>c >0.  (4) 

. <"}  P 

Let  .  .  . ,  l,be  the  positive  eigenvalues  of  -A  and  y  + 

r  _  M 

corresponding  them  eigenvectors . Similarly  by  X^,y^,^=l+1, . . . ,m, 
we  denote  the  negative  eigenvalues  and  corresponding  them 
eigenvectors . 

3. Assume  the  following  form  of  the  matrix  M 


M(t.x’ ,u)  =  £  « 


IJV 


t  rn 

+  Z  Z 

JJ=iV>=Ui 


(t,x’ ,u)y*(t,x’ 
,u)y*(t,x’ ,u )r~ 


,u)J'y(t,x’  ,u) 
(t.x'.u), 


(5) 


where  matrices  {a  } ,  {(J^}  are  such  that 


max  _ 

at itxg 


max 


*t«G  ,^v,<<51' 


where  <5Q , 6^  are  constants. 

4. Assume  that  eigenvalues  are  bounded 

max  max  \t(t,x’,u)  £  c  , 

v€{i,  .  .  .  ,i  }  an  xG 

max  max  |x'(t,x' ,u) I  s  c’ , 

. m}dO  xG 


(6) 


(7) 


where  c^ , c ’  are  constants. 

The  proof  of  theorem  of  the  existence  of  solutions  to 
problem  (1)  is  the  following. At  first  we  prove  the  existence 
of  solutions  to  linearized  problem  (1). Hence  it  is  disjoined 
into  two  problems: Cauchy  and  boundary  (see  (6]). Having  found  a 
priori  estimates  to  these  problems  (Lemmas  1,2, [7,8])  the 
existence  of  weak  so’utions  is  shown  [2], then  we  prove  that 
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the  weak  solution  is  strong  [3]  and  finally  we  show  that  the 
strong  solution  is  sufficiently  regular. (Theorem  l,see 
[5]). Now  obtaining  a  priori  estimates  for  nonlinear  system  (1) 
(see  Lemmas  1 , 2, also, [7 , 8] )  we  prove  the  existence  of 
solutions  to  nonlinear  problem  (1)  by  the  method  of  successive 
approximations  [7 , 8] (Theorem  2). We  have  to  mention  that  the 
existence  of  local  in  time  solutions  of  Cauchy  problem  to 
nonlinear  system  (1)4  was  proved  [4]. Using  that  system  (1)4  is 
dissipative  we  are  able  to  prove  the  existence  of  global  in 
time  solutions  for  sufficiently  small  data  functions . The 
solutions  are  classical  to  (1). 

2.  NOTATION 


Let  H=H(tjX,u(x,t) ) .By  Dt,Dx  we  denote  the  total  derivatives: 
D.  H=H  +H  u,  ,D  H=H  +H  u  .where  by  H  ,H  ,H  (or  H,  ,  ^H.and  so  on) 

t  tut  x  x  u  x  txu  tt 

are  denoted  partial  derivatives. 

By  I  |  we  denote  the  Euclidean  norm  of  a  vector  or  of  a  ma¬ 
trix.  At  first  we  introduce  the  following  notations  ( 1 ,  ke2+ ,  peIR , 

P>1) 


|SH  t  =ltfll  Qx<J  .sup  Igf  =  |g| 
C  (QxG)  1  oxo 


0x0 


•8«H 


Lp(Q) 


Hull 


Ip,  a 


I  I  =||u||  » o  >  where  Q=Q  or  Q=Ot  or  Q=f>dR*  and  so  on. 

(Q)  ' 

Now  we  define  the  3pace  r^(O)  with  the  norm 

o 

|u|  ,  3|u|.  n=(  E  * | xu|2dx)^* 

rl(Q)  l’°’n  |y|<i  a  t>x 

o 

where 


v  v  v 

Hv  =D  °D  .D  n,»  +w  +...+»>  =|v|  . 
I  ,x  t  x  x  ’  ©  i  n  '  1 

’  l  n 


and  also  the  following  space 
i 

IT  (nT)  =  L^-1(0,T;lf  (O) )  with  the  norm 

i*o 

lul  ,  =|u|,  _  rJ  .The  same  spaces  can  be  introduced  for 

nlo(cf  ) 


690 


V 


r 


functions  defined  on  an. 

Let  VdR1',.C®0)(V)(C®0)0(VxlRi))  is  the  set  of  restrictions  to  V 

(VxR1)  of  functions  (£ (Ru  )(d^ (IR^xR1 ) ) . 

Finally  we  define  the  scalar  produkt  of  functions  defined 

on  DdR  by  S  u(x)v(x)dx=(u, v)n. 

D 

3.  EXISTENCE  OF  SOLUTIONS  TO  (1) 

To  prove  the  existence  of  solutions  of  problem  (1)  we 
have  to  find  suitable  a  priori  estimates. To  do  this  we 
linearize  problem  (1)  replacing  u  by  v, which  is  treated  as  a 
given  functions, in  coefficients  of  (l).Let  us  denote  the  new 
problem  by  ( 1 )’ .Multiplying  (1)’  by  u, integrating  the  result 
over  Cl  and  using  assumptions  1+4  one  has 
Lemma  1 . 

Let  the  assumptions  1+4  be  satisfied. Let  veG, LeC1(OlxG) 
(L=(E, At . An,B)),vew;(Ol),(co+ci)<5;V2S  ^  , 


,Et'  i  +'div  A'  t„  <  t  JV^iavi  t  ivxi  t<  a*o. 


O  xG 


OiG 


0x6  n 


OxG 


ft1 


IE| 


s  c  . 
OlxG  * 


Then  for  functions  u  in  (1)'  such  that  ueH*(Ot)o 
L^fO.t; LJJ(0) )nL2(ftl)oLl(«ol )  the  following  estimate  holds 

c  ft 

af  u2  +  -°t  u2+  ~°  /  u2<  c,  S  |  Mu  1 2  +  2  /  lLul*+c/|u  I2  (8) 

°  act  ct  act  ft*  ct  °  ’ 

where  c2,cs  are  constants  and  c2=2(c0+ci)*~2. 

To  obtain  further  estimates  for  solutions  to  (1)’  we 
have  to  consider  it  in  a  half  space  n=0?^={x:xi>0}. Looking  for 
solutions  in  H*  spaces  (s3:2)  we  have  to  add  the  following  compa¬ 
tibility  conditions 

Dx,D^[M(t,x’ ,v(x’ ,t) )u(x’ ,t)-g(t,x' )]=0  at  xi=0,t=0,  (8) 

\o\+ft<8-2, 

where  v  is  a  solution  to  problem  (1)’  where  u  and  v  are 
replaced  by  v  and  w, respectively, and  u!  =v|.  =wl.  =u  .Then 

taO  1*0  tao  o 

derivates  D^u.D^v, |o'|Ss-2,at  xt=0,t=0  are  calculated  from  (1)’, 
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! 


l 


so  (9)  depends  on  u  and  its  derivatives  only. 

O 

By  differentiating  (l)’we  obtain  the  following  system  of 
problems  in 


LDt,x'u=Dr,x'Lu+{Li>r,x'u-DTlx'Lu)  in 


jy  -o' 


on  *»;• 


.O'  .. 


jf'  u  I  -T)0  u  I 

i,x’  ’t=o  t,x’  ’t=o 


in  Ot. 


where  the  right-hand  side  of  ( 10 ) 3  must  be  calculated  from 
equations  ( 1 ) ’ . 

Apply  Lemma  1  to  problem  (10)  and  use  the  noncharacteristic 
boundary  conditions  which  imply  that 


u  -k  [F-Eu  -  £  A.  u  -Bu] 

x  i  t.vx. 


v  =  2  i 


can  be  calculated  because  det  A^O . Then  by  theorems  of  embed¬ 
ding  and  some  inductive  considerations  one  gets 
Lemma  2 

Let  the  assumptions  of  Lemma  1  and  the  compatibility 

conditions  (9)  be  satisfied.  Let  L,M«Cl(OlxQ)nn^(nt )  ,veGnn^  (Ol) , 

1>  j  +l,a  =aup  I  A”1 1  .  a  =sup  L|  , 

2  1  t  O  xG  t  ’  ’  i-i,w  xG 

a9=sup  =sup  ILIl0txG  , 

Vsup  »<,x*>vM|l-i.«Jt«  [G< Assume  the  restriction 

ca*  P*.(aM)p*.(a3>-  i  fto’  (12) 

where  s e&+  and  PlB>P2.  are  some  polynomials .  Let  LueH*(nl)n 

ro_1  (° )  • Mueti*  ( 0O1 ) ,  u  I  l=0«r*  (O ) . 

Then  there  exists  polynomials  pt  s=p.  1(a1>a2.as,bi) , 

i=0, 1,2, 3, such  that  for  uer*(0)nH*(nl)nH*(«lt )  in  (l)’the 

O 

following  estimate  holds 

+C0IIUH*,2 ,anl  £po,.,u|*,o,olt=o 

+piJMuC.  dnl+p2.JLul*.2^t+ps.. 1  Lul8-t.o,n  •  ( 13  > 
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where  s«Z+Isil,l>  j  +1  and  pt  m , i=l , 2, 3 , depend  at  least  linearly 
on  sup  +supJ*vl’|i:uiixG  |»  iXvl^.0ittfli  • 


A 

-m 

4 


where  L=(L,M). 

Having  proved  estimates  (8), (13)  we  are  able  to  prove  the 
existence  of  solutions  to  linear  problem  (l)’in  the  half  space 
xi>O.The  existence  in  a  bounded  domain  can  be  obtained  immedia¬ 
tely  by  a  suitable  partition  of  unity. Let  »>eC®o)(IR*  )  ,p=f>(.x±) 
and  i>-\  in  a  neighbourhood  of  xt=O.Then  we  introduce  a  function 
u=u(x,t)  ,t>0, determined  by  ult_0=u0i»  in  such  a  way  that  if 
uoeH*(0),then  and  ju|.^  „„  ,  ^  iclu0H.^- 

Introducing  w=u-u  we  see  that  w  is  a  solution  to  the  problem 


Lw=F-Lus?’ 

Mw=g-Musg 

w|t=o=uo(1'f>) 


in  O’ 
on  do’ 
in  O. . 


(14) 


Knowing  that  wl  =0  near  x  =0  we  introduce  new  quantities  w’ 

t=0  1  1 

and  w2  by  splitting  (see[6]) 

w=X(t)w’+w2,  (15) 

where  XeC^f-d.d) ,X=1  in  a  neighbourhood  of  t=0  and  6  is  suffi- 

O 

ciently  small  (support  of  X  depends  on  support  of  *>  (see[6])) 
and  maximal  speed  of  propagation  of  considered  system  (1)  (see 
[ 1 ] ) ) -  Then  problem  (14)  can  be  disjoined  into  the  Cauchy  problem 
Lw’sS^,  (16) 

and  mixed  problem 


xi>0,0<t<T, 

xi>0,t=0, 


Lw2=F-XFi-w;dXHF2, 

Mw2=g, 

"eW0* 


x1>0,0<t<T, 


xi=0,0<t<T, 


x^O.tsQ, 


(17) 


where  as  compatibility  conditions  for  solutions  in  H"  we 
assume  f  such  that 


d“f_ 


t  *  lt=o=0  for  otSs-1. 

Assume  ^.hat  uQ  is  an  extension  of  uo(l-*>)  such  that  uQlt_c 
=u0(l-»>)  and  put  ij  =y’-£  .Then  instead  of  (16)  one  has 


(18) 


LWLuo*Ff 

wilt=o=0- 


xt>0,0<t<T, 
xt>0,t=0 . 


(19) 


By  the  compatibility  conditions  (9)’  such  that  D®g=0  at  t=0  for 
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i 


and  adjoint  boundary  conditions. Therefore  we  consider  the  follo¬ 
wing  identities 

( Lu , v )  =(u,L*v)  V  u,vec“(Rn*tO,T])  (21) 

kTxCO.T]  OfxCO.T]’ 

for  the  Cauchy  problem, and 


(Lu.v)  +(A  «_1Mu,v)  =(u,L*v) 

R”xR*  1  Rn‘1xR1  R"xR4 

+(u,A  a*_1M*v) 

1  Rn_1xR1 


(22) 


Vu ,  v«C*0>0  (R"xR4 ) ,  f  or  the  boundary  problem  ( 20 ) ,  where 
L*=-E*-£ A.«x  +(B*-Et-div  A),  (23) 

i  -4  i 


* 

M  = 


S  ftuvrur 

=  1*4  1J=4  ^  ^ 


(24) 


and 

n  m 

E  x  <xxj 3  =  r 

u  lie?  crt>  *■* 
cr= i  ^  ^  <y=l+l 


X  a  ft  ,W  =  1, 
u  wo  0ft 


• ,l,u— 1+1, , . , , m. 


(25) 


From  Lemmas  1  and  2  we  get  a  priori  estimates  (8)  and 
(13)  for  solutions  of  problems  (19), (20)  and  their  adjoint. 
Then  by  the  well  known  methods  (see[3])  we  prove  the  existence 
of  strong  solutions  of  these  problems  in  La  spaces  (see[6]). 
Then  by  the  Friedrichs’  mollifiers  technics  we  solve  the 
regularity  problem  for  solutions  of  (19)  and  (20).  Knowing 
that  u=u+X(wt+u0)+w2  and  using  a  suitable  partition  of  unity 
we  obtain  the  following  result  for  the  linearized  problem  (1)’ 
in  a  bounded  domain. 


mmm 


Theorem  1 

Let  the  assumptions  of  Lemma  2  be  satisfied  and  dfieC*. 
Then  there  exists  a  unique  solution  to  problem  (l)’such  that 
u^(Ol)nHa(Ot)nH*(aot),s51,l>^+l  and  estimate  (13)  is  valid 

To  prove  the  existence  of  solutions  to  problem  (1)  we  use 
the  following  method  of  successive  approximations 

m- 1  m  m-  i  m  r>  m-  i.  m  m- 1  m 

L(  u  )u  sE(t,x,  u  )ut+  EA.{t,x,  u  )ux  +B(t,x,  u  )u= 

i  =*  i 

=F(t,x)  in  Cil. 

m- i  m 

M(t,x’ ,  u  )u=g(t,x')  on  9Ci  ,  (26) 

u|t=o=uo(x)  in 

where  m=l , 2, ... ,u=uo . Introduce  the  set  Q ( N ) = { ueGdRm : | u lt o  Qt 
<N,  1>^+1} .Let  mu‘eQ(N) ,m=l , 2, . . . , and  the  assumptions  of  Theorem 
1  be  satisfied  for  mu1«=Q(N) .  Then  by  Theorem  1  there  exist 
a  unique  solution  of  (26)  such  that  uen^(Ol)nH1(Ot)i">Hl(0Ot )  and 


(27) 


(28) 


Mi,rf  s|u,i,o,n+llu#i,2,fit  • 

if 

+Vi(M>,F,w.o.n  5  N  ' 

where  the  last  inequality  holds  for  sufficiently  small  uo,F,g,N 
and  a  ,b  . 

To  show  convergence  of  sequence  {u>  we  consider  the  follo¬ 
wing  problemm 

L(V)  U=-  L’(um~4)  U, 

m  w  tn-i 

M('"ut)  U=-M’  (um"1)"u4  0  , 


(29) 


Ult=o=0,  mfel,  U=u0(x), 

m  m  m-i  m-i  m-1 


rn-i  m- 2 


where  U=u-  u  ,L(  u  )-L(  u  )=L’  (u  )(  u  -  u  ),M(  u  )-M(  u  )  = 
=M’  (uml)  (I"u1-"’u2 )  .prime  denotes  derivative  with  respect  to  u, 
and  um-<«[mu4,mu2]  .Then  by  Lemma  2  we  have 


We.rf  ^(r«1|lj0t,|mu2|lifli)|V|l>0i|  U|.  irf 


(30) 
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(31) 


where  s<l. Assume  that  N  is  such  that 
h(N, N)N<1 . 


Then  the  sequence  {u>  converges  strongly  in  L^CO , t;r" (O) )n 
H*(Ot)nH*(«Ot ). s<l, 1>j+1 .Hence  by  (27)  and  well  known  arguments 
(equations  (1)  are  satisfied  in  the  classical  way  because 
n*  (O^eC^O1)  for  1>j+1  (see  [1]  , Ch.  3 , Th.  10 . 4) )  one  obtains 

Theorem  2 

Let  the  assumptions  of  Theorem  1  be  satisfied  and  s=l. 
Let  data  uo,F,g  and  coefficients  of  (1)  be  such  that  (28)  and 
(31)  are  satisfied. Then  there  exists  a  solution  u  to  the 
problem  (1)  such  that  ueL^O ,  t;T^  (O)  )nHl(Ol  )r"iHl  (dfi1 ) ,  teO?^, 
I“li  5N  and  (1)  are  satisfied  classically. 

We  proved  the  global  existence  because  we  have  not  any 
restrictions  on  time. 

1  2 

Finally  we  prove  uniqueness . Assume  that  u  ,u  are  two  so¬ 
lutions  to  problem  ( 1 ) .  Then  U=u*-u2  is  a  solution  to  the  problem 
L(u1)U=-(L(u1)-L(u2))u2=-L’  (u)u2U  in  o‘, 

M(u1)U=-(M(u1)-M(u2))u2s-M’(u)u2(J  on  Xll , 


Ult=o=°  in  n, 

where  uetu4,u2]  .Then  by  Lemma  1  one  has 


“ol<n  V’lK.ao4  \,od 


cJM*(u)u2U|2i<90i  ^IM^uJI^Iu2!  BU||2 


one  has 

Theorem  3 

Let  the  assumptions  of  Lemma  1  be  satisf led, v=u,L,M,be 
boundedly  differentiable  with  respect  to  u,(32)  be  satisfied. 
Then  for  solutions  of  (1)  in  C*(w  )  we  have  uniqueness. 
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ST  ABUT  Y  OF  NTIAL  BOUNDARY  VALUE 
PROBLEMS  FOR  HYPERBOLIC  SYSTEMS 


M.Zidlko 

AGH,  Institute  of  Automatic  Control 
al.Mickiewicza  30,  30-058  Krakdw,  Poland 

SUMMARY 

The  energy  integral  method  was  used  to  prove  the  asymptotic 
stability  for  a  set  of  first  order  linear  equations  with 
constant  coefficients.  The  main  problem  consists  in  finding  a 
norm  which  would  enable  to  establish  sufficient  conditions  for 
boundary  and  interior  stability.  These  conditions  are  also 
necessary  if  considered  system  has  some  additional  properties. 


THE  HYPERBOLIC  SYSTEMS 


There  are  various  approaches  to  the  theory  of  hyperbolic 
differential  equations  in  which  the  energy  integral  method  is 
used.  At  the  beginning  of  20-th  century  this  method  was  applied 
to  prove  the  uniqueness  and  to  establish  the  existence  of  the 
solutions  of  hyperbolic  partial  differential  equations. 
Friedrichs  in  his  work  (1)  quoted  papers  dealing  with  these 
problems.  Secondly,  the  energy  integral  method  was  used  by 
Gunzburger  121  in  1977  and  Layton  (41  in  1983  to  establish  the 
stability  of  Galerkin  method. 

Consider  the  initial  boundary  value  problem 


for  y(ji  t «  Rn,  0<x<l,  0<t<T.  A  and  D  are 

constant  matrices.  Without  loss  of  generality  A 


03 

nxn  real  and 
may  be  taken 


to  be  diagonal 


A'  0  I  A'-  diagCAt,A8,....,A  3  <  O 

O  A+J  A*-  diagCX  . . ,X  >  >  O. 


Well-posed  linear  homogeneous  boundary  data  can  always  be 
written  as 

y*  ■  S  y~ 

•'<0,0  o  '<0,0  (gj 

-  _  + 

y  ■  S  y 

'<1,0  1  ■'<1,0 

where  vector  y  «  Cy-T  y+TlT  1*  the  partition  of  y 

corresponding  to  the  partition  of  A.  Sq  and  are  Matrices 

with  di  mns  ions  Cn-rlxr  and  rxCn-r>,  respectively.  The 
initial  conditions  are  C1  continuous  and  satisfy 


y  ■  S  y 
o<o>  o  o<o> 

Y~  ■  S  y* 
'o<i>  1  'o<i>  * 


C3> 


STABILITY  OF  HYPERBOLIC  PROBLEMS 


For  a  positive  definite  matrix  6,  the  energy  functional  is 
defined  as 

a  /  r 

E  -  My  II*  -  J  yT G  y  dx  C4> 

o 

where  llyll*  denotes  the  second  power  of  CL*  3n  norm.  In  this 
*  a  <o,i> 

work  the  asymptotic  stability  is  considered.  By  definition, 
problem  Cl)  C2)  is  stable  if  lly II  ■*  O  as  t-*oo.  By  use  of 
Leibnitz  pattern  the  time  rate  of  change  of  the  energy 
functional  is  given  by 

■  JT  yTCDTG  +  GD)  y  dx  -  yT AG  yj  +  J  yTCGA  -  AG)  ££  dx  .  CS5 
o  o  o 

If  we  assume  additionally  that  matrix  G  is  also  diagonal, 
then  GA«AG  and  the  last  segment  become  equal  to  zero.  Only 
then  is  it  possible  to  obtain  useful  results.  Assumption,  that 
matrix  G  is  diagonal,  sets  additional  restrictions  for 
matrices  D,  Sq  and  S^.  It  requires  a  certain  "symmetry"  of  the 
boundary  value  problem.  Taking  into  account  that  GA*AG,  and 
substituting  boundary  conditions  C 23  to  equation  CS)  we  obtain 


dE  dE1.  dEb 

ar  ■  ar  *  ar 


ce> 
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«h*r« 


Jp*1  ^  -  . 

»  J  y  CD  G  ♦  GD)  y  dx 

CCa) 

2E  -  y_T  CG"A"+StG*A+S  )y”  - 

dt  <o,t>  o  o  <o,t> 

y*V  CG*A+4STG_A'S  )y* 

<i,t>  ±  1  <i,t> 

C8b) 

G  and  G*  are  the  partitions 

of 

G,  similarly  like 

A-  and 

are  the  partitions  of  matrix 

A. 

A* 


Definition  1. 

The  initial  boundary  value  problem  (DCS)  is  interior  stable 
Cresp.  boundary  stable)  if  there  is  a  positive  definite 
diagonal  matrix  G,  independent  of  initial  conditions,  such  that 
the  inequality  dE'Vdt  <  0  Cresp.  di  Vdt  <  O  )  holds  for  every 

t  >  O  and  y^O  Cresp.  y”  x  0  and  y*  O). 

-'<0,0  ■'<1,0 

Theorem  1. 

If  problem  CDC2)  is  interior  stable  then  all  real  parts  of 
eigenvalues  of  matrix  D  are  negative. 

Proof . 

If  problem  (D(2)  is  interior  stable  then 

o/y(GD  +  DTG)y  dx<  O  for  every  t>0  ,  including  the 
arbitrary  taken  y  «  y^.  It  follows  that  GD  ♦  DTG  <  O.  This 
condition  can  be  fulfilled  by  a  positive  definite  matrix  G 
only  if  all  real  parts  of  eigenvalues  of  matrix  D  are 
negative. R 

Theorem  2. 

If  all  eigenvalues  of  matrix  D  +  DT  are  negative,  then 
problem  C1)C2)  is  interior  stable. 

Proof . 

If  D  ♦  Dt  <  O  then  we  can  take  G  equal  to  the  unit  matrix 
and  obtain  dEVdt  <  O  for  every  yw O. — 

If  we  assume  additionally  that  matrix  D  is  symmetric,  then 
theorem  2  would  gives  not  only  the  sufficient  C with  G  equal 
to  the  unit  matrix),  but  also  the  necessary  condition  for 
interior  stability.  This  idea  can  be  developed  for  a  much 
larger  class  of  matrices  D. 
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1 


Definition  2. 

A  Matrix  D  is  synmetrizable  by  a  nonsingular  matrix  K  if 
KD  -  DtK. 

Theorem  3. 

Assume  that  matrix  D  is  synoaetrizable  by  a  diagonal  positive 
definite  matrix,  e.  g.  ■  DTK2.  Then  problem  C1K2)  is 

interior  stable  if  and  only  if  all  eigenvalues  of  matrix  D 
are  negative, 
rroof . 

For  a  syironetrizable  matrix  D  we  have  KDK  *■  K  iDTK.  It 

follows  that  KDK1  is  a  symmetric  matrix  and  all  eigenvalues 
of  matrix  D  are  real.  Substituting  G  ■  K2  and  y  ■  K 
we  obtain 

yTCGD  +  DTG3  y  -  2  r?TKDK_1r? . 

This  quadratic  form  is  negative  definite  if  and  only  if  all 
eigenvalues  of  matrix  D  are  negative. H 

If  matrix  D  is  symmetric  or  symmetrizable  by  a  positive 
definite  matrix,  it  is  possible  to  obtain  useful  stability 
conditions.  For  this  reason  symmetrizability  of  equations  of 
classical  physics  were  tested.  Many  years  ago,  Fridrichs 
observed  that  almost  all  equations,  linear  and  linearized,  can 
be  transformed  to  a  symmetrical  form.  For  example  it  is  easy  to 
verify  that  symmetrizers  are  positive  definite  for  the 
equations  of  electric  RLC  and  RLGC  networks,  linear  gas 
pipeline  and  heat  exchangers. 

Lemma  1. 

If  S  and  S  are  matrices  with  dimensions  mxr  and  rxm 

o  1 

respectivelly,  then  all  nonzero  eigenvalues  of  matrix  ar® 

identical  with  nonzero  eigenvalues  of  matrix  that  is 

detCS  S-  XII  -  \",-rdetCS  S  -  XII.- 
o  1  i  o  ■ 


Theorem  4. 

If  problem  C11C21  is  boundary  stable  then  all  modules  of 


701 


eigenvalues  of  Matrices  S  S  and  SS  are  less  than  1. 

*  0110 

Proof. 

If  dEb/dt  <  O  for  every  nonzero  solution  of  equation  Cl)  then 
we  obtain  inequalities  for  quadratic  forms 

STG+A+S  <  -G"A' 
o  o 

STC-G‘A")S  <  G+A*. 

1  i 

Substituting  G*A+  by  S*C  -G  A  ) in  the  first  inequality  we 
obtain 

CSS  )tC-G'A')SS  -  C-G_A“)  <  0. 
i  o  i  o 

This  inequality  condition  can  be  fulfilled  by  a  positive 

definite  matrix  -G  A~  only  if  all  modules  of  eigenvalues  of 

matrix  SS  are  less  than  1.  It  follows  from  lemma  1  that  all 
i  o 

eigenvalues  of  matrix  are  also  less  than  l.R 


Theorem  5. 


If  there  exists  g  >  O  such  that  IIS  II  <  g  and  IIS  II  <  g 

o  1 


then  problem  C1)C2)  is  boundary  stable. 
C spectral)  matrix  norm. 


II  denotes  the  Hilbert 


We  can  take  g  ■  g_Xg+,  where  g_  and  g^  are  positive 
constants.  From  the  assumptions  of  this  theorem  and  the 
definition  of  Hilbert  norm  it  follows  that 


y'TSTS  y" 
o  o 

-T  - 

y  y 


(r)1 


y*  TSTS  y* 

♦  T  + 

y  y 


Cr)' 


every  y  *  O  and  y  m  O.  If  we  now  take 


-  g2  i. 


and  G  A  ■  g 


we  finally  obtain  dE  Vdt  <  O. 


Theorem  S. 


that  the  square 


(  l  M 


is  syimnetrizable 


by  a  diagonal  positive  definite  matrix.  Then  problem  C1)C2)  is 

boundary  stable  if  and  only  if  all  eigenvalues  of  matrix  S^S^, 

or  equivalently  SS  ,  are  less  than  1. 

1  o 


froof. 

Condition  C6b3  for  the  boundary  stability  can  be  written  in 
Matrix  notation 

yTCST  |GA|S  -  |GAPy  <  0  C 71 


(■*-T  ^  f 

y  y  I  and  I  ■  I  denotes  the  absolute  value 

of  all  elements  of  matrix,  i.e.  |GA}  ■  £  G^A*}' 

For  a  symmetrizable  matrix  S  we  have  KSK  1  ■  JC_±STK,  that  is 
KSK1  is  a  symmetric  matrix  and  it  follows  that  all 
eigenvalues  of  matrix  S  are  real.  Substituting  ( GA | “K2  and 
r)*Ky  we  obtain  condition  C71  for  the  boundary  stability  in  the 
form 

r)T  CKSK~  132r) 
t 

V  V 


This  Rayleigh's  quotient  is  less  than  1  for  arbitrary  r)*0,  if 
and  only  if  all  modules  of  eigenvalues  of  the  matrix  S  are 
less  than  1.  If  A  denotes  eigenvalue  of  matrix  S  and 
y  <•  f*i")  its  block  eigenvector  then 


It  follows  that 


S  -XI 
o 


S  S  y  «  A  y 

o  iz  z 

S  S  y  *  Azy 
t  o' t  't 


is  an  eigenvalue  of  matrices  S  S  and  S  S  . . 

o  1  1  o  1 


The  theorem  6  enable  to  test  the  boundary  stability  only  for 
the  cases  when  there  are  positive  definite  diagonal  matrices 
G+  and  G-  such  that 

SrG+A*«  -G'A'S  .  C85 

o  t 

This  condition  can  be  fulfilled  only  for  the  cases  when  each 
element  of  matrix  ST  and  the  element  of  matrix  S  situated 

O  1 

in  the  same  place  are  either  equal  zero  or  have  the  same  sign. 
There  are  important  cases  of  the  initial  boundary  value 
problems  which  violate  this  constraints.  Nevertheless  it  is 
possible  to  extend  the  theorem  Q  over  the  cases  where  some 
elements  of  matrix  ST  have  other  sign  then  corresponding 
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elements  of  Matrix  S  . 

Theorem  7. 

Problem  C1X2)  is  boundary  stable  if  there  exists  a  diagonal, 
nonsingular  matrix  K  such  that  KS  ■  STK,  and  all  modules  of 
eigenvalues  of  matrix  |K|S,  or  equivalently  S|K|K"*  ,  are 

less  than  1. 

Froof . 

We  can  take  |GA|  ■  |K|  ■  JKJ  where  J  is  a  complex  diagonal 
matrix,  consisting  of  only  two  elements*  1  or  -i.  The  matrices 
K  °-3  and  J  are  complex,  but  their  product  K  °’3J  is  a  real 
diagonal  matrix.  After  the  transformation  K"°’9Jr)  ■  y, 

condition  C7)  for  the  boundary  stability  takes  form 

T)TCK"0'SJSTJKJSJK_0'S  -  I>7>  <  O  C93 

If  KS  -  StK  holds,  then  a  real  matrix  K°'sJSJK_0,!*  is 
symmetric.  Therefore  inequality  £9)  is  satisfied  for  every 
nonzero  real  vector  tj  if  all  modules  of  eigenvalues  Cwhich 
are  real)  of  a  complex  matrix  JSJ  are  less  than  1.  Now,  if  y 
denotes  a  eigenvector  of  the  matrix  JSJ  and  A  its 
eigenvalue,  then  <  JSJ-ADy-O.  It  follows  that  C J2S-XI> Jy-O 
and  CSJ2— XI) J_1y«0,  that  is  matrices  JSJ,  J2SeK~*|K|S  and 
SJ*wS|K|K-1  have  the  same  eigenvalues.  a 


STABILITY  OF  TWO  EQUATIONS  SYSTEM 
Consider  the  system  which  consists  of  only  two  equations 

If  ‘  (V)  2  ■  * 

where  X  <  O  and  X*  >  0  are  speeds  of  return  and 
progressive  wave,  respectively.  Without  lost  of  generality  the 
energy  functional  can  be  define  as 

vA’f*!)1""-  tu> 

The  time  rate  of  change  of  the  energy  functional  can  be  split 
into  two  components 
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where  d  .  are  elements  of  matrix  D.  Boundary  conditions  C2) 

Vi 

are  set  by  scalars  S  and  S  . 

o  t 

Applying  theorem  3  we  obtain  the  conclusion  that 
symmetrizable  system  CIO)  is  interior  stable  if,  and  only  if 
trD  <  O  and  detO  >  O.  Symmetrizable  matrix  D  fulfills  either 
condition  O  <  dia/'d21“  9  or  d12"  4^*  0  Cthen  gel).  Because 
the  system  under  consideration  is  simple,  formula  Clla)  can  be 
analyzed  in  a  straightforward  way. 


Theorem  8. 


It  d  <  0  ,  d  <  O  and  detD  >  O  then  and  only  then  exists  a 
11  22 

diagonal  matrix  G  such  that  problem  CiO)C2)  is  interior 
stable  and  parameter  g  fulfills  either  conditions 


vasns  -  va — a — 

I  11  22 


21 


r  i 

J-<  g  <± 


vases  ♦  ydHdi( 


for  d  0 
21 


21 
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X.  a.  a. 

g  >  ^  -J-  J 

11  22 


for  d  ■  0.H 


Cl  2b) 


The  conclusions  obtained  from  theorem  8  are  more  valuable 
then  conclusions  from  theorem  3.  We  obtain  all  admissible 
values  for  g  and  additionally  the  conditions  for  stability  if 
matrix  D  is  nonsymmetrizable  Cthen  4^4^  SO).  However, 
there  are  some  other  cases  when  matrix  O  fulfills  necessary 
conditions  for  the  stability  but  does  not  exist  a  diagonal 
matrix  G  such  that  dEVdt  <  0.  All  these  cases  are  described 
by  inequalities  trD  <  O,  detD  >0  and  0. 

Theorem  8  can  be  applied  to  establish  the  boundary  stability 
either  for  the  cases  S  S  >0  or  S  •  S  »  O.  Then  matrix  S 

OA  2  2 

is  symmetrizable  by  a  positive  definite  diagonal  matrix.  A  case 
S  S  <  0  can  be  verified  by  theorem  7.  For  both  these  cases  we 

0  4 

obtain  the  necessary  and  sufficient  condition  for  the  boundary 
stability!  |S  S  |  <  i.  Then  the  positive  and  monotonically 

O  2 
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decreasing  energy  functional  Cll)  is  defined  either  by 
g  ■  |X.  |  or  g  >  0  if  SQ«  S^»  0.  However,  the  case 

when  only  one  of  the  elements  either  or  Sq  equals  zero, 

can  not  be  established  on  this  way. 


Theorem  9. 

If  |S  S  |  <  1  then  and  only  then  there  exists  a  diagonal 
matrix  6  such  that  problem  COC23  is  boundary  stable  and 
parameter  g  fulfills  inequalities 

1^1  S*  <  g  <  .  C13> 

X+  1  X*  S* 

O 

Proof. 

If  dEb/dt  <  0  for  arbitrary  solution  of  the  hyperbolic 


equation  CIO)  then 

g\*S^  <  -X~ 
-\'S*  <  gX*. 


The  both  sides  of  these  inequalities  are  nonnegative,  and 
therefore  we  can  multiply  them  to  obtain 

S*S*  <  1  . 
o  i 

To  prove  the  sufficient  condition,  we  conclude  from  inequality 


that  there  exists 


±  S*  < 

1  s* 

O 

g  such  that 


^<o< 


^ _ i_ 

\*  s* 

o 


We  obtained  all  admissible  values  for  g  if  problem  CtO)C2) 

is  boundary  stable.  Moreover,  we  proved  the  stability  for  a 

"nonsymwtric"  case  when  S  S  ■  0  but  S  +  S  x  0. 

o  i  i  o 

If  problem  C10)(2)  is  interior  and  boundary  stable,  it  is 
not  always  possible  to  find  such  g  that  both  formulas  Cllal 
and  Cllbl  would  be  negative  simultaneously.  Some  additional 
conditions  are  then  and  only  then  fulfilled 
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These  conditions  are  obtained  from  Cl 2a)  and  Cl 3)  under  the 

assumption  that  d  *  O.  For  the  case  when  d  ■  0  we  obtain 
at  at 

from  Inequalities  C12b)  and  03) 


S2 


tt  22 
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